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Summary. — By suppressing y-spinor and y-matrices completely, the 
Dirac field is shown to be equivalent with a non-linear vector field, which 
is fully interpreted as defining a new kind of relativistic hydrodynamics 
of a spinning fluid. In this hydrodynamics, there appears, besides spin, 
an additional internal degree of freedom 6, which specifies the dispara- 
tenesses between rest charge density and proper mass density and also 
between velocity and momentum. The theory is described for the case 
of Dirac field under the action of Maxwell field, manifesting also the 
gauge-independent feature of the formulation. 


. — Introduction. 


From the point of view of cultivating the meaning of quantum theory or 
he concept of spinor field, it would be in itself an important problem to re- 
ormulate the Dirac field in a tensor form completely and thereby to bring 
o light the picture in classical sense underlying the Dirac field. 

Such formulation will push forward a new aspect of the Dirac field, and 
as a result may provide also a useful method for practical applications to certain 

sort of problems. Furthermore we might expect that it would give some sug- 
gestions for the future#progress of the quantum theory itself. 

Various investigations (1-3) related to the above mentioned problem have 


(1) E. T. WHITTAKER: Proc. Roy. Soc., À 158, 38 (1937). 
(2) W. KOFINK: Ann. der Phys., 38, 421, 436, 565, 583 (1940). 
(3) O. COSTA DE BEAUREGARD: Thèse (Paris, 1943). 
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been done in the last decades, yet, as far as the author knows, none of thenr 
is sufficient for the present purpose. They did not arrive at any formulation 
which is mathematically closed and physically fully interpreted. 

However, the goal has been reached in our previous note (*) where it has 
been shown that the Dirac field can be formulated in a definite hydrodyna- 
mical form. In the present note we shall enlarge the method. 

In the first place we extend our formulation previously described for free 
Dirac equation to the case with interaction. The extension is extremely simple: 
the equations of motion are not at all altered in form. In other words, our 
formulation has a remarkable feature that it is not only explicitly gauge-invariant 
but also here the electromagnetic field quantities perfectly disappear from the 
equations of motion for our hydrodynamical field. 

In the second, the physical meaning of the formalism is made clearer, espe- 
cially through considerations in which the energy momentum tensor is concerned. 
The complicated structure of our hydrodynamics is interpreted on the 
basis of the assumptions of the spin distribution (*) and the disparity between 
velocity and momentum. 

For the deductions of our results, the mathematical preliminaries furnished 
by the former investigation (257) had also to be developed in various res- 
pects (+), though we do not enter into them here. 

The present formulation may be regarded as the extension of the hydro-- 
dynamical methods, developed for the cases of relativistic scalar equation (§) 
(Klein-Gordon equation) on the one hand and of non-relativistic spinor equa- 
tion (*) on the other, to the case of Dirac equation. 

For the present we treat the Dirac field in c-number theory, corresponding 
to the quantum mechanics of a single Dirac particle. 


2. — Formalism (*). 


The Dirac spinor wave function y can be represented by the set of fol- 
lowing gauge-invariant tensor quantities. Namely, ten bilinear quantities. 


(4) T. TAKkABAYASI: Prog. Theor. Phys., 18, 222 (1955). 

(*) In our formulation «spin » means intrinsic HUE momentum which is con- 
sidered to distribute in space. 

(5) W. PauLI: Ann. Inst. H. Poincaré, 6, 109 (1936). 

(9) G. Prriau: Journ. Math. pures et appl., 25, 335 (1946); 26, 1 (1947). 

(?) T. TAKABAYASI: Prog. Theor. Phys., 18, 106 (1955). 

(+) For instance, the presence of the kinematical identity (6), which is essential 
for our formulation, has been overlooked by other authors. 

(*) T. TAKABAYASI: Prog. Theor. Phys., 9, 187 (1953). 

(*) T. TAKABAYASI: Prog. Theor. Phys., 12, 810 (1954). 
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without differentiation (*): 
[2 =yy, Q = iyy5y , 
= — JA = 
| Sp PrP) Serv 
and four bilinear quantities involving differentiation 0, = 9/0%,: 
. v — == 
(2) Ja = > (0,y-w— poyp) — An, 
(x — mefh, e = eme?) 
where A, is the electromagnetic potential. 
In place of (1) we may also adopt the quantities : 
vu 
| a) scalar P = (02? + 0:), 
NN 
b) pseudoscalar 0 = te? (2/Q), 
(3) | 
| c) vector o, =8,/P , 
A 
| d) pseudovector wi, = SP, 
where v, and w, satisfy the kinematical identities : 
a) 0,0, = — ibs (o = v,/4 > 0), 
(4) b) WW, = IY 
| €) vw, = 0 
Likewise, in place of (2), we may take the vector: 
(5) | k, = (QI, + OJ,)IP?, 
A = = a) mm alia ati r the mema- 
where J, = — 1/2x(0,py°y — VO.) — eA, Q. The k,’s satisfy the kinema 


tical identities: 
i 
(6) : Oy — Opty = — Dy) Ex pybVal (007008 — d,Wyd,Wa) — EF yy > 


(+) Greek suffix means tensor suffix running from 1 to 4. We also use Latin suffix 
running from 1 to 3, afterwards. 
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where é,,,3 is the completely antisymmetric unit pseudotensor of the fourth 
rank, and F,, = 0,,A,, is the electromagnetic field strength. The six equa-. 
tions of (6) are not all independent of each other, as the Curl of each side 
of (6) vanishes identically. 

The spinor y is thus represented by the basic tensor quantities 
k,) 


u} Ch 


(7) (PAO DH co 
restricted by the subsidiary conditions (4) and (6), hence every physical 


relation concerning the Dirac field must be expressible in terms of (7). Espe- 
cially we can show that the Dirac equation: 


(8) bo (a, An) + “| y = 0 


can be replaced equivalently by the set of following 12 equations of motion 
for our basic quantities (7) 


| (9) 2 (Pr) = 0, 
| (10) 0, (Pw,,) = —2xP sin 8, 
| (11) 10,0,0 + 2x0, k,, + 1é.p,40qWg003 = — 2 COS 0 , 
(1) | (12) 0,0, + 2rew, by + 1e 880080 3 = 0 ; 
| (13) v,0,(Pv,) w,0,(Pw,,) = 
| == ONE — P00 048 AL AAA + 2ixPe,, 0,0, ky è 
| (14) 0,00, = 0,(2,0,— 2,9) + ie 008 . 


The set (I) consists of 2 scalar equations (9) and (11), 2 pseudoscalar equa- 
tions (10) and (12), a vector equation (13), and a pseudovector equation (14), 
and really contains 8 independent equations, since each of (13) and (14) in- 
volves only 2 linearly independent ones on account of (4). 

(I) contains no electromagnetic field quantities, which in our formalism 
only appear in the second subsidiary condition (6). 


3. — Physical Meaning—Density, Velocity and Spin. 


The formalism above stated implies a new sort of relativistic hydrodynamics 
which differs from those already known, and has a more complicated structure. 
First, the factorization (3c) with the constraint (4a) for the current vector Su 
satisfying the continuity equation (9), shows that we can assume v, as Clas- 
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sical 4-velocity and P (or eP) as particle density (or charge density) in the 
rest frame. 

This interpretation is also justified from the following. Introducing the 
3-dimensional velocity b corresponding to v,: 


(15) D; = C0; /% , iy = (1— 2/62)? , 
the density in the ordinary reference system 
(16) PA — b/c) = Py =o; (So Sali), 


just coincides with the quantum-mechanical probability density (*), and also 
the mean velocity agrees with the quantum-mechanical expectation value of 
velocity, since | Sod, da = e| Pv, d2y == 6 i S, 022 . 

Now the fluid with the distributions of.rest charge density eP and velocity v, 
should be assumed also to carry spin density distribution, (h/2)8;. This is 
reauired for our picture to give the quantum-mechanical expectation value 
of particle spin (#/2) i S;d3x, correctly. 

Further we define 3-dimensional axial vector Ww from the spatial part of 


(3d) by 
(17) nets 


which is regarded as spin vector distributed in space, since it is related to the 
spin density by So; = (h/2)8,- Corresponding to (de) and (4b), we have 


relations: 
h 
(18) ~ 100 = v ewe, 
2 2 1 2 DI 2 
di 23 = iD E n 
(19) (70) li (1) re (vw) 


the former of which exhibits the meaning of the fourth component of W,; 
while the latter implies kinematieal condition connecting w and b, involving 
iw |< h/2. È 

Now, eq. (10) shows that the quantity © = P-sin 0 implies the source 
density for the quantity — bîv/me® (multiplied by particle number); and 
then (12) is regarded as the hydrodynamical equation of motion for 0, taking 
into account that 0,0, = d/dr, (t: proper time), is substantial derivative. | 

Further, eq. (13) means the Buler equation of flow and (14) the equation 


of motion for the spin field. 


(*) Provided that normalization condition S,d°a = 1 be imposed. 
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4. — Physical Meaning_-Energy-Momentum Tensor. 


The meaning of our hydrodynamies is made clearer by considering the 
energy-momentum tensor of this field given by 


| h 5 
(20) Pia A Jnote, + 9 (0,0 Wy + devagrVoWpInty)f - 


This form is obtained by re-expressing, in terms of the quantities (7), the cano- 
nical energy-momentum tensor for the original y-field: 


(TAGE = 
LS on (Onpyy — py’e,,p) — eA, 8, . 


We regard (20) as the energy-momentum tensor of our field, because, in the 
first place, it satisfies the conservation law: 
(21) l'o = PS» 
and in the second the momentum density G, = T,,fie and the energy density 
3t- -T,, belonging to this tensor, when integrated throughout over space, 
yield the quantum-mechanical expectation values of kinetic momentum 
pi (e/c)A;, and kinetic energy H — eA), correctly (*). 

The mass density of our hydrodynamical field is to be given by u = #/c?. 
Then, by the transformation of this quantity to the rest frame, we can obtain 
the proper mass density to be 


(22) I = EO 


4 


| ; 
= mP {cos 0 + (w,0,0 + jesp,0010,0,0,)} : 


Thus in our hydrodynamics we must assume the proper mass density which 
is not positive definite. In the classical limit it becomes proportional to the 
rest charge density: un ->mP (see the next note (1)). 

In terms of T,, eq. (11) is expressed as 


RE, A Ss cos 0 


(*) The underlined quantities mean the quantum-mechanical operators; especially, 
H the particle hamiltonian. 


(19) T. TAKABAYASI: Nuovo Cimento, 2, 242 (1956). 
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defining the meaning of # once more. We have also the relation 
DI a a ese 
(23) mePk, = Pete 3 


which shows the physical meaning of k,: that is, mePk, implies the com- 
ponent of the energy momentum tensor in the velocity direction (a time-like 
direction). 

When we use the 3-dimensional quantities, the energy and momentum 
densities are also written (*) 


: 1 
(24 Pon LS (nerh, SIRIA Pe | 
( ) “A Do 7 I e(l pad 2 /¢?) Ermnd Om On ’ 


accordingly we may look upon meSok, as that part of the energy and mo- 
mentum densities which is not due to the coupling between the orbital motion 
and spin, and which may survive as b — 0. Also taking into account that 
S, is particle density, we may call mck, «proper » momentum-energy vector. 
The disparity of this vector from v, expresses à characteristic of the Dirac field. 

However, if we use the equations of motion, k, can be solved in terms of 
the other quantities to be 


1, 1 i È 
(25) Ky, = Vy COS FRS don, — w,0») 050 ni È crap Popto,)} ) 


24 JE 


accordingly in the classical limit we have k,>Uy (see the next note). By 
the way, it is to be noted that the relation (25) is equivalent with the set of 


the equation of motion, (11), (12) and (13), and therefore the fundamental 
set of equations of motion (1) may be replaced by the set 


(11) (9), (10), (14), (25). 


Now the energy-momentum conservation relation (21) is nothing but the 
equation of motion for the proper momentum vector: 


À ne mue 
(26) MED Ok y CA OP Oy (0,0: W, + PC) À e Fans N 


9 


The second term on the right hand side is the usual Lorentz force and the 


(+) er, denotes the 3-dimensional Levi Civita symbol. 
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first term implies the «quantum force » in the present case; that is, we are to 
assume an extra elastic stress (« quantum stress ») (4/2) P(0,0 -w,+1e,,5,0,050,0,) 
inside the fluid. 

For the derivation of (21) i.e. (26) from the fundamental equations of our 
formalism, it is essential to make use of the second subsidiary condition (6), 
besides the equations of motion. The conservation law (21) consists of 4 equa- 
tions involving second order derivatives, and is not equivalent with the equa- 
tions of motion (I) which consist of 8 independent equations containing merely 
first order derivatives. This is a situation different from the cases of ordinary 
relativistic hydrodynamics or of the hydrodynamics representing the Klein- 
xordon field (8). 

We can show, however, that the set of equations (12), (13), (14)) is eqni- 
valent with the tensor equation without differentiation on 7,,: 


hee uvxÀ Où Sa ’ 


hol Se 


and therefore (J) may also be replaced by the set of equations: 
(IT) (9), (10), (11°), (27). 


Eq. (27) indicates that the symmetrical energy momentum tensor is given by 
: > à. La 
(28) oO, = DO =r 7 MCE uma On Sa . 


This relation fits with that the quantity (4/28; has been interpreted as the 
spin angular momentum density. Speaking more explicitly, the total angular 
momentum density tensor M, = #,0,,,—4%,@,, for our hydrodynamical 
field, satisfying its conservation law, is equal, aside from a divergenceless 
term, to 


x! 


î A 
/ = M } n) ? A n 
Her = (0,1 O TATO Lye ve DES hcervnaSa ’ 


A 


whose (274) component M, lie = (2,6; — 2,G;)+(h/2)8;x, being the total an- 
gular momentum density, contains the spin part (#/2)S;x,. 

Our formulation is thus defined by the set of quantities all of which can 
be interpreted mechanically. i.e., the particle rest density P, the proper mass 
density w°, velocity b;, proper momentum mck,, spin t0;, and 0 related to 
the source density for (vw). They obey the hydrodynamical equations of 
motion in which the orbital and spin motions are intimately coupled to each 
other, and at the same time coupled to the momentum field and also to the 
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gradients of the rest density and 0 fields. In our fundamental equations the 
electromagnetic field acting on the hydrodynamical field appears solely in the 
subsidiary condition (6) which connects the Curl of the k,-field with the velo- 
city and spin fields. Æ,, also appears in the equation of motion for k,, (26), 
but merely in the form of Lorentz force (e/c)F,,0,, so that in our formulation 
we are not needed to attribute magnetic and electric moment density distri- 
butions to- the fluid. : 

A more detailed account of the same subject, including calculations, will 
be published elsewhere. 


Rene Oe ON) 


Sopprimendo completamente le matrici dello spinore y e la matrice y si dimo- 
stra che il campo di Dirac è equivalente ad un campo vettoriale non lineare che si 
interpreta compiutamente come la definizione di una nuova specie di idrodinamica 
relativistica di un fluido in rotazione. In tale idrodinamica, oltre allo spin, appare un 
addizionale grado di libertà 0 che caratterizza la differenza tra la densità di carica a 
riposo e la densità di massa vera € propria ed anche tra velocità e quantità di moto. 
Si enuncia la teoria per il caso di un campo di Dirac sotto l’azione di un campo di 
Maxwell, ponendo in evidenza anche l'aspetto della formulazione indipendente dal 
« gauge ). 


(+) Traduzione a cura della Redazione. 
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Summary. By taking the classical limit in the tensor formulation of 
the Dirac equation, which was established in our preceding article, a 
new classical relativistic spin theory is obtained, which is different from 
the one due to KRAMERS, coinciding with it only in non-relativistic approx- 
imation substantially. The theory yields the classical limit for Dirac 
particle, which is different from that due to PAULI. 


In the foregoing note (') (which will be cited as A hereafter), we have 
established a complete tensor formulation of the Dirac equation. In the present 
note we study the classical limit of the formulation. The procedure leads to 
the classical relativistic theory of spin which should be regarded as the legiti- 
mate classical limit for a Dirac particle. The classical spin theory thus obtained 
is different from the ones formerly considered by KRAMERS (2) and others (?). 
This theory also serves to improve the «new classical theory of electron » of 
Dirac (*) in such a way that the electron has spin. 

We take the classical limit (*) h +0 (ie., x > co) in the fundamental 
equations of the tensor formulation stated in A, which consist of the sub- 
sidiary conditions (A-4) and (A-6), and the equations of motion (A-9)-(A-14) (+): 


(4) T. TARABAYASI: Nuovo Cimento, 2, 233 (1956). 

(2) H. A. Kramers: Physica, 1, 825 (1934); Zeeman Verhandelingen (Nijhoff, 1935), 
p. 403; Quantentheorie des Elektrons und der Strahlung (Leipzig, 1938), p. 227. 

() J. WeyssenHOrr: Acta Phys. Polon., 9, 8 (1947). 

(i) P. A. M. Dirac: Proc. Roy. Soc., A 209, 291 (1951); 212, 330 (1952). 


(*) In the limiting process we assume k, to be of the same order with the other 
variables. 


(*) (A.n) means the equation (n) in A. 
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From (A-10)-(A-13) we get 
(1) 0-0, k,>U,; 


so we are left with (P,v,,w,). The subsidiary condition (A-4) remains the 
same, while (A-6) becomes 


2) A 4 en x 3 ni 
(2) al El à (e = efme2), 


The equations of motion now consist of (A-9) and 


dw 
Mie del La ae a PA 
(3) n° = Vo, = cH wy 3 
only. From (2) we get 
dv 
(4) cv, 
te 


which is the purely classical Buler-Lorentz equation of motion. The relation (2) 
further restricts the velocity field to being quasi-irrotational. 
We thus have the fundamental equations in the classical limit: 


(a) (ASA (A-9), (2), By. 
This ineludes 
(b) CA=4a), 1(A-9), (2), 


which coincides with the system of equations of the hydrodynamics corres- 
ponding to the Klein-Gordon field in its classical limit (*). But (a) contains, 
besides (b), the equations (A-4b), (A-4c), and (3), which determine the spm 
motion, though the latter does not react upon the orbital motion. It is also 
to be noted that (a) contains the specific charge € as the unique natural 
constant. 

In this way a Dirac particle in the classical limit is represented by an 
ensemble of mutually independent motions of classical particle with spin under 
Lorentz force. 

This classical limit theory is essentially different from the WK B-like appro- 
rimation for the Dirac particle given by PAULI and others (58). In the latter 


(*) See reference (°) in AS 
(5) W. PauLI: Helv. Phys. Acta, 5, 179 (1932); Die allgemeine Prinzipien der Wellen- 


mechanik (1933), p. 241. 
(5) L. ne BROGLIE: La Théorie des particules de spin L (Paris, 1952), p. 117. 
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procedure, the first approximation led to an ensemble of classical relativistic 
motions of particle without spin, and the next approximation brought about 
the effect of spin jumbled with the wave-mechanical interference effects, 
whereas our procedure takes out the classical spin motion separated from the 
interference effects. 

The theory here obtained, on the other hand, presents a consistent Classical 
spin theory which is different from those already known. To see more inti- 
mately the motion of spin in our case, we rewrite the spin equation (3) in terms. 
of the spin vector tv. Making use of (A-18) and (4) also, we obtain 


D Mow ety + 2 [ox[Exw]]}. 


dt me 


— 
St 
— 


where H and E are magnetic and electric field strengths respectively. This 


equation differs from the Kramers’ equation of motion for spin (?): 


k 
di 
(6) — = [mw x H] + - - [Ex w* <i 
at me 
in the second terms of the right sides. 
In non-relativistic approximation, however, we have (*) 


Eng se Le ; m av 
VI] [Ex(w xv]]æ —5 [w x[v xE]] +5 Gp 
with 4 
= |bx[wxb]], 
and accordingly also 
FILE m dV 
(8) [vp <[Exw] | ~ Dex Es 


Furthermore, in atomic problems the dV/dt term may be omitted approxi- 
mately (*). Hence in such cases (5) becomes equivalent with (6), and also 
gives the Thomas term (the first term in the right hand side of (8)). The fact 
that our theory contains the correct Landé factor for spin, e/me, (as is seen in 
(5)), is necessary in Order that the spin equation (3) be compatible with the 
Lorentz equation (4) under the condition (A-4c). 

Our spin vector tw obeys, besides the equation of motion (5), the subsidiary 
condition (©), 


(9) iw? — (vivo)? = (avt)2(1 — (v/c}?) , 


corresponding to (A-19). 


(*) See reference (?). 
(*) Here the constant w° should be w°—#/2 according to (A.19), but may well be 
an arbitrary constant from the viewpoint of the classical spin theory in general. 
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We thus have a classical spin theory defined by the fundamental equations 
(e) (24) (4), (3) or -(9);-(4), (0). 


The difference between this theory and Kramers’, as was indicated between 
(5) and (6), arises primarily from the fact that in our theory w is an axial 
vector obtained from the spatial part of a pseudovector w,,, while Kramers’ spin 
was assumed to be an axial vector dual to the spatial part of an antisym- 
metric tensor of the second rank (7). 

Finally, if we again supplement the set (c) with the continuity equation 
(A-9), we have the set of equations, 


(d) (A-4), (A-9), (4), (3), 


describing the motion of continuous spinning fluid without internal stress. 
This gives just the «new classical theory of electron » of Dirac (4) improved 
in such a way that the electron carries spin. In the equations (d) the constant € 
implies the specific charge for the continuous matter and we are not required 
to separate it into the particle constants e and m. 


% OK Ok 


The author would like to thank Prof. 8. SAKATA and Prof. Z. Kosa for 
interest taken in this work. 


(7) Other classical spin theories were considered by WEYSSENHOFF (°) and also by 
A. Proca (Journ. Phys. et Rad. 15. 65 (1954)). In these theories again spin is defined 
by an antisymmetric tensor. 


RIASSUNTO, 


Prendendo il limite classico nella forma tensoriale dell'equazione di Dirac ricavata 
nel nostro precedente lavoro, sì ottiene una nuova teoria relativistica classica dello 
spin, differente da quella dovuta à Kramers, con la quale coincide sostanzialmente 
solo in approssimazione non relativistica. La teoria da il limite classico per la parti- 
cella di Dirac, limite differente da quello dovuto a Pauli. 


(*) Traduzione a cura della Redazione, 
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Summary. — The Ionization Problem is re-formulated to show how the 
ingoing wave modification of final states may be directly deduced. The 
analysis is general and includes interactions which are explicitly time 
dependent. 


It is well known that the final state in the matrix element for the trans- 
ition probability corresponding to the ejection of a particle must represent 
a plane plus ingoing scattered wave. While confirming reasons based upon 
some interesting visualization have been recently given (1), a formal demons- 
tration, without approximation, encompassing all ionization processes including 
those which are explicitly time dependent still remains desirable. It is the 
intent of the present note to provide a straightforward deduction leading 
automatically to this modification on the final continuum state of the system 
which is undergoing ionization. 

To begin, we write down the time dependent Schrédinger equation in 


integral form. Linear operation algebra will be used and only the time exhibited 
explicitly. Therefore, 


(ce) 


(1) palt) = Balt) + alt Hall 0)|nt- DV) pat) at’, 


— 0 


where H, is the Hamiltonian for a system being disturbed in a perfectly general 


(1) Breit and BerHE: Phys. Rev., 98 


, 888 (1954); also contains references to re- 
lated discussions for special cases. 
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way by V(t) which may or may not contain time explicitly. Also, 


n(t!—t) == 1, Fr 


= () ZH 


and y,(t) satisfies (1%(0/0t) — Ho)wpa(t) = V(t)y.(t), while @,(¢) describes the 
time development of the system in the absence of interaction. That is, ®,(t) = 
= exp[(— i/h)Hot|®,(0) is a perfectly general state of the free system which 
may be represented as any superposition of the stationary states of Hy, or 
@,(0) may be an eigenfunction of any Hermitian operator. 

Upon making a measurement on a system in the state y,(t), the amplitude 
which corresponds to observing a state ®,(t) is given by 


— 
bo 
2 


ao(t) = Dit) palt) = Pi) Da) + 


[cio exp 5 H,t| exp 


IL 


i 
Ta 


h 


HS | Vi(t') p(t’) dt’ = 


© 
t 


ae 1 P 
= Pi(0)- D,(0) + 7 Joie. Ve p(t) dt 3 [PIVA pa | 


— © 


Here, we have adopted the point of view that our measuring apparatus is 
ultimately capable of discriminating between the free motion, @,(t), and that 
part of y(t) which depends upon V(t), so that we do not necessarily assume 
P,(0) and ®,(0) to be members of an orthonormal set of functions corresponding 
to some operator. If, in (2), the @’s are specialized to be the stationary state 
solutions, exp [(—i/h)entlp,, then a,(t) becomes the amplitude obtained from 
the standard Dirac method of variation of constants. 

We now inquire as to the specific behavior of @,(t') in (2) when a particle 
is ejected by means of some perturbing agency, V(t). Since (1) represents a 
complete description of the motion including the boundary conditions, it is 
clear that the answer should be unambiguously deducible. To accomplish 
this, we ask for the amplitude describing the ionizing event in a way that 
does not depend upon the scattering which is contained in the positive energy 
states of the target. For example, suppose the target is a single bound electron 
and let us assume further that the ionized state is a stationary one so that 
D, =, exp{— (i/h)at| with asymptotic behavior 


ik 
(3) po exp [ike r] + RE 1 1g). 


CP ‘ PR ES To / 
/ We wish to avoid committing ourselves at the outset in forming ®, y, as bo 
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the choice of sign in (3) corresponding to outgoing or ingoing scattered waves. 
Instead, we separate H, into H,=L+% and form a packet, W(t) = 
— exp[(-- i%)Lt]W(0), which is appropriate for describing the ejected part- 
icle, In the case of our simple example, Z would be the kinetic energy operator. 
The amplitude for ionization is now expressed as 
2 A 1 i 7 

(4) WHE) polt) = W'®] a exp 7 Holt'— t) 


— 0 


n(t'— t) V(t’) p(t’) dt, 


so that the aforementioned ambiguity of sign is circumvented. 
Next, the property of the kernel, G(t/t')= (1/th) exp [(i/h)H,(t'— t)In(t— 8), 
in (4) is stated explicitly as follows: 


(in . Ho) Gift) = (i DA 725 n) &( (t/t") oo Lie 
or 
(6) (in Lie 1) 6 (t/t!) = d(t'— 1) + vG (jt) 
ach 


This first order differential equation leads at once to the following integral 
equation for G(t/t'): 


LIO 4 
(7 Gait!) — we es Geo ey (CELLINO " fa 
(7) (t/t') sz [eso j Lit o| nt'—t){0(t"--t) + 0G(t"/t')} dt” = 
gl RE Lit! ni He Ata hi c CT: t— t)oG(t"[t') dt” 


— 00 


where, now 


n(t'—t) = 6(t'—-1t). 


1 pra 
(in < D — Fe exp za de) 


Since the boundary condition on the scattered wave requires the delta function 
property for G, the solution for the homogeneous part of (6) must be chosen 
aS Zero. 

Upon incorporating (7) into (4), the amplitude for observing W(t) becomes 


Wi(t)y,(t) = | wo CE ji bis had dr 
(1) pate) (0) exp | i er ple D nt — 0 4 
| ie ED h ears ni 0 Nera} V(t!) walt!) dt! = 


I eee | 
= | Ù ‘(nea | Wine pre ae V(t')y,(t') de’ 


es x 
co foe} 


+ Lil 
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and 
(8) Lim W'(t)w (t) = i Wit’) la Wt t" w@(t' it’) at” | Vit! 7 7 
% sà i if (t")oG(t" ft) at"| Vit!) pa(t') at! = 


sonne 1 1 
#31 x ) ( walt") dt . 


We now examine the meaning of the function 
49) xt) = Wr) + [erwin W(t") dt’, (vis Hermitian), 
de Wit’) + | a ex “n ti i i He Ww " n 
i TE eae 
es Wit’ = ak | ty ti 1! 5 ti pi W ine d (24 
= ) JO o(t’— t')| g(t t)oW(f) dt = 


a 


h 


HUE 2] oW({") dt”. 


The first observation concerning the wave packet y(t') is that it obeys the 
time dependent Schrédinger equation for the free motion, 


ñ 


SARO | 
(in A) y(t') A 


a fact which is easily demonstrated. Secondly, (9) indicates that this wave 
packet is fully developed originally at # = — co and depreciates steadily to 
W(t') as t' co. Such contrary temporal behavior is precisely what is meant 
by the ingoing wave solution. More specifically, let y(t) be the stationary 
state, y(t) = exp[— (i/h)Etlu rather than a wave packet. Then, upon re- 


writing (9), we obtain 


(10) exp dsl pi u=exp|— 7 Et|R + 
h h 
J 
1 i E i 
AUDE PS ee a 2 $f x Ny —— DEIR Ai, 
| DA fexp ; H,(t'—t')v exp js exp j | ( 


“ 
ie) 


17 - 11 Nuovo Cimento. 


250 S. ALTSHULER 


where (E - L)R =0 and the term exp [— (e/h)t’] is introduced in order to 
define the integral. This is an inevitabie contingency whenever stationary 
states replace the more realistic but intractable wave packets and corresponds. 
to Lippman’s and Schwinger’s (2) adiabatic decrease in the imteraction strength. 
Upon performing the time integration (*) (10) becomes 


Oh = er. 


1 
gal = k + Lim - 
LE) A so E -H, 1e 


a stationary state of H, of energy H with ingoing scattered wave. 

In order to reduce (11) to most familiar form, consider that this ionized 
state describes a single particle moving in the field » with energy E = k?. 
Then (V2+ k?)R = 0, 


(12) (VE EEK 0) = 1, 


or, (V2+%2)G*—14 vG', and if the Green’s function, g, for the operator 
V24 k2 is introduced, we may write an integral equation for G*, namely 


Gi = = Ge 


Here, as in (7), the homogeneous solution to (12) vanishes in order to satisfy 
the boundary conditions. Then (11) becomes 


fu = R+ (g° + g'oG')vR 


(13) } 
| =R+g'o(R + Gok) = R + grou 
or, in configuration representation, this eigenfunction of H, = — V2! x be- 
comes 
i  fexp[—ik|r—r'’ 
(14) u(le|r) = exp [tk-r] 4 pl | à D o(r')u(k r') dr’, 


— 4n|\r—r'| 


which at large distances from the origin behaves as 


(15) exp [tk-r] + 


exp [— èkr] 
r f(0) , 


a plane plus ingoing seattered wave. 


(?),B. A. Lippman and J. SCHWINGER: Phys. Rev., 79, 469 (1959). 
(E) The procedure in treating the exponential as e numbers may be fully justified 
by regarding the exponential operator as defined by its Taylor expansion. | 
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Referring back to (8), it is seen that what actually appears in the matrix 
element is wt=u* which, in view of (14), represents a plane wave moving 
toward the origin away from the observer together with an outgoing seat- 
tered wave. 

As à second example, consider the problem of ionization produced by 
particle impact, and for convenience we choose the prototype three-body 
seattering problem which can always be reduced to a problem in two vector 
coordinates, r, (primary particle) and r,. V is no longer explicitly time de- 
pendent, and H, — L+v(r,)=— Vi— Vi+o(r,). Equation (11) becomes 


(16) U(T1, F2) = exp Ci(kiri + kr) 
[tk - (7, — ri) |Pn(T2) 


H—s,— k?— ‘te 


let) exp[i(ky z+ hy re) 


(17) = exp [tk,- rex (thats | Jarre |r.) v(r,) exp[ik,: rl] : 


=f [ [artar: È [ax exp 


where K? = E Ki, E is the total energy of the entire system, 


Pn(T2) Px (T2) 


Ke — &n—té 


Gr =Cn > and (— V3 + 0(r2))@n = En Pn 


The function in (17) is the spacial part of x(t) in (8) which now represents the 
amplitude for observing the ejected particle moving with momentum K, while 
the primary particle is scattered into the momentum state K,. The term in curly 
brackets is the target continuum state with the ingoing asymptotic behavior. 
It is to be observed that the transformation functions exp [tk-r,]pn(rs) which 
affect the transformation of (11) into configuration representation are complete 


regardless of outgoing or ingoing choice on the scattered part of the con- 


tinuum gi”. 


RATS yr GIN RON) 


Si riformula il problema della jonizzazione per mostrare come si possa direttamente 
dedurre la modificazione degli stati finali dovuta all’onda entrante. L'analisi è generale 


e comprende interazioni esplicitamente dipendenti dal tempo. 


(*) Traduzione a cura della Redazione. 
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The Non Linear Theory of Betatron Oscillations 
in the Strong-Focusing Synchrotron (I). 


YOR TOW (5) 


Academy of Sciences of the USSR - Moscow 


(ricevuto il 20 Settembre 1955) 


Summary. — A new method of the investigation of betatron resonances 


has been developed. The resonances due to errors in the field gradient 
have been examined. 


1. — Equations of Motion. 


Equations of betatron oscillations around the closed orbit in the strong- 
focusing synchrotron (1) are 


nie elaine ee a TAN D | oH 
iL — ee ile | ÿy = =) pl ar a 
(1) ab? Dà P Ion da | or JE lee ce) ò( or i 


de Lf ty (eH, DOT CH, 
(2) i (= JE CARI CAUSE 


ey In the transliteration of Russian names we follow the international System of 
Transliteration of Cyrillic Characters (2nd Draft Iso Recommendation n°. 6, 1954), pub- 
lished at pag. 388 of the n°. 4 of the Supplemento to Vol. 1 (1955) of Il Nuovo Cimento. 
(1) E. D. Courant, M.S. LIVINGSTON and H. 8. SNYDER: Phys. Rev., 88, 1190 (1952) 


. 


né 
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where r denotes the horizontal displacement, z the vertical displacement, 
0(9) is the radius of the periodic orbit. An «angle» 4 varies from zero to 27 
on the length 1 of the periodic element, 1/P = elcp, where p is the momen- 
tum of the particle, 0H./0r is the field gradient, ò(0H./èr) is the error in the 
gradient. Some unessential terms in (1) and (2) are omitted; so, we neglected 
the influence of H,. 


Now put 
P(§)\? 
5 | (an r —2(0)p*(8) exp [iv] + 4*(6)p,(0) exp |— 7,6] , 
(3) | P(0) 
P(0)\}_, 1p* x dy, PA 
| (Fo) ro =£(0) ig exp [iv,0] + 7*(6) =e exp [— i7,6] , 
| (FO) 2 = y(0)p*(6) exp [iv.0] + y*(6)p.(8) exp [— #61, 
SS di | 
| (PO) > dpî has de: i + 
Go) 27 — y (0) ago [iv.0] + y*(8) gg PE wf), 


where g,. are Floquet functions, Pr (04-27) = Pr,:(0) EXP [27iv,.]; v,. are the 
numbers of betatron oscillations on the length /. 


This gives 
brie ile (Fa) tO) | (ola) 0 (5). 
(FO) wit tet) — BH (PON Ge + 9H) — 3 (Fee) 
e Los) (O Ho +0 (Ze) (BO) os + at 
(7) SR ee, 
(8) prs(0) = foa(6) xp lio 91:  fr240) = 40 +22). 


It is important to notice that all coefficients in equations (5) and (6) are perio- 
dical functions with maximum period 9x M: M is the number of periodic ele- 


ments. 


gr té 


Y. ORLOV 


bo 
Qt 
da 


2. — First ‘ Resonance Approximation ” 


On the (v,v.) plane, 1/2M is the distance between linear resonances (see 
Fig. 1). One of the main problems of the theory is the definition of the boun- 
daries of the so-called «safe region » inside the region between resonances. So 
the values of »,, », approaching the resonances are of main interest. Analyzing 
the anplitudes r,,,., 4, near the resonances it is possible to leave in equa- 
tions only resonance terms (in the first approximation). In fact, deviations 
ò(0H./èr), 0H,/dz, (P-- oH,,) and nonlinearity of field are usually sufficiently 
small and the influence of their nonresonance harmonics is negligible. 

The simple «resonance equations » obtained in such a way have a remark- 
able feature. Namely, by a proper choice 
of variables they can be written in the 
form of the Hamilton equations with an 
integral of motion independent of 6. 


3. — Resonance Due to Gradient ‘Errors. 


With a good approximation, this re- 
sonance only acts on the left and the 
bottom boundaries of the safe region 


(EI el). 
Consider the left boundary for example. 
Pigg 1. Then the Hamilton resonance equations are 
dA‘ : 04€ 
9 si 7c = — -—— 
®) dp Dre CORR dp, 
dq, a de 
(10) Fr ge + Ar + ag 4 —g, sing,) = i 


do 242’ 


where by definition 


ai) a = SOP to /2 + mO/2M + y/2)] STA (20) 
219! max[-P(0)/P(0)}} 9 <hr =I Pr max P(0) wy 
2r.M 
12) (yt. Ly E | [Te 
( o ST ea Bn? May. (CARO à ) 49 ; 
0 
7 27H 
‘ ub (OH > 
(13) Ir XP [1.1 Mo, | (=) f2(0) exp [i(n0/M)1d8 x 


0 
TM 


DAL il? on 
sca =) 
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OH 
# ] 1 (OH, 
i enna, Ce - a _|£d0%, 
( MESI ro o Pilo Pr 
| ; : 
13 1 1(0H 
15 Sa - | 4 si 6 
(15) La 87°, 410. x P| pe \PrPz | dé , 
0 
‘P(O)\? ‘P(0)\? 
(16 sai SA - ax (Fm) y|= const (So : 


A,, defined by (11), is the amplitude of free betatron oscillations. 
In (9) and (10), the terms due to Ore /Or2*1, k > 1 are omitted: calculations 
show that usually they are of negligible influence. According to (9) and (10) 
the amplitude 4, varies with a period large as compared with that of free 
oscillations 22/7, Hence the derivative (dg,/40)/2 is equal to the difference 
between some «effective » frequency v,; and its resonance value 7,/2J/, 


a7) PRE ae a A? + ag A° — g, SING, - 


It should be noted that frequencies v, and », are usually nearly equal: 

o, LM <v,.. Then 

HO)  ®H(6 + x) 
OS or® 


pp. |*48 = | |prps|*d0 , 


0 TI 


and |ag|<|o|. Thus we neglect the term A? in (10). 
From (9) and (10) 


(18) HE 9, si 9.) A, «Ai = const. 
Equations 
dA? dg, 
(5, — — 0 
do ad : 


define periodic solutions for +, since, according to (11), & is periodic if A,= const, 
<p, == const. Substituting these solutions into (18) we get the following formulae 


a) re È ue 1) 
(19) b) ade (fa) 
gi Ir 
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Apparently, (19) define three curves on the plane (— «9°, &/9r) which | 
Divide it into regions, characterized by different types of phase diagrams. 
|x| A2/g, = (|a|/g) A}, — «36/97, €/9-). Simple analysis, here omitted, shows 
that in the region under abed (Fig. 2) the phase diagrams are infinite (dy,/d6 


9 là 5 1 1 pd 


0706 05 04 


Mae 


lai, SE 


doesn’t change its sign; see Fig. 3), while in the region within ebcd (assuming 
x< 0), or within fcbd (assuming x > 0), the phase diagrams are closed (Fig. 4). 
Above abe (x< 0), or above fed (x > 0) there will be no motion. As to the 
points lying on the curves (19), the phase diagram on eb (x< 0) or on fe (a> 0) 
is a point, while on be and cd (or gb) the motion is asymptotic: 


(20) 4, = 0 by gr (NE 
x A? Ey, A \2 

Dia Se Ae eta airy Saia nr ae SCR 
Ir Ir Oe Ir 4 

i A? \ 
(22) et + sino e __ %# RE 
Pr y = 

gr Ir gi 
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Knowing the type of the phase diagram, one can readily find the extreme. 
values of the amplitude 4,. 


À tala? 
9 


4 apa? 
9 


ba 
IT on ce 4 ab = 3 na 


Eire Fig. 4. 


Fig. 2 shows parabolas (19) as well as lines |a|A2,/g, = const for «<0 
(solid lines). These lines are defined by the formulae 


4? à 2 9 
eg. + {| Ana =? ee (€ 1) Ca 
(23) eV È, | x Yr | a i‘ 
> 0 | =" See = 2 (HE Es (= 1) (= ui ; 
9? dr Ir Ir ; 

DAT Rt a ashe 

feet g = “ — 9 [ie a Li ail Dia (<=) 7 

(24) x < 0 3 | i ; : \ i > 

K<0 | age _, xl Amin (er __ 1) (Cin 

| g; Ir dr Ir 


Other regions on (36, e)-plate by a<0 is of no practical interest. The simple 
reflection relative to the axis e/g = 0 of the Fig. 2 gives the picture for 
a>0. 

The value é = A? /Aî, characterizes the magnitude of amplitude beatings. 


Hence, an acceptable value Of £ = &oundary should be choosen depending on 
given value of ë Corresponding formulae have a simple form 


ni 
(25) () IA: tab: IE STI pg +laldh, a <0, #>0; 
g boundary à 1 2 g È 
= | 2 
26) |: Mee (iso St eg, £0, #<0: 
ig boundary £ "gi Il 2 I È 


Another criterium for the determination of the « safe region » boundary 


is that the value of + (x/g?)V’ Ze, computed with the account of gas scat- 
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‘ering, shouldn’t correspond to amplitude greater than the greatest permissible 
vaiue of À... 

The Hamiltonian form of equations (9), (10) makes it possible to study the 
amplitude changes connected with adiabatic changes of parameters. Fig. 2 
shows the curves (dashed curves) 


(27) J = i fae(ne, sc 


| dg = const ; 


for «<0, when the integral in (27) numerically equals the shaded area shown 
in Figs. 3 and 4. Fig. 2 gives a clear picture of the amplitude beating, the 
parameters changing slowly. In particular the oscillations e due to the syn- 
chrotron oscillations of the momentum are usually to be considered as adia- 
batic, which is permissible even at the start of acceleration cycle. It is quite 
obvious that by such oscillations e shoudn’t approach the resonance region 
bed (or abef) deformed by non linearity. 


4. — The Resonance Theory of. Perturbations. 


To analyse the influence of nonresonance harmonics it is possible to use 
the so-called resonance theory of perturbations. This theory is based on the 
idea of the Ljapunov-substitution (23). 

Let us suppose that equation 


da 
(28 — + inn = $ (0, a, a* 
(28) agi ivan (OH seh hy : 


contains linear, square and cubic terms representing small perturbation (the 
coefficients of (28) are periodic). Then we put 


(29) v= s + a,(0)s + a,(0)s* + b,(0)82-+ bs(0)ss*+ bs(0)s*24 ... , 


where &(ÿ), b(0), ... are periodic functions of 9, to be found. It is necessary 
that s satisfies (with accuracy to second order terms) the equation of the first 
«resonance approximation», This condition together with periodicity requi- 
rement defines the coefficients of (29). A and g represent now the amplitude 


(@) A. M. Luapunov: Obséaja cadata ob usmojéivosti dvifenija (The general problem 
of the stability of movement), Moskva, 1950. 

(3) I. G. MALKIN: Teorija ustojdivosti dvifenija (Theory of the stability oj movement), 
Moskva-Leningrad, 1952. 
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‘and the «phase» of s but not of x. If the perturbations are not small, then 
A,. doesn’t represent the amplitude of free oscillations of » or e. 

Additional terms to s in (29) express the direct action of the nonresonance 
harmonics. Next approximations give now supplementary resonances, because 
of the nonlinearity of equations. If the perturbations are sufficiently small, 
the influence of these high order resonances is negligible. 

The first approximation in (29) and the second one in the resonance equation 
might be examined, but higher order approximation are practically incom- 
putable because of rapid increase of the numbers of terms. 


5. — Other Effects. 


By means of the method described above, other boundaries of the safe 
region as well as nonlinear resonances were examined. The results of this 
work will be presented in the next parts of the paper. 


I wish to thank Professor V. B. BERESTECKIJ, Dr. V. V. VLADIMIRSKLJ 
and Dr. L. L. Gornin for helpful discussions. 


RIASS UN LO: (*) 


È stato sviluppato un nuovo metodo per lo studio delle risonanze di betatrone. 
Sono state esaminate le risonanze dovute ad errori nel gradiente del campo. 


(*) Traduzione a cura della Redazione. 
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J. RZEWUSKI 


Institute of Physics of the Polish Academy of Sciences - Wroclaw 


(ricevuto il 6 Ottobre 1955) 


Summary. In the first part of this paper we discuss the problem of 
deriving the equations for the state vector of N, particles from the Schrô- 
dinger equation corresponding to a system of interacting fields. An 
inhomogeneous integro-differential equation is obtained in which the 
inhomogeneity is determined by the initial value of the state vector 
corresponding to N particles (VAN,). In the case when this vector 
vanishes at a particular time, the equation for the state vector of N, 
particles becomes homogeneous and may be replaced by a stationary 
equation independent of the time and containing an interaction operator 
which is a funetion of the energy eigenvalue (non linear energy eigen- 
value problem). A closed expression is obtained for the kernel of the 
integro-differential equation, valid for arbitrary values of the inter- 
action constant. In the second part the integro-differential equation 
for the state vector of N, particles is replaced by an equivalent purely 
differential equation with respect to the time. In the homogeneous case 
this equation has the form of a Schrédinger equation (linear energy-eigen- 
value problem) with a complex « potential». The imaginary part of this. 
potential is due to the instability of the state of N, particles and determines 
the life-time of this state. It is suggested that this equation describes 
—after time separation—the bound states of N, particles. 


- Introduction. 


1956 


Consider a system of two quantized fields interacting with each other and 


possibly with an external field. Assume one of the fields to obey the Fermi- 


Dirac and the other the Bose-Hinstein statistics. Let H denote that part of 
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the Hamiltonian which describes the energy of the free fields and, possibly, 
the interaction with external fields. In the case of electrodynamics we shall 
possibly include in H also interactions by means of the longitudinal quanta. 
Let H denote the remaining part of the Hamiltonian describing mutual inter- 
actions of the fields. 

We introduce a representation by means of the basic vectors |A(N)> being 
simultaneous eigenvectors of a complete system of commuting observables. 
These observables are chosen in such a way that their eigenvalues A(N) deter- 
mine the state 2 corresponding to N= (f, a, b) particles, where f, a, b are the 
numbers of fermions, antifermions and bosons respectively. We assume for 
simplicity that H is diagonal in this representation 


0 


(1.1) HAN) = Hr AN) 


In particular, when there is no interaction with external fields, the repre- 
sentation |A(N)> is just the momentum representation (of Fock’s type). 
Let us introduce further the notation 


(1.2) P, = >|AM) AN), P, = XIANDAN)| 


MN 0) NE No AN) 


The operator Pi projects an arbitrary state ‘7 of the system upon the subspace 
corresponding to N, particles, whereas the operator P: projects upon the 
subspace corresponding to all other numbers of particles NA N. Thus the 
vector ‘9, = P,# describes No particles and the vector ‘7, = P,P describes 
all other numbers of particles occuring in the state W of the system. 

We note the relations 
(1.3) IRA PP, =P,P,=0, PRE 


From the first of these relations there fcllows # = #, + 4, . The operators 
5 
P, and P, commute, due to (1.1), with H. Thus 


1 . » 
Further, due to the linearity of H in the operators of the Bose-field, we have 
1 
PHP, =0. 


The equation for the state vector 7 has in the interaction picture the fort 


(1.4) ih ra = H,(t)#, 3 
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To obtain an equation for the state vector Ÿ, we multiply (1.4) on the left 


I 
with P, or P, respectively. 


OT 
| ih à = P, H, ; 
perte 


ra 


where Y= BY, =? POR The set (1.5) is, of course, 


IX ? I 21 
equivalent with the original equation (1.4). 

Integrating now the second equation (1.5) with respect to the time we 
obtain 


È t 


SC I a 
|P At) Pyle) — 5 far Hy (t)% s(t. 


lo to 


ol SA 


We introduce this equation into the first equation (1.5) and repeat this pro- 
cedure n. times. Assuming 


% ty tn-1 
(1.7) lim | ae, (at. Jat,P H,(t)P 
iy iy to 


H ;(t,) > Py Hi) EE) = 0 (*) 


we get in this way in the limit » + oo an equation which does not contain 
YP, , (t) any more 


t 


Oe ut A it 1 

(1.8) ih =n = 12 H,(t)P T exp | - 7 jarr CIE Pt) 
i Fe JE / { 
i dt K(t, 2) Pit). 

where i 

= ok | 
PCR ECM OS CU AOC ei a 

i \2 3) rk 1 1 | 

a (- = fas] dt,0*(t — t)P, Hy(t)P) 0+(t; —t,)P, H;(t,)P0*t,—t)+ Ni 

te t 


1 
| «Pi Hx()P,c 
LOT eat aes 
+1) = f o] t= 0 
[Motor ta) 
and the symbol 7 denotes the operator of chronological ordering. 


(*) This equation will be 


gt justified presently by another direct method for the 
elimination of ¥W i : 
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Formula (1.9) represents the kernel of equation (1.8) in the form of an 
expansion in powers of the coupling constant. The rule for the construction 
of higher order terms is evident from the first two terms in (1.9). It may be 
noted that in K,(t, t’) only terms containing an even number of H operators 
occur. This is a consequence of the relation 


P, (product of an odd number of H) PUS 


which is due to the fact that the Bose-fields occur in H linearly. 
By means of the unitary transformation 


| 


H(t -t) 


H(t—t)| Pt), 0; = exp O exp —- Hit to) |, 


h 


=> 


( 


we may now go over to the Schrédinger picture in which the operators are 
time independent. Equation (1.8) takes in this picture the form 


(1.10) (in 2 - Ht) Ng 


t 


— PHP, exp — 3 Hi -t,)| T exp fate NOTE (ty) 
ae ar AO PTE 
h 
to 
where 
(111) KG,t)= PHP, exp |- - > H(t to) |0tA—-t) + 
VESTI | 
| (—<) | at, | ato “4 )P, Hilt) PB 04h t)P, Hit) POM — 0) + | 
(2 
ts i 


0 


a 1 1 : ; i ; ARE. 
- exp Ut) PWHE= PHP b(t ver| j (SIRS RS, 
x MS ; 
F PHP ( =) [ar | dt,0*(t- t,) exp —; Hit = i) IP Salle {) (t, ts) 
ij) 3 
i bp I ) ) 
-exp |- Hu = ta) P HP, 0+ (te t') exp TE H(t DE HI 
i 
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Equation (1.10) is the integro-differential equation (with respect to t) for 
the state vector ‘(t) corresponding to a state with N, particles. It may be 
written in terms of the representatives in the representation determined by 
the basic vectors |A(N)>. It then becomes an integral equation with respect 
to the variables 2(N) for the amplitude Y(A(N,), 1) = <A(No) ee (t)> depending 
upon the initial values of the amplitude ae (N,) t) = <A(N)|¥, (t)> for NAN. 

We note that the quantity <Y(t) (t) | P(t)> is a constant of the motion and, 
‘therefore, the normalization condition 


(1.12) b= Wo =A Ol) <P Ore o> 


is preserved in time. In particular if Y, (4) = 1, equation (1.10) describes 
transitions from the state W\ (t) to the ar P(t). If Y(t) = 0 this equation 
describes transitions from the state ¥,(t) to the state ‘7, (t) and, therefore, 
between others, also the so called bound states of N, particles. Obviously 
the states corresponding to N, particles (even the bound states of N, part- 
icles) are in general not Stationary, i.e. they are not eigenstates of the total 
Hamiltonian H = oy a H. This is due to the fact that this Hamiltonian does 
not commute with the operator of the number of particles. 

In the case when ey (6) = 0 and t, +— co one may separate in (1.10) the 
time by means of the substitution 


(1.13) Vist) = Dy exp 


a 
nl 


In this case the kernel Æ becomes a function of the difference t— t’ (cf. (1.11)) 


and one gets for ®, the following equation 


(1.14) BG = Una. 
where 
Heimer UE) = 5 [ax exp 7B = 
i (] 
Colt Ap. |P -_ in (EB ih] P HP, + 
Bee. 
1 il , 0 2 1 | 0 
PHP, |P ~— in dE — i) e. dr |p RS noté | 
E—H DH 
ee Il 0 dI 
PH Pr | Pas cei (he a IRA pos 
HU H 


+ 
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The + D I atrnati È 1 5 S * ~ oa Ba 
(The rule for construeting higher order terms m (1.15) is evident from the 
first two). Obviously an arbitrary linear combination of solutions of the type 
(1.13) is again a solution of (1.10) 


i >. Oye xp |; Lil GOA 
E i 


(c,, arbitrary constants). In deriving the second of the expressions (1.15) we 
have made use of the well known relation 


1 1 
+ fai exp |; (He my 0) =—2nid(H— B) =P à _— in ô(E—H), 
Th Jal 


where the symbol P denotes that upon integration one has to take Cauchy’s 
principal value of the integral. 

Equation (1.14) written in terms of representatives in the representation 
given by the basic vectors |2(N)> becomes an integral equation with respect 
to A(N,) (we note that U= P,UP, so that only matrix elements from the sub- 
space |A(No)> occur) for the amplitude D_(A(No)) = LAN) | Dig) 

The method for the elimination of the component WY (t) presented here 
is based on the assumption (1.7) and results in an equation for Y(t) in which 
the kernel A(t, t') is an expansion in powers of the coupling constant. The 
method is, therefore, limited by the condition of convergence for this expansion. 

We shall show now that the elimination of #,(t) may be carried out in 
another direct way leading to an equation for P(t) in which the kernel 4 (t, t’) 
is given by a closed expression. This derivation makes no use of the assumpt- 
ion (1.7) and does not involve expansions in powers of the coupling constant. 
It is not limited, therefore, by the convergence condition. 

Let us transform the equation for the state vector in the Schrédinger picture 


0 ue 
j = YY — HP, 
(i n H | 


by means of the following unitary transformation: 


0 


Y(t) == exp ; (Hl + P HP \(t — YO, 
i 


l 


0 exp) 3 (H + P HP V(t —= to) 


| 1 
0,(t) = en |; (H OE ZI) Vi) 
] 
We note that the operators P, and P commute with H--P.HP,. Im- 
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deed, we have 


[P,H+P,HP, | ea PE. PHP, | = 0 


(since P,P, = P, PF, = 0) and 


blag ; H+P,HP, | = (ey : P, HP, | ay; 


(since P? = P,). Another relation which we shall use in the derivation is 


HELP HP PHP, PATES 


XL 
It is a consequence of the equations PR, +P, =1 and PHP, =0. Due to 
these relations, the equation for the state vector in the new picture takes 
the form 
CL 1 


(1.4) ih Cz — (POP, + P H,(t)P,)¥, . 


Multiplying this equation by P, or P, respectively, we get the equivalent 
system of two equations 


n Pri 1 
| ih a = PHrt)P,, 
(ED) | 9 > 
| ih oe ==. Paty hae 
where Yo = Fh PV, Hi = PLY, =... Eliminatine now | frome he 


first equation (1.5) are component p. ne means Of the second of these 
equations, we se 


Lee) 


MELAT 
(1.8) in a — PH,(t)P, Y (ty) i ; far Ky (t,t) Put!) . 
where 
(1.9) K,(t, t') = P.H.()P,04t—)P,H,@)P,. 


Going back to the Schrodinger picture and making use of the equality 
12 HP P,=—0, we get for the component Y(t) of the state vector Y(t) in 
the Se hrédinger picture the following equation 


(1.10') (5-H) an) nn 


Ure eae ; Jar K(t--t) Ye’) , 


ty 
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where 
à 4 dE ; REC di 
(1.11) Kt) BHP,@*—i)exp|-z(H + PHP, )\t—t)|P, HP. 
fi 


It is seen that the formula (1.11') gives a closed expression for the kernel 
K(t—t’'), whereas formula (1.11) was an expansion of this kernel in powers 
of the coupling constant. (1.11') is valid independently of the assumption 
about the convergence of (1.11). We shall show presently that for fr > — oo 
and for sufficiently small values of the coupling constant, admitting convergent 
expansions in powers of this constant, formula (1.11’) is identical with (1.11) 
(cf. (1.15') and (1.15)). 

In the case when Ÿ, (4) = 0 and t, >— co we may go over from (1.10) 
to the corresponding time-independent equation by means of the substitution 
(1.13). We get in this way equation (1.14) with 


+ co 


ted a 
Alb") LITRES 5 [ara exp i; LÌ = 
1 ) | 
SEPT ase | mo peo bal A |P HP. 
PHP 


0 L 
The operator P(1/(E PES Va HP )) —ind( —H— P, HP) occuring in 
= CA 0 di a > A 
(1.15’) is one of the inverse operators to the operator H— H—P,HP,. We 


may write, therefore, 


= eee bone he Pye 
Pe == PeHE 
f 0 | ; i 0 à LE 1e 
NET) 1—(P = imo(E i) Pia Pep 
\ eT 
1 : 0 3 È D}, dl | : E DIR 
[ -(P = in d(B i) PAT (J = — in ô(E H) 
1-H ae 


Here we have put P(1/(E — He P, HP, )) — ind(E — H) for the inverse of 
mH and we have made use of the relation (ab) = oa. It follows 
that in the case when a convergent expansion in powers of the coupling con- 
stants exists, we may expand (1.15') into the series (1.15) and, therefore, 
(1.11’) into (1.11) with 4 = — o. 

Equation (1.14) is identical with the equation for the component D =P, D, 


0 
which one obtains from the eigenvalue problem for the total energy H= H +H: 


1 
(1.16) (EH -H)®, — HD, 
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(where ©, =|H>) by elinination of the component ®,,— POs Indeed, 
multiplying (1.16) on the left with P, or P, respectively, we get the equi- 
valent set of two equations 


le 


H) 


Beh) Di SP AG LD 


[ ( 
J 
| | 


From the second of these equations we get 


(1.18) ©, , = (H— ee PHP, )"P, H®,, = 
al 0 L i 
= P = in 0(E— H— P, HP) P,HD5, 


0 1 
R= He PHP, 


where the operator P(1/(2 = H P, HP, )) — inò(E — Hae P, HP, ) is taken 
as the inverse of E — H — P HP, . Introducing (1.18) into the first equation 
(1.17) we get equation (1.14) with U(E) given by formula (1.15'). 

It follows that the parameter # in equation (1.14) represents the eigenvalue 
of the total energy of the system. This equation describes, therefore, the state 
D,, = P,®, corresponding to N, particles on the energy shell E. Since the 
total Hamiltonian H does not commute with the operator of the number of 
particles, this state (®,,) is in general not stationary. There occur (on the 
energy shell #) transitions from the state D, , to the state D, , Equation (1.14) 
together with the normalization condition 
(1.19) 1=<8,18) = @,,|9,> + (Pg Dia 
describes these transitions if we disregard their temporal development. 

Due to the dependence of U(£) on Æ, equation (1.14) does not represent 
a linear eigenvalue problem with respect to the parameter Æ (ci) TRE 
operator U(E) does not represent, therefore, the interaction energy of N, 
particles as would be the case if U(Æ) were independent of £ and hermitean. 

Several approximative methods were developed for the elimination of Æ 
from the right hand side of equations of the type (1.14) (ef) and: (2) are 
these methods the parameter £ in the operator U(E) is usually replaced in 
the first approximation by the rest-energy of N, particles. The resulting ope- 
rator represents then the so called adiabatic potential. 


(1) A. KLEIN: Phys. Rev., 94, 195 (1954). 
(2) J. C. TAYLOR: Phys. Rev., 96, 1438 (1954). 
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It is seen from (1.15) that U(£) is a real (= hermitean) operator only in 
the case when 6(H— H) = 0, i.e. if E is different from all #4, where N cor- 
responds to the intermediate states occuring in formula (1.15). In general 
U(E) will possess an imaginary (= antihermitean) part. The approximative 
procedure eliminating Æ from the right hand side of (1.14) must then be 
carried out in such a way as to yield from U(E) a real interaction operator. 
Otherwise the result would be inconsistent with the real character of E fol- 
lowing from equation (1.16). 

We shall show in Section 2 of this paper that the integro-differential equa- 
tion (1.10) may be replaced by an equivalent purely differential equation with 
respect to t. This differential equation takes in the case D. (t,) = 0 the form 
of a Schròdinger equation with a complex « potential ». The appearance of an 
imaginary (— antihermitean) part of this potential is a consequence of the 
non-stationary character of the states corresponding to a fixed number of 
particles, i.e. a consequence of transitions which occur from the state Y(t) to 
the state Y(t). These results are obtained by means of a procedure deve- 
loped by one of us (*) in connection with the theory of non-local interactions. 
The same procedure was later applied in (*) to convert the Bethe-Salpeter 
equation into an equivalent one-time equation possessing the form of a Schro- 


dinger equation. 

2. — The equation for the state vector corresponding to a fixed number of particles. 
Equation (1.10) for the state vector of N, particles is integro-difterential 

with respect to the time. It may be replaced by an equivalent purely integral 


equation (with respect to t) by means of an arbitrary particular solution G(t) 
(the operator analogous to the Green function) of the equation 


GE i 
(2.1) (in n Ht) G(t) = d(1) . 


It is easily seen that the solution of (2.1) may be represented by the integral 


+o 
ite Ay 0 i 
(2.2) C(t) = sag Je SL ea) CD j at) . 


0 
Choosing here a particular form for the inverse of the operator H+, e.g. 


( Rzewuski: Acta Phys Pol., 13, 135 (1954); 14, 121 (1955); Bull. Acad. Pol. 


8) J 
Dr (Olly IMME, 7 429 (1954). 
(4) W. KROLIKOWSKI and J. RZEWUSKI: 


Nuovo Cimento, 2, 203 (1955). 
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(H + a) = P(1/(H +a)) — in ò(H La) we fix the particular solution of (2.1). 
It may be noted that a representation of the type (2.2) is possible only in the 
Schrodinger picture, where the operators do not depend on time. G(t) as a 
function of H is a real operator commuting with H. 

Assuming for simplicity Y, (£) =0 and ft > — co, multiplying equation 
(1.10) on the left by G(t- t) and integrating with respect to t from — co 
to - co we get after a partial integration, due to (2.1) and to the commuta- 
bility of @ and H, 

pe 
su 2 far Nt—t)E(), 


— © 


(2.3) W(t) == Pel) 


where Y(t) is a state of N, particles satisfying the unperturbed equation 


Foro 
‘ A D A 4 == {) 
(2.4) [in CT H\P% ( 
and 
ce 
(2.5) Witt) = [eu tat" K(t'— 1). 


Equation (2.3) is equivalent with (1.10) in the sense that each solution 
of (1.10) satisfies (2.3) with a particular ¥Y°? and vice versa each solution of 
(2.3) satisfies equation (1.10), W being a general solution of (2.4). 

Denoting by R(t—t’) the resolving kernel of equation (2.3), we may write 
the solution of this equation in the form 


(2.6) YF (tee VI — > fat R(t—1) Pt). 


Now W(t) is an arbitrary solution of (2.4) and we have, therefore, 


(2.7) Ut) = exp (ro — 11% : 


the initial value Y(t.) being an arbitrary state corresponding to N, particles. 
Expressing in the integral in equation (2.6) Y(t’) by means of Y(t) we get 
according to (2.7), 


, 


(2.8) Pt) = (1— AYPI0), 
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19 
i 
bi 


with 


[air exp 


M 


à 


h 


D 


(2.9) A E 
h 


0 
in | 


co 


Equation (1.10) may be reduced to an equivalent purely ditferential equa- 
tion with respect to the time if we can find an operator V for which the fol- 
lowing equation 
ae 
(2.10) + jaw Ke LEE) = VW), 


— œ 


is satisfied identically in the solutions of (1.10) (cf. (*) and (4)). Introducing 
(2.8) into (2.10), making use of (2.7) and remembering that the initial value 
of the general solution Y? at an arbitrary but fixed point may be chosen at 
will, we get the following equation for the operator V 


+ © 


9 De one 
(2.11) Viens A dt K(t)(1 Ayexp]; in|. 


= CO 


This equation may be solved immediately by multiplication on the right with 
the operator (1 — A)! 

+ © 
a 


0) 
th (eee dee 


(2.12) lia dt K(t)(1 — A) exp 


Conversely one may easily show, that equation (2.10) is a consequence 
of (2.11) or (2.12). The operator V is, therefore, uniquely determined by the 
operators K and G. It may be noted that, due to the relation K= PAP); 
we have R—PRP, A=P,AP, and V= BV, 

The above method does not involve expansions in powers of the coupling 
constant. Assuming that such convergent expansions exist for the quantities 
Y, and K (cf. erty) 


ao 


(2.13) eae Kees OY a TAF 


n=1 n=0 


and, therefore, also for the quantities À and A 


2.14) pts pan, | A= > Ae” 


n=1 
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we may ealculate 


up to an arbitrary order of approximation. 
Introducing (2.13-15) into (2.12) we get e.g. for the first two approxim- 
ations V® and V® (order 2 and 4 in the coupling constant) 


+ © 


Def ah Se i 0 
(2.16) Valid pate exp pi i 
AI ; 
(2 16’) Va — er dt [rat exp È Hi = 
i h | h 


— © 


Ei Kt Vi À (2) exp j 


; ft + K®(t) exp 


4 0 | 
= Ht A®) 
ES 


By virtue of (2.10) we may replace equation (1.10) in the case Y(t) = 0, 
th ~— co by the equivalent equation 


? RR Da 
(2.17) lin an it) P(t) = V(t) 


with V given by the formula (2.12). This purely differential equation (with 
respect to the time) possesses the form of a Schrédinger equation with the 
« potential» V and determines the temporal development of the state do of 
N, particles. 

In the representation |(N)) (2.18) becomes an integral equation with 
respect to À(N,) for the amplitude Y(A(N,), t) = CAN) | V(t) 


(2.17) (if — Pao») FAR) (No), t) = SA) ND PMN), 8) - 


40) 


According to (2.16) and (1.15), we have in the lowest order of approxi- 
mation 


(2.18) A(No)| VON) = AN) | U@ (Bary) | (N) = 
1 ll 
= CAN HA 5 (RES TO) 
+2 pa (Mo) [EA NT He it (Earn — Exam) 


A"(N") | H À'(N;) Na 
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To calculate the higher approximations of AN:)| V4 (MN) we must decide 
upon the particular form of G(t). We get e.g. in the second approximation, 
due to (2.2), (2.9), (2.3-6) and (1.15); 


(2.19) CAN’) | A®| XU Pay reat ae AN) En we Hy UE uv) x(N ") 


From (2.16') and (2.19) it is seen that V® may be expressed by means of 
U®(E), U®(E) and the operator (#— Hy*. In general the 2n-th approxi- 
mation of <A’(N')|V|A"(N")> involves all U2™(E) with m — 1,2,..., n. The 
inverse (HS He is so far arbitrary. It may be determined uniquely if we 
fix the initial conditions for the solution (1). Demanding e.g. that Y(t) 
coincides for t = — oo with ¥ (cf. (2.3)) we have to choose for G(t) the re- 
tarded solution of (2.1). This may be achieved by fixing appropriately the 
integration path around the poles of the integrand in the matrix elements of 
G(t) (cf. 2.2)). 

It. is seen already from the lowest approximation (2.18) that the poten- 


tial V is, in general, a complex o yerator 
- 


V= VE Liv", 


where the real part V* and the complex part V! are real (— hermitean) oper- 
ators, their lowest approximation being clearly exhibited by (2.18). 
We may write the solution of (2.17) in the form 


(2.20) UN Os 


with arbitrary coefficients b,, where 


i 


h 


(2.21 ) Put) = Xiw EXP 


we 


and 7), Satisfies the time-independent equation 


0 


(2.22) (Wye = ET 


(note that (2.20) is not an orthogonal expansion). The parameter W occuring 


in (2.20-22) is complex 
(2.23) W= ET il'. 


o (2.22), as the expectation 


Its real part E may be considered, according È 2), a 
H+H)in the state 7,,,- 


value of the energy of No particles (not the total energy 
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The real number //h may be considered, according to (2.21) as the probability 
per unit time of the transition from the state y;, to all other states. The 
number T = %// is, therefore, the life-time of the state 7,,,. 

We may treat equation (2.22) by means of the stationarv perturbation 
method. In the first. order approximation we get for /’ an expression of 
Weisskopf-Wigner’s type (cf. e.g. (5)). Indeed replacing in (2.22) V by V® and 
treating this quantity as a perturbation we get 


W='Exyg + <(M0)| VE] AN}; 


where the correction <A(N,)| V@)ACN,)> is given by formula (2.18) with 
X(N,) = 2(N,). Comparison with (2.23) yields for /' the expression 


pe > AM) H |i (ND Ero Er) - 


AN, AN") 


Equation (2.22) is neither an eigenvalue problem for the total energy of 
the system (in contradistinction to (1.16)) nor is it the eigenvalue problem 
of N, particles. It also differs from the equation (1.14) for the component %,, 
(corresponding to N, particles) of the eigenstate ©, of the total energy of the 
system. The state y,,, becomes an eigenstate of the total energy of the system 
corresponding to N, particles if V!y,, = 0. In this case Xn = Piz- 

The considerations of this Section suggest that (2.22) is the proper equation 
describing correctly (between others) the bound states of N, particles. Adopting 
this point of view we have the result, that a bound state of N, particles is 
stationary (i.e. is an eigenstate of the total energy of the system) only if 
ey — 0 (it is then also an eigenstate of the energy of N, particles). 

Assuming the normalization condition for Nw 


0 
we get from (2.22), due to the hermitean character of the operators H + VR 
Amel Mas 


= 0 
(2.24) E — Ai E "a Vanoi ’ 
(2.25) LS A Ve Wane : 


It may be emphasized, however, that the Xiy are not simultaneous eigenstates 


(?) P. A. M. Dirac: The Principles of Quantum Mechanies (Oxford, 1947), p. 203. 
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of the operators H--V® and V! since these operators do not commute with 
each other. 

The operator H +V® commutes with the operator of the number of part- 
icles, due to the property V® = PV*P,. This fact and the formula (2.24) 
suggest that H + V® may be considered as the proper operator, representing 
the energy of N particles. 


RIASSUNTO (*) 


Nella prima parte di questo lavoro Si diseute il problema della derivazione delle 
equazioni per il vettore di stato di N, particelle dell’equazione di Schrodinger corri- 
spondente a un sistema di campi interagenti. Si ottiene un’equazione integro-differen- 
ziale non omogenea in cui la non omogeneità è determinata dal valore iniziale del vet- 
tore di stato corrispondente a N particelle (N#N,). Nel caso in cui tale vettore si an- 
nulla in un determinato istante, l’equazione per il vettore di stato di N, particelle 
diventa omogenea e può essere sostituita da un’equazione stazionaria indipendente dal 
tempo e contenente un operatore di interazione funzione dell’autovalore dell’energia 
(problema non lineare di autovalore dell’energia). Si ottiene per il nocciolo dell’equa- 
zione integro-differenziale un’espressione chiusa, valida per valori arbitrari della costante 
di interazione. Nella seconda parte l'equazione integro-differenziale per il vettore di 

~ stato di N, particelle si sostituisce con un’equivalente equazione semplicemente diffe- 
renziale rispetto al tempo. Nel caso omogeneo tale equazione ha la forma di un’equa- 
zione di Schrôdinger (problema lineare di autovalore dell'energia) con un potenziale 
complesso. La parte immaginaria di tale potenziale è dovuta all’instabilità dello stato 
di N, particelle e determina la vita media dello stato stesso. Si postula che quest’ultima 
equazione descriva — dopo la separazione dei tempi -- gli stati legati di N, particelle. 
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The Determination of the Scattering Potential 
from the Spectral Measure Function. 


Til. Caleulation of the Scattering Potential from the Scattering Operator 
for the One-Dimensional Schrodinger Equation (*). 


I. Kay and H. E. Moss 


Institute of Mathematical Sciences, New York University - New York 


(ricevuto il 27 Ottobre 1955) 


Summary. — A procedure discussed in previous papers for the calculation 
of the scattering potentials from the spectral measure functions associated 
with certain eigenfunctions of the continuous spectrum of the perturbed 
Hamiltonian, has been adapted to the problem of obtaining the scattering 
potential from the scattering operator for the one-dimensional Schrodinger 
equation (— © < x< oc). Examples are given to show how the pro- 
cedure may be used. 


1. — Introduction and Summary of Results. 


Several writers (°°) have recently discussed the problem of obtaining the 
scattering potential from the scattering phases for a variety of radial wave 
equations. Their work is characterized by the fact they require the perturbed 
eigenfunctions to approach the unperturbed eigenfunctions at the origin. From 
this boundary condition and from specific properties of the unperturbed Hamil- 


(*) The research reported in this article was done at the Institute of Mathematical 
Sciences, New York University, and has been made possible through support and 
sponsorship extended by Geophysics Research Directorate, Air Force Cambridge Research 
Center under Contract No. AF19(122)-463. 

() R. Josr and W. Konn: Det. Kgl. Danske Videnskabernes Selskab, Mathematisk- 
fysiske Meddelelser, 27, nr. 9 (1953). 

(?) E. CORINALDESI: Nuovo Cimento, 11, 468 (1954). 

(*) R. G. Newrox and R, Jost: Nuovo Cimento, 1, 590 (1955). 
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tonians and of the perturbation, they then obtain the Gelfand-Levitan equa- 
tion (#5). In the special cases discussed in (**) this equation was used to 
obtain the scattering potential in terms of the spect ral measure function. By 
showing how the spectral measure function can be obtained from the Satter ne 
phases, it is then possible to derive the potential in terms of the phases. | 

In a previous paper (5) the authors provided a more abstract formulation 
of the problem of obtaining the scattering potential from the spectral measure 
function. It is the objective of the present paper to illustrate the use of the 
theorems presented there by considering the one-dimensional wave equation 
(cot < co). By showing how the spectral measure funetion ean be ob- 
tained from the scattering operator S one can then calculate the potential 
from suitable elements of S. Actually this one-dimensional problem has already 
been treated by RAY (7) using properties of the one-dimensional wave equa 
tion discussed by FRIEDRICHS (8). The advantage of the more general approach 
of the present paper is that it seems to indicate à Way to tackle the more inter- 
esting problem of three-dimensional scattering from a general (i.e., non- 
symmetric) potential. 

For conciseness we shall summarize the results below. 

First, let us define the reflection coefficient b(k). Let us consider solutions 
V(x) of the equation 

d? 

(END) A alls Vi) Pala) 


dx? 


which satisfy the condition that they represent the sum of an incident plane 
wave and an «outgoing wave », ie.. which satisfy the integral equation 


+ © 


(1.2) Yrout(y) = exp [kr > exp [tk|a — |] Wap) dae" . 


ae 
The reflection coefficient b(k) is defined by considering the following asymptotic 
form for Y,(x) when k > 0 


LB) lim Y""(~) = exp [tka] + b(k) exp [— tke | (k > 0). 


(1) I. M. GELFAND and B. M. Levitan: Isev. Akad. Nauk. SSSR, Math. Series, 
15, 309 (1951). 

(5) N. Levinson: Phys. Rev., 89, 755 (1953). 

(5) I. Kay and H. E. Moses: Nuovo Cimento, part I, 2,917 (1955); part II, 3, 66 (1956). 

(7) I. Kay: On the determination of a linear system from the reflection coefficient: 
vew York University, Institute of Mathematical Sciences, 
tie Research Report No. EM-74. 

(8) K. O. FRIEDRICHS: Spectral repre 
Institute of Mathematical Sciences, (Summer 1948). 


Division of Electromagne- 


sentation of linear operators ; Lecture Notes, 


New York University, 
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The reflection coefficient gives the amplitude of the plane wave which is re- 
flected toward the left when an incident wave of unit amplitude moves toward 
the right. 

Though we have defined b(k) for k > 0 only, one can define this function 
for k <0. One can show by analytic continuation 


(1.4) b(— k) = b*(k) for k real 


where the asterisk means complex conjugate. 

We shall show that ‘the potential V(#) can be obtained from the knowledge 
of the reflection coefficient b(k) alone if it satisfies certain sufficient conditions. 
(Some of these conditions are also necessary.) 

Let b(k) have the form 


(1.5) b(k) = g(k) exp [—2ika] (a > 0) 
where 
(1.6) glk) = 0(k) for |k|> co 


Further let the analytic continuation of g(k) have positive imaginary residues 
yr, at a finite number of poles k, = it;, (j—1, 2, ....») where t;>0. Then if 
the equation 


HA 


(1.7) <e|K|e') = — &@|Q]e'>— ma + x'+ 2a) | <a Kia's dani OE 


(2a +2’) 


can be solved for <#|K|a'> (x'< x), where 


+ 0 


(ES) a} Or ae bk) exp [— ik(@ + «')|dk — à D r;exp[t,;e + a+ 2a)], 
NE j 


— © 


and y(æ) is the usual Heaviside unit function 
(1.54) hee), == 


then the scattering potential V(x) is given by 
(1.9) Vis {e} Ka. 
Furthermore 


(1.10) ‘e Koen!) Tia) when. ¢ <— oa 
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and the point eigenvalues of — (d?/dæ?)+ V(#) will have the values — 7. The 
reflection coefficient associated with V(x) as obtained from (1.9) will be 6(k), 
as required by a consistent theory. 

One will be able to obtain a unique set of eigenfunctions of -— (d*/da*)-+- V(r) 
corresponding to the continuous spectrum. These are given by 


BEL) YF (@) = exp [tka] +] (x|\K|æx'> exp {ika’| da’, 


— © 


which satisfy the boundary condition 


(1.12) lim Y,(x) = exp [ke]. 
2—>— © 
The eigenfunctions corresponding to the point eigenvalue — 7° denoted by 
J 
Y ,.,(@) are given by 
(1.13) Wa, = exp [ta] + | el K\a’> exp (a']da' . 


. 
— D 


The normalization of the eigenfunctions Ÿ,(#) of the continuous spectrum given 
by (1.11) is 


Ned hep | 
(1:14) = [VEGA a i W(x) ¥ (a) dar = O(k — k') 


The bound states are orthogonal to eigenfunctions of the continuous spectrum. 
They satisfy the following orthogonality relation with respect to each other 


‘git a) Wiz (0) P_ix,(@) dae — bmi? exp [— 27,0] - 


— oO 


. j A È ie n 3 N rt < ‘A tig Pe the € ylete- 
The eigenstates W,(x) and ow, form a complete set and satisfy the compl 
ness relationship 

+ co 


(1.16) [rete + [con k)P*(æ')dk|- 


XV (a, (@' yrs exp [20904] = dle), 
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2. The one-dimensional eigenfunctions; the scattering operator. 
The unperturbed Hamiltonian H, is given by 


ad? 


pee 60 Gi. C0 
dx? 


(2/40) HE 
where the superscript x on H* signifies that the operator is expressed in the 
æ-vepresentation. It is convenient to use the eigenfunction |H,, Av; È, a> 


given by 


E) oa 
(2.2) CHA Si a (8) - exp [iaV Ex], 
og 2VT 


where « is restricted to having the values +1 or —1. It is easily verified 
from (2.2) that 
eo 


(oe CH oA ge El HAI di H,, Ay; E', a'|a)dxKa}Ho, Ay; E, a) = 


where Ô,,, is the usual Kronecker 6. It can also be verified that 


co 


(2.4) D | LH, Ay; E, a) dECH,, Ay; E, a| = n{H), 


(CANTO 
0 


where 7(H,) is the identity operator in Hilbert space and maps remainder of 
the extended vector space into zero. 
The perturbed Hamiltonian H is given by 


= 
bo 
Et 
_ 


ROME ENT À 


Initially, we shall assume that <a | V \æ'}) is generally not diagonal. Later 
we shall give conditions under which <|V|x') is diagonal, i.e., has the form 


We shall assume, however, that <a] V|x') is such that a scattering operator 
exists. 

The outgoing, and incoming eigenfunctions of H corresponding to the 
continuous spectrum satisfy the integral equations 


i E 
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Met) G\H, A: E, a), = @| Ay, Ay; E, a) + 


+0 +0 
a » 


i ee e) => 
sE i [exp [= iVE x —- x'| | da'<a'| V \a"> da" ce" | H, A; E, a) . 
vo — to 
In (2.7) we use the well-known result 


i 


(2.7a) (vv (E Ho)\o!{) = + = (B)-* exp [F iVE|æ—x'|]. 


ho] 


The scattering operator and its inverse can be represented in the Ho -repre- 
sentation by (see (5), Part I, eqs. (4.12), (4.20), and (9), Part. IT, Eqs. (320): 
(3.8)) 


(2.8) (Ho; Ag; B, a|8|Hg Ao; E', a’) = (E — E'Xa|S(E)|a'> 
and 

(2.9) (Hoy Ao; E, a|S-|Ho, Ao; EH, a» = Ô(E — E'\Ca|S-:(E)|a' 
where 

(2.10) <a|S(B)\a> = daa — 27e Hi Air, al WHY Ay Era bo = 


+0 +0 


| Ne 2avie| feu. AE, at dae | V|o' da eH. ASE) ae, 
| SN 
| 


and 
(2.11) (al S-1(B) | a' = dor + 20ie<Hy, Ao; E; a\V|H, A; E, a). = 


L © +0 


= gx + Pie | pers. Ao; E, a| a> dæ<x| Vilas da'<a'|H, A; E, a>, : 


- 0 — © 


For future reference we note the reciprocity theorem 


92.12) <Ho, Ao; #,4 PWN A hep — <i, A; E; avi gs 246 Ly: OD 
Sgh hiv |[H, A; E, a ake 
where the asterisk means complex conjugate. 


If <a#|V|a'> dies down with sufficient rapidity, the asymptotic forms of 
Zx\H, A; E, a», are related to <a|S(E)|b> and al S-1(Æ)\b> by 


#13) lim @lH, A; E, a)_= dI, Agi Ly 4) = on, Agi Es +1 


fd | CO 


[<+ 1|S(B) la duel 
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(2.14) .lim (| H, A; E, a>, = <o|H,, Ao; H, a> + <a] Ho, Ao; E, +1) 


a—> + 0 


[LE I | S-1(E) | a = 0e] > 


as can be shown from (2.10) and (2.11). 


3. — Expression for the weight operator in terms of the scattering operator. 


We shall now express in terms of S and S-! the operators W,, M, asso- 
ciated with those operators U such that the eigenfunctions of H given by 


(SH HA; Ea <o) Uh He A, 204 
satisfy the boundary condition 


(3.2) lim<a|H,A; ja) @IH,, Ay; Br ay 0 


YF = 69: 
or, symbolically, 


(3.2a) Ho HASH > == <a Ay: oe a. 


Since we shall work in the continuous spectrum of H, we shall drop the 
factor 7(H,) for the time being, since it will always act like the identity ope- 


rator. 
From U= U_M_ we can write 


(3.3) (|A, ASH ay => Car) WAS ta Kale Eat 


where <a|u_(E)|a'> is given by (by cf. (*), Part I, Eq. (5.5)) 

(3.4) (Ho, Ao; E, a| M_|H,, Ay; E', a'>'= (BE — E')Ka|u_(E)|a>. 

From Egs. (3.2a) and (2.13) we obtain an equation for <a y_(£)\a'), namely 
(8.5); Cr Ho; Aoi H, a) = > al Hy Ay; B, a')Ca'|u-(2)|ay + 


Ù 
a 


+ | Ho, Ay; E, 1) DT SE) |a'> — 6. ala" | w_(F)|a>. 


On multiplying (3.5) through by <H,, Ay; HE |a) and integratine with respect: 
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o x, and then using the orthogonality relation (2.3), one finds that 
3.6) O(E"— EF) bara = 6(B" — E) > darata'|u_{E)|a) + 
a’ 


+ HE E)0 1 S [{1 ISBD D ouh a'|u_(E) a 


1 
a 


which on renaming some of the variables, may be rewritten as 


3.7) One = <4|u(B)|a’> + Ou, > [—1/S(E)la > — d_ alla" |u_(E)|a' 
Hq. (3.7) may be regarded as an equation for the matrix <a|u_(£)|a'). The 
solution of (3.7) can be shown to be 


1 0 
(3.8) cal HEE) an 
— = 1|8(#)| + 1) oy See 
<—1|S(B#)|—1 —1|S(E)|—1), 


where we adopt the convention that the first row and column are labeled by 
+1 and the second by — 1, i.e., <+-1/u_(#)|—1> = 0. Eq. (3.8) gives us M_ 
in the H,-representation. 

From (*), Part I, Eq. (5.9) we have 


(3.9) Wie MS 


To find W,, therefore, we shall have to obtain M! and M*. We shall 
express these operators in terms of the H,-representation. Let us define 
<a|u-(E)|a') by 


10) <Ho, A5; #, dA E a’) = Ô(E — E'\Ka|uT{E)|a' 


From MM —M M=x(Ho), (where we recall (Ho) is the identity in Hil- 
bert space) it can be shown that for fixed E the quantities {a|u="(E)|a) are 
just the elements of the matrix which is the inverse of the matrix whose 
elements are ‘a|u_(E)|a'). It is then shown that 


/ | 0 
3.11 (a|u="(E)|a"» = | 
paige x -1|S2)|+1 —1|8(8)— 1), 


Let us now define <a| M*="(Æ)\a'> by 


D). <H,, Ay; E, a| M*-*| Hy, Ay; BY, a'> = 8(E—Æ) a\u*-(B)|a' 
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From the fact that M*-1 — (M*)-! = (M~)* is the Hermitian adjoint of. 
M1 we have 


(ets) al ut UE) a> = <a" |e hay. 
If, as in (*) we define <a|@.(E)[a') by 
(3-14) (Hi, As; By) Wl Ho, Ags ab tt E'\Ka|o(E)|a'), 


we have from (3.9) 


(3.15) <‘a|@,(E)|a' ai aa af) 


or, on using (3.13) and (3.11) 


(3.16) 


1 —1|S(B)| si 
).(E svi ) 
|, )la! pee 1 


In deriving (3.16) from (3.15) we have used the relation 
(8.17) —1| S(#)|— 1>)#+ 1<—1|8(#)| +13: =1, 
which follows from the fact that S* = 8-1, i.e., SS* = (Ho). 
For the sake of completeness, we shall also give the expression for 


{alut(E)|a'> defined by 


(3.18) Co EH ARE ADN RAT a 


a’ 


a’ | w(B) | ah b] 


= 


where <#|H, A; E, 4) satisfies the boundary condition (3.2a). The expression 
can be shown to be 


1 za E)|— 1) 
CESSE SS Misa (E)| +1) 
0 il 
vi 


4. — The complex energy plane. 


In this section we consider the analytie continuation of various quantities 
introduced above, and for this purpose we introduce the complex H-plane 
which shall have a cut along the positive real axis. The results obtained here 
will be useful in later sections. 
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Let us first introduce the function <#|H,, Ao; E, a». This function is 
lefined as the analytic continuation of <x| Hy, A,; E, a) when E is on the 
upper part of the cut. From (2.2), we see that when F is in the lower part 
> the cut 


Le a 7 + rl 7 
4.1) My gs ON Ri i K@|Hy, Ao; Er @ 


One can also introduce <&|H,, Ay; E, a) which defined as being equal to 


@|H5, Ao; E, «> when E is on the lower side of the cut. Hence, from (4.1) 
(4.2) ‘lH. do: Hay == 101 Hy; Ao, E, ay" 

and 

(4.3) Hg A E, a = ike|\ Ho, Ay; E, — a) 


when Æ is on the upper side of the cut. 
We can also introduce <H,, Ao; È, a|x>* which equals <H,, Ay; #, a) x 
when £ is on the upper side of the cut. Then since 


(4.4) “Ho, Ao; E, a| x) = GE, Ao; E, — «a 
we have 
(4.5) (Ho, Ac; E} aa» = <o|H, Ao; E, —a>* 


Similarly one can define <H,, Ao; É, a|a)- as being the analytie continuation 
an <H,, Ao; È; alx) when E is at the bottom of the cut, where from (4.4) it 


can be shown that 


(4.6) ERNIA Le <x | Hy, Ao; hee 


Now we define <x|H, A; È, a>, 98 the analytic continuation of 
<o|H, A; E, a), when E is on the top of the cut. From the integral equa- 
tion (2.7) it is clear that when F is at the bottom of the eut we have 


; “ss, v + 
(4.7) A IE HI AE, ES e(E) *: 
0 + 0 
Dori 
Ù . TI) 7 alt | : 1 + 
. | far’ a’ exp | + iVE|a— a'|}Ke'|V|a" ‘e \H, A; E, a+» 
es — © 


from which it can be shown that 


H, A; H, — a); 


(4.8) ‘o|H, A; E, aye =— Ke 


when Æ is on the lower part of the cut. 


rene 


286 I. KAY and H. E. MOSES 


Likewise one can introduce <x|H, A; E, a) which is the analytic con 
tinuation of <v«|H, A; E, a», defined on the lower part of the cut. It is clear 
from (4.8) that 


(4.9) œ\H, A; H, a); = i(@|H, A; E, — a)5 


and that when # is at the top of the cut 


(4.10) EHE Nei, ay, = i<a| H, A; H,—a@>~. 


The analytic continuation of <a|S(#)|a’> when £ is on the top of the cut 
will be denoted by <a|S(H)|a’>+. From (2.10), (4.8), (4.5), (4.1), (2.11), (2.12) 
we see that when Æ is at the bottom of the cut 


+ © +0 


(Aa) Tr CEG re veri | da | dx: 
-<H,, Ao; E,—alx)<æx| V|x'><x'|H, A; E, — ay; = 
= —a\S(B)|—a' = (— a'|S(E) — a)*; 


where, as usual, the asterisk means complex conjugate. We denote by 
‘a|S(E)|a') the analytic continuation of <a|S(#)|a'> when E is at the 
bottom of the cut. It can be shown that when F is at the top of the cut 


(4.12) @|S(E)|a"» = <—a|8S-(E)|— a = <— a'|S(E)|— a* 


5. — Extension of the unperturbed Hamiltonian. Diagonal form for the scat- 
tering potential. 


In (5) we saw that it is necessary to extend the definition of the operator H, 
to a space larger than Hilbert space in order that the extended operator H, 
have the same spectrum as H. In (5), Part IT the extension was carried out 
by introducing « eigenfunctions » of the extended operator H,. Here we spe- 
cialize this procedure to the present case. 

In Hilbert space H, is defined by the way it acts in the x-representation, 
namely, 


(5.1) H$ = — 


We shall require that the extended space, H,, be also given by (5.1). In 
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19 
00 
=] 


the notation of (*), Part II, H, is then an w-extended operator. With this 
extension the potential V has the desirable property that it is diagonal in 
the x-representation, as we shall show shortly. First, however, we shall obtain 
the additional eigenfunctions necessary to complete the extended space, In 
accordance with (*), Part IT we shall look for solutions of 


(5.2). Ho|\Hy, Ao; E, a) = E|Ho,, A; E, a 


for values of E in the vicinity of each E; which is a point eigenvalue of H 
such that 


(5.3) lim <a 


a—>— co 


He, ASE a> == ON 


= 


Tn terms of the æ-representation Eq. (5.2) becomes 
(5.4) = all, 4, Hy OD E<x| Ho, Ao; HE, a}. 


For a fixed negative value of H, there is only one solution which satisfies (5.3). 
We conclude therefore that the spectrum of the extended Hamiltonian H, and 
the point spectrum of H cannot be degenerate. 

Let us denote by <#|H,; E) the suitable solutions of (5.4). Then we can 
write 


exp|— i(oe/4) | (— E)-* exp [V—Ex] aie 
OW 1 


Do. (x H ; By = AE) 

RA Hy, Ags ty Ue 
where A(E) is an arbitrary function of E which has no zeros or singularities 
for E <0. With this choice of |H,; E) we take for the bi-orthogonal vector 


|H,: E), another solution of (5.2) or (5.4) which satisfies 


(5.6) Hib Ô(E — EB’). 


Tt is clear that 


, xp Ge pt exp [V—Ea] = 


(6.54) (Ho; Bla) = AN, 7 


Also 


xp [i(x/4 ae FE À 0 
(5.50), <H,; B\x) = ag) EPA) (— #)-* exp [V— Ex| = 
OW a 


— {A*(B)(Hy, Ay; E, + 1\ a7 
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In the general vector space all states xp» will have the property that they 


are quadratically integrable from x 


— co to any finite limit. 


We shall now prove V is diagonal in the x-representation. We have 


— 
Ou 


=~] 
_ 


eV= H—H,= UH,U,— HUU,= (UH, — H0)U= 


= o(KHy— H;K) + e(KH,— H,K)Kys 


We shall first calculate (KH, — H,K) in terms of the x-representation. Since Æ 
is triangular in the «-representation we can always write 


(5.3) at | K|a' = 
where 

Ko Pla = 
(5.9) 


LG Pia 


We choose <x|P|x" 
mitian, we have 


so that it is 


nea) Pia, 


(ar | Ko") for D <a 
an arbitrary function, for. a Se 


continuous at x = x. Since H, is Her- 


(5.10) | KH,}x) = — <a| K|x') = = ue ( | Kat = 
0? . 
ne ne 20°) PAZ 
Now 
(Delo) An y (a — 2')<a| P| o> = — dla — @')<e| P\e'> + n(x a7 | Pio — 
© 
= — Ü(æ—x)}æ|P\x > + mea) a PIE 
and 
Bio) rea DI Urano 
9.12) aa Me —a'\Ke|P|o) = dla—a)|P|o O(a — a pe <o| P|x SA 
0? 
+ n(x — x’) are |B | a! x 
Likewise 
A2 2 
(543) LG KES = Gliese 
| | Avec. Ciel ape n(e— a')<e|P |e. 


But 


——— 
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û A 
(14) = (a Deve ae > NA via Pay + nie pt) £ ila eal 
Ox cu FALL 
and 
ag xs 0? I de: Ù d 
(5.15) — nt —x')(æ@|P\x = d'a—e'\XKa|Pla O(a Ha) r\P\x) 4 
ox? | da 
è 0° 
+ dla — 2) —<@|P|\a) + nt —@ vi Pa 
Ca I on? 


In (5.15) the expression (d/dx)x| P\æ> means that after x' has been set equal 
tow in €æ| P|x'», one takes the derivative of (a| P|«> with respect to æ. In cont- 
rast, the expression (0/0æ)<æ| P| x> means that one has taken the derivative 
of <a|P|x') with respect to x and then set x’ equal to x. In (5.12) 
(0/0x')<v| P|x) means that one is to take the derivative of <#| P\a'> with 
respect to x’ and then set x’ equal to x. From (5.11)-(5.15), (5.8), and the 
fact that 


‘pl Pe xa Pla) = CaP |e, 


lo C d 
Che" ES dx! à dx 


one can write 


(5.16) {x | KH, == (His | ae == 


Cae ee RUN TT ney 0 
‘e|\K\o) + la —2")|= &| K\x = 
da i Ce 


= 26(æ — 2’) 


Hence from (5.7) and the fact that K, is triangular in the x-representation 
we have 


d 
(7) x|V|a9= 25(@ — 2) | Ka Lana x): 
i da 
f 2? 0? d 
DE esa n Ù FRE : 7 | ml Leys = | | È { = 
lane wo | K | a PE x\K\a De <a Kae Phe a 
: “2 22 
0° fal wi 0° Melo rl lent 
+ e | ZA LO ara o| K\a">| da"<a" | Kola | 
On? da f 


J 


Now from the general theory, V is Hermitian if the generalized Gelfand- 
Levitan equation of (6) can be solved. Furthermore, it will later be shown 
that <a|K|o') is r val. Therefore the right-hand side of (5.17) is the sum of 
a Hermitian operator which is diagonal in the u-representation, and an ope- 
vator which, because it is triangular in the x-representation, cannot be Her- 
mitian. Since the right-hand side must be Hermitian, the expression in 
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brackets must vanish and we are left with 


(5.18) æ|V|æ'> = d(@— 2’)V (a) , 
where 

N Aden 
(5.19) V(a) oi x\K|a 


Hence V is diagonal in the x-representation and can be obtanied from A very 
simply, by means of (5.19). 


6. — The weight operator and the Gelfand-Levitan equation. 


We shall now develop expressions for the weight operator in terms of the 
H,-representation. In accordance with the general theory, the equation for K is 


(6.1) o Kia's = — @a|Q|ai) — e Ce) | a’ da" <a" | Ola , 


where 


(6.2) eQ = W— (Ho) = [W,— (Ho) (Ho) + Wa Z (Bs — Ho)n(— Ho) - 


We have already expressed W in terms of the H,-representation and have 
seen that it can be obtained in terms of the reflection coefficient of the scat- 
tering operator (Eqs. (3.14) and (3.16)). We shall now obtain the expression 
for W, in terms of the H,-representation. 

From the general procedure discussed in (*), Part II, W, as given in the 
H,-representation has the form 


(6.3) KH, Ao; E, a| Wal Ho, Ao; E, by, = d(E— E'\Ka|mx(E)}b), 
where |H,, Ao; E, a), are the bi-orthogonal eigenfunctions (5.5a) of Hy de- 
fined for negative eigenvalues Æ in the neighborhoods of the point eigenvalues 


E, of H. Since, in the present case, these eigenfunctions have no degeneracy, 
we shall write 


(1e Hy, H\Wa| Hy, BY, = Ô(E — E')o\(E) = Ô(E — PC), 


where, in accordance with (5), Part II, the C(Z,) are the normalization constants 
of the proper eigenstates of H, that is, 
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(6.5) ak E;|H, E, > == CÒ, - 
We shall now obtain e<r|Q|a') in the form 


(6.6) e|Q|2) = Cal (W, — (Ho))n(Ho) | 2") A 
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+ Co] Wa > 0(B; — Ho)n(— Ho) | 2’ 


We note that 


(6.7) CAME — (H))y( Ho) | 2") = | <¢|H,, Ao; E, a>|<a\@,(H)\6 


asd. 


.n(Æ) EH, Ao; 


On using (3.16) and (2.2) we have 


(6.8) (a |(W.— 4(Ho))n(Ho) |” == 


[e ©) 


= [AR Hy, Ao; B, — 1)<—1|8(B) +:1)<Hy, Ao; E, + 1}0 + 


0 
=F jax €@ | Ho, Ao; E, al 1, ca |S(E) | Site is ì Ho; Ao; E, -1|® 

È 
= 2Re| dB] Hy, ogee SIGN cab Ves de D 


0 
where Re means «real part ». Eq. (6.8) leads to 


(6.9) <r | (W. va n(Ho))n(Ho) a> = 


(co) 


= he i jaw H-* exp [— iV E(w + æ'}]<— 1 | S(E)|+ 
27 


0 


i ify (6 intr sing the ontum variable defined by 
We can simplify (6.9) by introducing the momenti P 


(6.10) E =: ke 


Then 


Leo) 


I 


SAIT 


L far exp [— dk(wa')\<— 1| SU?) 
(6.11) <n |( Wo -n(Ho))n(Ho){® pr Re = far exp | ik(a +a") |< 


0 


I 


| 


, pala 
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We also have 


(6.12) <a| Wa JOB: — Hy)n(— Hy) | a> = 


= ZJaBcx) Ho; ICE) 0H, — B) Ho; bo! 


=> (| Hy; HO (CH) Ho Hat pe 


i 


where the integration is over the intervals AZ;. On using (5.5) we have 


(6.13) as De on H,)|2"> = 


= n (2) exp [V— Bila + »')]0(#)1*|A(B) |*= 
IT È 


à i> [C(#,)}-*| A(E; wv! Ho, Ag; Ee, i : Ho, As; E;, =F tia’ >t. 


Hence finally we have 


(6.14) ecx|9Q)x> = 
= 2Re[ab<r Hy, Ao; E, —1>(-1|S(E)|+1)H, Ao; E, + 1|0% + 


al 


0 


+ i > [C(#,)1-*| A(#;)|*a| Ho, Ao; Ei, —D+CHy, Ay; Hs, + 1|æw' 5 = 


1 
= Re = [ar exp [ike + «')|X—1| S(k2)| 4 1) + 
TT / 


0 


È > — #4 0(£,)}| A(#,) |? exp [V— Ba + x')] - 


Clearly (&|Q}x'} is real. Then from the uniqueness theorem it can be shown 
that <#|K|x'> is also real, as stated in Section 5. 


See 


7. — The conditions on the bound states and the reflection coefficient. 


In accordance with the general theory of (6), we can generally find the 
operators U=1+ek, Uy =I+eK,, and therefore the complete set of eigen- 
functions |H, A; E, a) = U|H,, A,; E, a» and |H;E,) = |Ho; E) corres- 
ponding to the continuous and the discrete spectrum of H— UH,U, respect- 
ively whose normalization is given by the matrix elements of W— (Hy) -+eQ, 
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where Q is given by (6.14): these eigenfunctions satisfy the relations 


mat) <H, A; &, PH el eae ea Hyg Hal W-1n(Ho)| Ho, Asche On 


— (a\@—(E)|\a'> d(H — E')n(E), 
(7.2) HS E;|\H, E; = One, 
(7.3) CH eA EO egy 0 


However, in order to be interesting, our solution must be such that we 
are able to construct a scattering of S in which the reflection coefficient 
= 1| S(£)| +1) is the one used to form the weight operator W. Toward this 
end we shall obtain some necessary conditions on the reflection coefficient, 
point eigenvalues, and normalization constants. 

The necessary conditions follow from the requirements on the rapidity 
with which V(x) must decay as x approaches +oo or — oo. 

Let us first discuss consequences of the decay of V(x) asa > — co. If 
V(a) is to decay sufficiently rapidly to ensure the existence of a scattering 
operator, one can show that the outgoing wave {a|H, A; E, a>_ must be 
unique. As a consequence of this uniqueness it follows that we must have 


F 
H, A: B, ay) > <@| Ho, Aoi E, a gesta 


(7.4) Gi 


Tn (8), Part I, Section 16 we have already discussed two requirements on 
<a |Q\x'> which ensure the validity of (7.4). However, in the present applic- 
ation of the general procedure, it turns out that because <|Q|x") is a 
function of æ+x' (see (6.14)) another approach is useful. A sufficient condition 
for the validity of (7.4) is that a positive number « exists such that 


(7.5) | {æ| OM 0 BZ 


Tt is clear that a consequence of(7.5) is that 


i.e., that V(x) is cut-off from below. 
We shall now show that a necessary and sufficient condition for (7.5) to 


hold is 


Att) | 2) 0 On a 2a, 


and that a necessary condition for (7.7) and hence (7.5) to be valid is that 
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the point eigenvalues E, be the poles of <— 1|S(#)|+1>+, ie., the analytic 
continuation of the reflection coefficient. A sufficient condition | for (7.7) and 
(7.5) to hold is that <+1|8(Z)— 1)+ be of the form exp [— i2V E x|f(E) where 
f(E) behaves like 0(E-*) for |E|->co in the cut complex plane. 

Let us first prove that (7.7) is a necessary condition for (7.5) to hold. 
From (6.14) the following identity is obviuos: 


(7.8) æ|Q|x> = <æ+x'|0]0 


The Gelfand-Levitan equation (6.1) can then be written 


(7.9) @|K|e'>b = — + 2'| 2|0> — ef <a K |e da"<a"+ a'| 010 (a > x’) 


— © 


Now let «<—o. From (7.5) we have 
(7.10) eta’! Q)0> =0 TOM Wee Ice =e ee 


from which (7.7) follows as a necessary condition. 
Let us now show the sufficiency of condition (7.7). If we use Eq. (7.7), 
then Eq. (7.9) becomes 
(7.11) <a| K le =— <a + @'| 2/0) — 
— en(x + 2a + w') | a | Ke da" ap a |Q0>,- (x ZE 


—(20 +") 


When æ<— x, we have æ+x'< — 2« or, equivalently, « <— (2x+-2"); hence 


the right-hand side of (7.11) vanishes and we are left with (7.5). 
To show the connection between the singularities of <—1|S8(#)|-+-1> and 


the bound states we note that we can write the expression for e¢#|Q|x'> as 
an integral in the complex H-plane. On using (4.11), which gives the analytic 


continuation of the matrix elements of the scattering operator, we see that 
—1|8(#)| +19 = <—1|8(#)| +15* 
where £ is at the bottom of the cut. 
Henee, using this fact and the fact that 


(7.12) | Ho, Ao; E, hi lea He TAGE E, + il | ae’ St = 


=O ee | a Ay eee 
VITE 


worry 
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we have 
(7.13) e(]Q]o) = 
i k 1| S(B)| + 1x (By '\ H,, Av: E, — 1)tdE 
= = |{—ZL|S \ +1 ao + & , Ay; E, —1) dE + 
2Va. | BTE CU | 
Ml . | 
1 —— exp [ix/4] ù [CT A(B,) PC ES) a + 2'| Ho, Ao; Bi, 19°, 
Va 


where the contour y goes in a clockwise 
direction around the cut in the Æ-plane. 
IRA Let us introduce the momentum variable 
ela : — VE. The E-plane is then transformed 
to the upper k-plane. Let us write b(k) — 
—<—1|8(k?)|+1>. From (4.11) it is clear 
that b(— k) = b*(k) for real k. We have 


IMAGINARY AXIS 


Fig. 1. — Complex Æ-Plane. 


1 


re 
(7-14) ex|910> = 2 | axbir) exp [— tka]dk + 


— © 


_ exp [ix/4] > [0(B,)] ACB) — By Ktm; As; bi — 
2V 7 i | 


Let us write 
(7.15) b(k) = exp [— i2kælg(k) 


where g(k) > O(k-+) as | ie | eo: 
The integral of Eq. (7.14) becomes 


IMAGINARY AXIS 
1 
(7.16) SÈ IO exp [— ik(x — 2a)] dk. 


— © 


When x <—— 2a, one can close the contour 
by the infinite semi-circle in the upper 
half of the k-plane, since the integral over Fig. 2. — Complex k-Plane. 
this semi-circle will contribute nothing. 

The integral (7.16) is equal to the sum of the residues of the integrand, 


REAL AXIS 


namely, 
(7.17) = [am exp [—ik(w + 20)] dk = i 2" exp [— 2tk,«] exp [— ike] , 


. 
— 00 


ti 


where 7, are the residues of g(k) at the poles k;. Since the integral must be 
real for all æ, it is clear that the poles k; must lie on the positive imaginary 
axis. We shall write k; = it, where 7; are positive real numbers see (Fig. 2). 
Likewise, ir, must be real. 

Finally, then, we can write for 4 < — 2a. 
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(7.18)  e<a:Q/0) = Va exp [in/4]¢ > r, exp [27;a](-E,)} @|Ho, Ay; E, 1) + 
j 


il 5 a | 1 1 \ 
Hs Sat [ia/4] > [C(#,)]-?| A(E,) (— E) <a | Ay, Ao; Bi, — Di 
IN TT i 


where in the first sum E, = kj = — 1; (see Fig. 1). 

Since <#|Q|0> is to vanish for æ < — 2« it is clear that it is sufficient to 
require that the poles %; of g(k) be equal to iv. a where E, are the point 
eigenvalues of H, and that 


(7.19) [C(#,)|-*| A(#,) |? = — Aririr, exp [27,0]. 


From (7.19) it is seen that 7, must be a positive imaginary number in order 
that C(Z;) be positive. 
On using (7.19) in (7.14) we obtain 


9 


1 
{T.i4a) e{a| 010» = = anor exp [— ikea] — à > r; exp [7,(@ + 2«)] . 


One then obtains the results in terms of the notation of the introduction by 
writing 
i 


x|H, A; H,a> = —-E-*P,(x), 
Va 


where k = aV E. 

We have given sufficient conditions for the reproduction of the reflection 
coefficient <—1|S(E)|+1), in particular, the condition that V(a) =0 for 
P< —%. However, we are not as yet able to obtain conditions to guarantee 
the vanishing of V(~) for sufficiently large. This vanishing is a necessary 
condition for the full scattering operator to exist. It is, in fact, possible to 
give examples where the prescribed reflection coefficient exists, but where the 
full scattering operator does not exist. 
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Incidentally, the use of a triangular operator <|K|x') which vanishes 
when x < — « has the consequence that <#|H, A; E, a) = <#|U|H,, Ao; E, a> 
is an analytic function of Æ in the complex E-plane. Furthermore, the bound 
states <«|H, E;) can be obtained from the analytic continuation of 
Wi, A;E, 1). In fact 


7.20) <@|H, A; E, —1Y+ = @|U|H,, Ao; E, —1>* =[A(E)}{@]H, Ep. 
Usually one chooses the arbitrary function A(E;) to be unity, to simplify the 


relation (7.20). However, to obtain the results in terms of the notation of 
the introduction, we write 


A(E;) = 2Vx exp [in/4](— B,)*. 


8. — Examples. 


We shall now discuss three examples. In what follows we shall take e=1 
for simplicity. 


8:1. The repulsive d-function potential. — Let us consider the case where 


(8.1) (-1|8(E)|4 1) = (4) ep [eV Ba] 


FA) 
2E5 + èA DE ) 


or equivalently 


—i(A/2) exp [—2ikx] 
2 DE) = ————_  -,; 
‘4 | Me k + (4/2) 
We see that b(— k) = b*(k) (for real k) as required. Furthermore, b(k) = O(k-*) 
for |k| oo. Since b(k) has no poles on the positive imaginary axis, there 
will be no bound states. 

From (1.8) we have 


183) <a@|Ql|e) = çà + OV Oy ee 
ae Pye el: 
ile : — tl dk 5 rere ee 
MI Laie Gio dg = = ì XD ik(e + x'+ 2a)] = 
E dk b(k) exp [—ik(a + «')| nus i TAR) exp | 
A 
: Xn | git 2x) exp |— 5 (a i 2a) 


20 - TL Nuovo Cimento. 
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The Gelfand-Levitan equation (1.7) is 


A ; A ; 
(8.4) <x|K}x'> = = ne + x'+ 2a) exp A A es 25) Ge (x +- 2" + 2a)= 


we 


<a| K \a">n(e"+ a’ + 2a) exp i (e + a'+ 22) cai 


—Qa+2") 


It is easily verified that the solution of (8.4) is 


(8.5) UT % na + x'+ 2a). vat 


Hence on using the potential V(x) is 


1 
(8.6) V(æ) = 2 n(2a + 2x) = Ad(T + a). 


It is clear that V(x) = 0 and <#|K\a’ 0 when «<—a as required. 
The eigenfunctions of H = — d?/dr?+ À d6(7+x) are given by 


E A 
(8.7) <e|H, A;E,a)=<&|H,, Ao; Bra) + = Pac La'+2a)Ke"|H,, Ao; E, a) dx = 


= <@| Ho, Ay; H, a> + = n(x + 2)| <e'| H,, Ay; E, a> da’ = 


| Aa 
= (x|H,, Ao; E, a> — et es x) ET? 
‘[<v| Ho, Ao; E, a> — Ca + 2a|H,, Ao; E, — al. 


We shall now calculate the scattering operator for the problem. Toward this 
end we shall use 


(8.8) SM Mae. 


(Cf. (5), Part I, Eq. (5.8)) or equivalently 


(8.9) a|S(E)|b) = > <a) u(B)|e><e| u=4(B) |b" 


Hence we shall have to evaluate < | M,|b> and <a| M—1(H)|b». 
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From (‘), Part I, Eq. (5.1) we have 


(8.10) He U—|y4(8 _ H,)VUG(É — H,)dE. 


- 


If there were bound states, the above equation would have to be replaced by 
8.11) Mini) = UnHo) -|y (E Ho) V Un) (E HAE . 
Bquation! (8. 10) is equivalent to 


(8:12) È ‘e Ho, Ao; E, a <a |u3(#)|a) = 


= (w|H, A; E,a) + = (B)* oe FiVE|e— v'|1V (a')<a' | H, A; E, a) do’. 


ì 

v 

In obtaining (8.12) from (8.10) we used Eqs. (3.10) and (2.74). 
On using (8.6) and (8.7) we have for a < — « 


(8.13) DI <a| Hy, Ao; E, a'><a'|u4(E)|a) = 


2 
ma) 
(He; Ay; E, + 


(H#)-* exp | + iV Bla + a) |<— «| Hy, Ay; #, a> , 


DB 14) > |H;; Ao; Ba <a |\us(E)|a) = 


Ai 
= @|Ho, Ay; E, a> F — Et exp [— ia(a + 1 YVE&| Ho; Ao; E, + 1} 


À 


Since <a|u,(E)\a'>) must be independent of x, we have 


1 0 
D) © cala) — ‘Ap 
a exp[— ZiaVE] 1+ sua 
| Ke Des _ A - exp | 2i0V DI 
(3.16) a u+(E)|a') = 
\ 0 La 


Since the matrix <a w_'(H)!a'> is just the reciprocal of <alu-(E)ja') we 


gee that 
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1 0 
(8.17) <aluz1(ÆE)|a"»> = si 
—Aiexp[—2ixV E] 2VE 
2VE + iA IVE + i4, 


Finally on using (8.9) 


VE — Ai exp [2iavE] 
2VE + iA OVE + iA 
(8.18) <a|S(E)|a> = at 2a 
—idem[_2iavB] VE 
VE + iA IVIESSGA 


The reflection coefficient 


— Aiexp [— 2ixVE] 
2VE + iA 


—1/8(F)|4+ 1) = 
is just the one we started with. 


82. The attractive d-function potential. — Let us now consider the reflection 


coefficient 
A È da vi TA] 
(8.19) cea eee Bo On 
2VE —iB 
or 
(8.20) b(k) = Br) exp Len 


k — (iB/2) 


In this case there is a bound state, since b(k) has a singularity on the positive 
imaginary axis. In fact we have 


B 

Ty = 9 

(8.21) % 
er 
res 


and the bound state H, is given by 
(8.22) Hi = ——= vi == 


We have 
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r © 
È 1 
4)° N al = a Py È à N A Al M N 
(8.23) xe|Q|e) = sa [sexe [ike +. g')|dk — ir, exp [r,(x + w+ 2x)] = 
— © 
4.00 
iB [exp |—ik(w + 2'+20)] 4, 
Pilu aa ee dk + — ex X y+ 2 == 
55 x — (iB/2) 5 XP ( 2a) 
- © 
I 3 B 
= = He © 2a) exp |— (x + a+ 2a)| + exp È (a + w+ 2a)| = 
( | eft ts Sy b / al » 
= 5 x + w+ 2a) exp Di + æ + 2a) 


The solution of the Gelfand-Levitan equation is 


(8.24) The SETT + w+ 2a), 


and the potential V(x) is 


‘The eigenfunctions of the continuous spectrum are 


; PR 


si na + a)(EY®: 


(8.26) ælH, A; E, a> = <&|Ho, Ao; E, a») + 
-[<a@| Ho, Ao; E, a) — {a + 20| Ho, Ao; E -a)]; 
while the proper eigenfunction corresponding to the eigenvalue E, = — B°/4 


is on using (7.20) and (5.5) 


(8.27) æ|H, bor A(E,)<x|H, A: E, 19 = 


A(EÉ,) VIT B | | 
== — exp |—— — > &| ex — (æ + x); 
Va 4 2 ; | | 
where, in accordance with (7.19) and (8.21) 

4n.B? 
(8.28) [CEN | A (a) |? = = exp [Ba] . 


in which case the pormalization C(E,) is deter- 


We can choose either A(E;); 
ig determined to within a phase factor. 


mined or C(E,) in which case A(E;) 
It can also be shown that 


302 I. KAY--and H. E. MOSES 
il 0 
(8.29) (alu-(B)\a') = ; 
— BiE-* exp [— 2iaVE] ie 
2 ZOO, 


VISE mi 
ni Bik —iH-* exp [24 VE) 


2 2 
(8.30) ‘a|u+(E)|a') = ) 
pro 1 
1 0 
(8.31) {alu={E)|a > = bel , 
Bi exp [—2iaV E] 2VE 
OVE iB VE — iB 
REV DE Bi exp [2iaV E] 
VE 1B 2VE— iB 
(3.32) MSC = hi È 
Biexp| -2iav B 2VE 
RELA EE a OVER 


83. A more complicated example. — We shall now summarize the results 
of a more complicated example discussed in more detail in (7). 
Let us find the potential whose reflection coefficient is given by 


he FRE ANR Mer, 
(8.33) l — SZ) == exp re Ver] 7223 
or 
(8.34) b(k) = — exp [— 722ak] lei 5 

vs (fp sea) (el) 


There is only one pole in the upper k-plane, namely %, = i, and hence we 
can calenlate the quantities associated with the bound states: 


iis: 
[Raper 
(8.35) SOA 
| De SI 
| 0-*(E)| A(E;)}® = 2x exp [2a] . 


Also 


(3.36) x|L2/0") = n(0+x'4-2x) sinh (x Lx LI). 
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Then it can be shown that the solution of the Gelfand-Levitan equation is 


] 2x) sinh Va (x + x) + sinh V9 (x + x) 
Ve 


(3.37) <«|Kla>) = a + w+ 2 


Pe Na 
VO) cosh 4o(x + x) 
The potential V(x) is 


(8.33) V(x) = 2 —<x K|x) = — An(x + a) sech? V2 (C+ a). 


The eigenfunetions of the continuous spectrum are given by 


| By" a, ne + ay (By | | 
D At a7 exp|iaV Ha |- qe È SU exp[— iaV Ea]: 
CART: RR 


LE : È pi ne = 
{tgh V2(x + a)[a(E + 2) sin av E(x + à) — iaE cosaVvVElx + )] + 

+ V2iVE sinav E(a + œ)}. 
The single eigenstate corresponding to a point eigenvalue is given by 


(3.40)  <x|H, E) = A(E) exp [— imc|4]- 


LIS Le] ‘nes 9) exp [— a] | teh V2 (x + a) exp [—(#-+ «)]—Vv 2 sinh (ie + x. 


= | 
I Va V2a 
jt is readily verified that lim a|H, E) = 9. 


r>+ © 
We also derive using the methods of Part A 


I 0 
(8.41) {a|u-(E)|a® = : Ta 
exp} — 2iV Ex | HE 
VAVE LIVE) VE(VE + iv2), 
I 0 
(8.42) alu="{(E)la"}» = 


= exp|— 2iv Ex] VB VE + iv2) 


(E +1) (BR) 


(E + 1XVE 4 &V2) exp [2ianv EVE + iV2) 


VE(E + 2) VEE + 2) 


(3.43) a p(B) an = 


304 I. KAY and H. E. MOSES 


/VE(VE + iV2) exp[2iaVE\(VE + iv2)? 


Gre) (BS 2VXECC1) 
(8.44) iS 
exp [— 2ix VE] VE(VE + iV2) 
_E4+1) (HAE) 


In (7) it is shown how one may solve the Gelfand-Levitan equation wher 


one is given any reflection coefficient which is a rational function of VE. 
In such a case, the Gelfand-Levitan equation reduces to a system of algebraic 
equations for which a procedure for solving them can be found. The method 
is analogous to that used by V. BARGMANN for the radial equation. 


RIASSUNTO (*) 


Il procedimento per il calcolo dei potenziali di scattering dalle funzioni spettrali 
di misura dell’Hamiltoniana perturbata discusse in precedenti lavori, è stato adattato 
al problema di ottenere il potenziale di scattering dall’operatore di scattering per l’equa- 
zione di Schrodinger unidimensionale (—- co < x < co). Si dànno esempi dell’uso del 


procedimento. 


(*) Traduzione a cura della Redazione, 


IL, NUOVO CIMENTO Werke, Willen) 1° Febbraio 1956 


Cloud Chamber Study of Cosmic Ray Electronic Showers 
Under Dense Materials (II). 


G. Dr Caporracco and M. GIOVANNOZZI 


Istituto di Fisica dell’ Università - Firenze 


(ricevuto il 28 Novembre 1955) 


Summary. — Pictures have been taken by means of a counter controlled 
cloud chamber on electronic showers produced in lead plates 1, 3 and 
4 em thick. The angular distribution of tracks has been compared with the 
calculations of RoBERG and NORDHEIM and of FRANCHETTI and GIOVAN- 
vozzi. The distribution of showers as a function of the number of electrons 
has been used to check the results given by JAnossy and MESSEL and 
by ARLEY. 


1. Introduction. 


This paper discusses further measurements on electronic showers performed 
with the same procedure and experimental set up as in a previous article by 
S. FRANCHETTI (*) (hencefort referred to as I). 

The present measurements refer to thicknesses of 1, 3, + em Pb. 

We shall sum up briefly the criteria followed in the collection and selection 
of the data. Other details can be found in the previous article. 

Only those showers whose axes formed a projected angle of less than 15° 
with the vertical were considered. Im addition some other events (less than 1% 
of the total number) were discarded which showed tracks of heavy particles 
attributable to the presence of nuclear explosions. 

The direction of the shower axis, when the primary Was pot visible, was 
determined approximately by the second method described in I, 3. 

Showers were classified in three vategories : electron-initiated showers when 
having a visible primary ; photon-initiated showers when falling in the central 


(1) S. FRANCHETTI: Nuovo Cimento, 10, 551 (1953). 
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portion of the chamber and not showing a visible primary; uncertain showers 
when falling in the lateral portions of the chamber where primaries were not 
visible. 

The stereoscopic reconstruction of the exit points of the tracks from the 
lead plate was carried out graphically and allowed to estimate the intersection 
of the axis to certainly better than 1 cm. 

The spatial distribution of these intersections showed indeed that the 
showers with a visible primary were mainly contained in a central strip about 
4 em wide. 

Recording probabilities were also taken into account following the method 
described in I, with minor modifications which will be dealt with in 3, when 
they are more important. 

Table I summarizes the raw results of the experiment. 


TABLE I. 
Thic Number of Showers 
lhickness 
2 > a et oe vs 
BRAS electron-initiated photon-initiated UNCET CAN 
Sp 87 41 
; 16 37 n 


2. — Angular distribution of showers. 


For each shower the root mean square of the angles of the single tracks 
with the shower axis was evaluated. This mean angle is plotted against the 
number of electrons in the shower in Figs. 1, 2, 3: each full small cirele re- 
presents an electron-initiated shower while each empty circle represents a 
photon-initiated shower; the triangles represent uncertain showers. 

By inspection of the distribution of the points a correlation of the mean 
angle with the number of electrons in the shower is apparent. This fact is 
brought out more clearly if we group the events in classes according to the 
number of shower particles and take the general average of the angles for each 
class. This is done in Figs. 1, 2, 3. The rectangles are centered on the value 
of this average and have an height equal to the standard statistical error and 
a basis equal to the width of the class. In Fig. 1 full-line rectangles refer to 
electron-initiated showers and dotted line rectangles to photon-initiated showers. 
In Figs. 2 and 3 no distinction is made between electron and photon-initiated 
showers; in the calculation of the average « uncertain » showers are also included 
because no appreciable difference was found among the various categories. 


= 
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The general trend of the distribution is clearly similar to that reported 
È Pi enor OR eda 0 I 3 
in I for two cm Pb. Likewise a curve of equation a + b/N was fitted to the 
experimental points and drawn in each graph (values of the parameters shown 


in the caption). 
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Fig. 1. — The root mean square (projected) angle of the electrons in a shower under 


1 em Pb as a function of the number of electrons: a = 510. b — 25°. 


The mean apertures of the showers show a similar trend. ‘The results of 


these calculations which take into 
Table II. 

In Table III some data are reported about the angular distribution of the 
tracks for showers with at least 5 and at least 10 electrons. 
ed in the second column are the mean frequencies of 
m Pb obtained giving to each track 
The values of the columns 5, | 


account the mean weights are shown in 


The values contain 
showers with at least 4 electrons under 1 € 
the weight of the shower to which it belongs. 
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TABLE II. 


1 em Pb 3 em Pb 4 em Pb 
Number | | 
of electrons mean projected | mean projected mean projected 
weight angle | weight angle weight angle 
2 45 15° | 41 14.5° 44 15° 
> + 14.7 16° 17.7 Jie 17.5 16.50 
5— 6 8.2 Ass | 8.7 Ja eed 18° 
7 9 DS 18.50 5 18° 4.8 18° 
10 — 12 3.5 198 2.6 LS 3.5 199 
13 — 15 2.7 19759 2 ie 2.9 20° 
16 — 20 2 20.50 15 16.59 2 20.59 
45 Tr 
40° ° 


Li 


Torre =_= Se oe 
T ta] 
0 5 10 15 20 25 Sa 


mar et T arse 


Fig. 2. — The root mean square (projected) angle of the electrons in a shower under 
3 em Pb as a function of the number of electrons: 4 — 309; b — 490, 


% 
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Tagzs III. 
Number of Electronic tracks per 10° 
Angular Sieg pa i 
Class Lem Pb | 2cm Pb | 3em Pb | 4em Pb | all thickn. | all thickn. 
NEAR NG = 5) N=>5 N=>5 N>5 N >10 
oo 50 |100.0+6.2 | 100.0+6.2 |100.0+5.6 |100.0-+8.7 | 100.0 +3.3 | 100.0 £5.83 
50 — 150 48.7+3.2| 63.0+3.3 | 79.0-+6.1 | 68.924.5 63.9-+2.0 | 67.2+3.3 
150 — 300 25.8-L2.5 | 27.641.9 | 29.842.8 | 42.4+3.2| 30.9+1.2| 33.0+1.9 
300 - 50° 7.6+0.1| 13.5+1.2 | 14.9+1.7 | 14.0+1.2| 12.3406) 18.9-+1.3 
500 — 70° 1540.3] 5.040.8| 8841.8} 6540.9] 5.2404) 7.240.8 
] 700-900 18L0.1| 08£0.3| 1.74+0.5| 104#08| 10403] 12+02 
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Fig. 3. — The root mean square (projected 


4 em Pb as a funetion of the number of electrons: 4 = 


and 5 are obtained for showers with 
(values for 2 em Pb referred from 1). 


at least 5 electrons under 2, « 
The values of column 6 are obt 


) angle of the electrons in a Shower 
HO. hb = D0. 


3 and 4 cm Pb 


under 
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taking the averages of the values obtained for different thicknesses of Pb, 
(no significant difference is apparent from inspection between the various thick- 
nesses). The values of the last column are obtained in a similar manner taking 
into account only the showers with at least 10 electrons. The frequencies are 
all normalized at the angle of 2.50. The errors are standard deviations. No 
distinction was made between electron-initiated and photon-initiated showers. 


as much as no appreciable differences were found between the two Classes. 

In order to facilitate the comparison of the experimental results with the 
calculations of ROBERG and NORDHEIM (2) and of FRANCHETTI and GIOVANNOZ- 
zi (*) Fig. 4 has been drawn. The dotted eurves gives the results of R. and 
N.: the full line those of F. and G. The full small circles give the experimental 
results for showers with at least 5 electrons. The values are obtained averaging 
the results obtained for different thick- 
nesses of Pb. The empty circles are the 
100} + values obtained in a similar manner 
for showers with at least 10 electrons. 


Fig. 4. — Angular distribution for showers 
zr of either origin. Broken line: curve calcu- 
Si lated by ROBERG ‘and NorpHEIM; full 

line: eurve calculated by FRANCHETTI and 
Le GIOVANNOZZI. Full circles: experimental 


results for showers with at least 5 electrons; 
empty circles: showers with at least 10 electrons (Averages of the values obtained for 
IRR n dem.) 


3. — Distribution of showers as a function of the number of particles. 


The data collected with the lead plates of 1 and 2 em thickness have also: 
been used to check the results given by JANossy and MESSEL (*) and by 
ARLEY (5) for the mean number of shower electrons and also for the fluctuation 
problem. 

This latter problem is generally discussed seeking for the probability: 
P(e, N, t) that under a thickness of { cascade units (*) a shower emerges con- 


(2) J. RoBERG and L. W. NORDHEIM: Phys. a 75, 444 (1949) 
(5) S. 
(4) L 
Proc. Ir. 


FRANCHETTI and M. GIOVANNOZZI: Nuovo Cimento, 8, 312 (1951). 

. JANossy and H. MEessEL: Proc. Phys. Soc., 63, 1101 (1950); 64, 1 (1951); 
Ac., 54 A, 217 (1951); H. Musser: Proc. Phys. Soc., 74, 807 (1951). 

(5) N. ARLEY: Stochastic Processes and Cosmic Radiation (New York, 1948). 


(*) A cascade unit being defined as A = [(4NZ/137) — ry log, (183Z-3)], according: 
to JANOSSY: Cosmic Rays (Oxford, 1948), p. 204. © 
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aining exactly N electrons with energy larger than eH,, H, being the energy 
f the primary. 

For ¢ = 10-2 and for electron-initiated showers this function has been cal 
ulated by MessEL according to the statistical models of Polya and Poisson. 

For other values of e and for both models, MESSEL gives the elements 
vhich allow us to calculate this probability, both in the case of electron and 
photon-initiated showers. 

For the comparison with experimental results, however, it is necessary to 
lerive from P(e, N, t) the probability (N, ¢) of recording a shower of exactly 
N particles under the thickness ¢, given the energy cut introduced by the expe- 
rimental set up and given the energy spectrum of the primary radiation. 

Such a probability is obviously : 


(ce) 


(1) a(N, t) = | Pe. N, t) F(H,) aE, , 


where e = H,/H,, E, is the energy cut, F(E,) is the energy spectrum of the 
primary radiation and E, is the critical energy for the material employed. 

We have given H, a value of 0.8 MeV, corresponding to the fact that 
an electron of approximately this energy suffers such a large scattering that 
in the selection of the data it would be discarded because its direction could 
not be traced back with reasonable accuracy. 

For the energy spectrum we have used the form given by ARLEY (7): 
namely, for primary electrons: 


diy a 1 qsto 
le ono EIA 
a 


— 
tw 
wa 


0 for E, > E* 


pie 
SANI 


| 
PE) dE = | 
| Da 


where E*= 2-108 eV, y = 1.5, x — 10 and © is a normalization constant: 


and for primary photons: 


| db I 7 1 
Ge for E'< Eg<. E 
1 1 1 | E, i 
(3) Pn (E) do = re RE 
E"\" dE 1 
C' (| = FOX) Bio cular, 
Va Ey 
where E'= 10° eV, E"= 1.5-108 eV, y = 1.5 And CIS alaxe normalization 


constant. 


(7?) N. ARLEY: loc. cit., pp. 165-170. 
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The evaluation of integral (1) has been carried out graphically. 

In Fig. 6 curve I gives the distribution of electron-initiated showers as a 
function of the number of particles, i.e. the probability z(N, t) plotted against 
N, for t= 1 cm Pb, calculated using the solutions of the diffusion equations 
obtained by MESSEL in approximation A. 

Jurve IT has instead been calculated from MEssEL’s data applying the cor- 
rection required for approximation B according to the method of BHABHA 
and CHAKRABARTY (8). 

We have evaluated separately the normalized distributions for the electron 
and photon-initiated showers (see Fig. 5). Since in our experiment the showers 
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Fig. 5. - Theoretical distributions of Fig. 6. — Distribution of showers under i em Pb 
showers under 1 em Pb as a function as à function of the number of electrons. 
of the number of electrons, from Curves are theoretical distributions: I, Mes- 
MESSEL’s data in approximation B. SEL’s calculations, approximation A (only 
-.—.— electron-initiated showers: electron initiated showers); II, MEsseL’s cal- 
—~—~— photon initiated; —— mean culations, approximation B (all showers); 
values. 


III, ARLEY'S calculations (all showers). 


(*) BHABHA and CHAKRABARTY: Proc. Roy. Soc., 181, 267 (1943): Phys. Rev., 74, 
1352 (1948). 
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of both classes were equally numerous, the arithmetical mean of the two distri- 
butions was taken (curve II Fig. 6). 

Curve III gives the distribution of the showers (which is again the average 
of the two classes) obtained directly by ARLEY’s results. 

The small circles give the experimental results (sum of weights of the 
showers) with their statistical errors. 

Figs. 7 and 8 show the results obtained in the same manner, for two em Pb. 
All these results are reported also in Tables IV and V. 


Ie 1000 


0 1 ? 3 4 5 6 7 8 


Fig. 7. — Theoretical distribution of Fig. 8. — Distribution of showers under 2 em Pb 
showers under 2 em Pb as a func- as a function of the number of electrons. Curves 
tion of the number of electron, from are theoretical distributions: I, MESSEL’s cal- 
MesseL’s data in approximation B. culations, approximation A (only electron-ini- 
Pi. electron-initiated showers; tiated showers); II, MesseL’s calculation, ap- 
——~-— photon-initiated showers; proximation B (all showers) ; III, ARLEY’s cal- 


— mean values. culations (all showers). 


It is to be noted that the weights of the showers obtained with the method 
described in I have been corrected to take into account the fact that several 
showers cannot give the fourfold coincidence which triggered the chamber. 


21 — 11 Nuovo Cimento. 
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In these conditions the pictures have to be ascribed to accidental or extraneous 
coincidences. To make this correction, particularly important for showers of 
two particles, those showers have been selected whose particles crossed the 
counters, by determining the probable incidence point of the tracks on the 
plane of the lower counters. 


TABLE IV. 
MeESssEL's cale. MEssEL’s calculation, : 
ARTE approx. A approximation B Re 
ah calculations | electron-in. | electron-in. | photon-in. mean dde 
(sem Pip) | 
showers showers showers values 
| | | 
2 715 | 334 | 485.6 747 747 530 +209 
3 425.3 425.3 445.7 405 425.3 425.3 + 58.7 
4 301 444 298.2 223.5 210.8 291 + 49.4 
5 = 473 178 98 138 145 + 80.9 
EG _ | 408 | 90.8 49.3 70.5 80.3+ 21.6 
fi — 294.5 46.8 20.2 33.5 20 + 7.8 
TABLE V. 
| Mae le MESSEL’s calculations, ia 
wn | ARLEY’s approx. A | approximation B À Lu 
| calculations | electron-in. | electron-in. | photon.in. mean (2 em Pb) | 
| showers showers showers values 
Es) tin naa === === | 
À 270 117.8 | 454.16 398 426.1 | 408 +94.5 
eee waa | 114.8 RATS 217 23201 138.2+29.7 | 
AA 1214 0 121.4 112.15 130.7 121.4 1214429 | 
5 = 134.9 | 50.9 80 65.4 62.8 +17.9 
6 = | 21.7 45.2 33.4 31.8+ 9.6 
a == | 136.7 14 31.9 22.9 24.8+ 8.9 


The showers which could not have triggered the counters by themselves 
have been rejected; this precedure eliminated up to about 50% of the 
showers cf two particles. 

A number of pictures have also been taken, with a glass plate 3.5 g/em? 
thick, beneath the lead plate (1 cm thick) and 5 em far from it. 

Taking into account the uncertainty of glass composition and of the di- 
rection of the trajectory, the energy loss suffered by an electron in crossing 
the glass was estimated to be 7 MeV to about 10% (°). This is therefore the 


(*) This value comes out from a mean between the energy losses suffered by an 


electron in mass equivalent Al and Cu as quoted by HEISEMBERG: Cosmische Strahlung 
(Berlin, 1953), p. 493. 
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order of magnitude of the energetic cut which is introduced, if we include in 
the statistics only those particles which cross the glass, as, in fact, we did. 

In the course of the examination of the series of pictures one has to take 
into account, besides the origin point of the shower and the axis inclination, 
also the incidence points of each track on the glass. In fact to decide surely 
if an electron has stopped or not in the glass plate one has to be sure that 
the electron could not possibly be scattered out of the illuminated region of 
the chamber. 

This determination was carried out with a graphical method. 
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Fig. 10. — Distribution of showers 
under 1 cm Pb as a function of the 
of electrons which cross 


Fig. 9. — Theoretical distribution of showers 
under 1 cm Pb as a function of the number of 
electrons with energy over 7 MeV, from MEs- number 


sEL’s data in approximation A. —-—-— electron 3.5 g/em of glass. The curve is cal- 
initiated showers; —--- photon-initiated culated from MEsseL’s data in ap- 
showers; mean values. proximation B. 


ave been plotted in Fig. 10 together 


The results of these measurements h 
ta in approximation A, 


with the theoretical curve calculated from MESSEL’s da 
taking into account a cut of 7 MeV. 

In this case too the curve has been obtained from the 
curves for electron and photon-initiated showers, which are drawn separately 


average of the two 


in Fig. 9. 
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4, — Conclusions. 


From the examination of Figs. 1, 2, 3 we can see that the distribution of 
mean angles according to the number of electrons obtained for the various 
thicknesses of lead have a shape quite similar to that found in I for 2 em 
of lead. We can only observe that when the thickness increases the mean 
angle for large values of N, increases also, and seems to approach a saturation 
value of about 30°. 

No significant difference can be found among the results obtained for various 
thicknesses of lead in plotting the number of tracks versus the angle (formed 
with the axis). Taking this fact into account we have reported in Fig. 4 the 
total number of tracks obtained for all the thicknesses (results reported in I 
included). These numbers show a substantial agreement with the calculations 
of F. and G. The agreement is better for showers with a large number of 
electrons (N > 10), as was to be expected, because with larger numbers of 
electrons the hypotheses and conditions of the F. and G. calculations are better 
fulfilled. 

The calculations of curves I, II, III, of Figs. 6 and 8 have been made 
according to Polya’s statistical model. It has to be pointed out, however, 
that with the thicknesses used by us, such a model gives results which do 
not differ appreciably from those of Poisson’s model (they are practically 
identical for two cm Pb). 

It is therefore pointless to seek for a proof for one or the other model from 
our data. 

From the comparison of the various curves with experimental points we 
can instead appraise the reliability of the various solutions of the diffusion 
equations. 


SK BEE) Vile 
N Electron-initiated | Photon-initiated Mean Experimental 
showers showers values results 

2 124:2 155.5 134.5 DIES tee SA 
3 86.77 74.3 80.53 80.53 + 13.4 
4 41.96 34.8 38.38 23.8 + 6.35 
5 34.19 16.67 È 24.93 0.4 + 0.19 
6 10.42 MR 8.91 0.06 


Arley’s calculations, do not seem to fit closely the experimental points. 
Instead the solutions obtained by MEssEL with the saddle point method show 


a very good agreement with the experimental data, provided approrimation B 
is used. 
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Approximation A solutions are obviously inconsistent with experimental 
results. 

From examination of Fig. 10 one notices that in passing from a cut of 
0.8 MeV to one of 7 MeV, the disagreement among results of approximation A 
and experimental points is greatly reduced and the theoretical calculation 
already gives a qualitative idea of the shape of the true distribution. The 
disagreement is however still noticeable especially for small values of IN 
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RIASSUNTO 


Sono state effettuate fotografie con camera di Wilson controllata da contatori su 
sciami elettronici generati al livello del mare in lastre di 1, 3, 4cm di Pb. La distri- 
buzione angolare delle tracce elettroniche è stata confrontata con i calcoli di ROBERG 
e NoORDHEIM e di FRANCHETTI e GIOVANNOZZI. La distribuzione degli sciami in fun- 
zione del numero di elettroni è stata utilizzata per verificare i risultati dati da JANOSSY 
e MessEL e da ARLEY. 
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Charge Properties of the Weak Decay Interactions 
of the New Particles. 
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Summary. — Relations and inequalities are given—which can be verified 
by experiment—between the transition probabilities of different decay 
modes of new particles and light hyperfragments. In particular res- 
strictions are found for the relative probabilities of the different decay 
modes of charged X-particles, for the relative probability of the + and 
of the t’-decays, and for the different mesonic decay modes of the lightest 
A°-nuclei. These restrictions follow from the hypothesis that the weak 
decay interactions transform in charge space as the component, which 
satisfies charge conservation, of a spherical tensor of rank 4. 


Introduction. 


In the present work we give relations and inequalities between the trans- 
ition probabilities of different decay modes of the new particles and of the 


light hyperfragments. These relations can be verified experimentally. In 
particular: 


— If we call Y the ratio between the mean life of Z+ and that of 2, and X 
the ratio between the frequency of X* + p+x° and that of 2+ >n+r+, the 
representative point P=(Y,X) in the Y— X plane should lie inside the 
permitted region in Fig. 1. 


— The ratio between the frequency of + 27° + nt and that of 


t+ >2r+ + x shloud be between } and 1 (for a spin 0 +t+-meson we expect 
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a value closer to 1, and for a spin 1 +t+-meson a value closer to 1—however, 
final state interaction may alter this results)—which is the same result ob- 
tained by DALITZ (!) under the different assumption of charge independence. 


— The transition probabilities of the different mesonic decay modes of 
the lightest A°-nuclei should satisfy the relations and inequalities which are 
reported in Table I (mesonic decay modes of *H, for which we postulate iso- 
topic spinI =0), in Table II (mesonic decay modes of ‘He, aud *Hy for 
which we postulate I = 4) and in Table III (mesonic decay modes of *He, 
for which we postulate I = 0). 

These restrictions follow from the hypothesis that the decay interaction 
transforms in charge space as the component of a spherical tensor of rank 4 
which satisfies charge conservation. (2). 

In section 1 we discuss the role of isotopic spin in the phenomenology of 
the new particles. In section 2 the discussion is limited to the transformation 
properties in charge space of the weak decay interactions. In section 3 we 
discuss the decay modes of X+ and XY, in section 4 the decay modes of #7, = 
and of A°, and in section 5 the decay modes 7* and ++. Section 6 contains 
the discussion of the decay modes of the light hyperfragments. A digression 
on the problem of the hyperfragments with higher Q-values can be found in 
footnote (11). Section 7 contains a general discussion and some particular 
remarks. 


1. — Isotopic spin and new particles. 


Present experimental evidence suggests that isotopic spin plays a relevant 
role in the phenomenology of the new particles. The available data are how- 
ever too poor for a definitive conclusion. In the following we shall try to 
illustrate this point in more detail. 

One might ask if the new particles (hyperons and heavy mesons) Possess 
isotopic spin-this demands that they can be classified into charge multiplets, 
and that some of their interactions depend on the assigned isotopic spins. 
Present experimental data are consistent with this assumption. We shall list 


(4) R. H. DALITZ: Proc. Phys. Soc., 66, 710 (1953); see also M. GeLL-MANN: Pro- 
ceedings of the Pisa Conference 1955, discussion following the relation of Prof. E. AMALDI. 

(2) M. GELL-MANN: Phys. Rev., 92, 833 (1953); M. GELL- MANN and A. Rate Poe 
ceedings of the Glasgow Conference 1954; A. PAIS: Proceedings of the Rochester Confe- 
rence 1955. A similar model has been developed gy T. NAKANO and K. NISHIJIMA: 
Prog. Theor. Phys., 10, 581 (1953). A more general discussion is given In à paper by 
R. G. Sacus (in the press). A more specifie model is due to M. GOLDHABER (in the 
press). 
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here the main points with regard to this evidence—anyhow, they should form 
part of a well definite program in order to reach a conclusion on this question. 


(i) The possibility of classifying the new particles into charge multip- 
lets —as Gell-Mann has pointed out (?), these are «displaced charge mul- 
tiplets ». 


(ii) The supermultiplet structure of the levels of the light A°-nuclei — 
this feature has been pointed out by DALITZ (*) and is now supported by 
growing experimental evidence. 


(iii) From the assignment of isotopic spins and from the postulate of 
charge independence for strong interactions one can derive relations and in- 
equalities between the transition probabilities of different fast reactions. Fast 
reactions which can be used for such a verification are: (a) reactions starting 
from ordinary particles (production processes); (b) interactions of new part- 
icles with ordinary particles (reactions following the capture of Y and Ko (°*), 
interactions in flight). Present data are still too poor for detailed conclusion — 
there is a good evidence that some fast reactions which would contrast with I 
conservation in fact do not occur; however, only 1% conservation is required 
to forbid such reactions. 


Let us now discuss the decay reactions. To be definite, let us consider, 
for instance, the case of the At. 

We first discuss in more detail the isotopic spin assignment to the A°. 
No charged counterpart has been found so far of the A°. Charged hyperons 
have been found but their mass is considerably larger (the mass difference 
between the X* and the A° is of the order of 75 MeV, a value larger than one 
would expect as due to charge dependent interactions; moreover there are 
indications (5) of the existence of a rapidly decaying neutral counterpart of 
the X*). If we like to assign an isotopic spin to the A° its value should then 
preferably be /,=0—vwith other assignments we would expect to find charged 
counterparts, which should be produced with comparable abundances, if charge 
independence is assumed at production (*). The proposed supermultiplet 


structure of the levels of the light A°-nuclei is also in accordance with the 
assignment I, = 0. 


If we assume that the A° has isotopic spin zero, then it follows that both 1° 


(*) R. IH. Darrrz (in the press). 

(4) T. D. LEE: Phys. Rev., 99, 337 (1955). 

(5) W. B. FOWLER, R. P. Saurr A. M. ToRNDIKE and W. L. WHITTMORE: Phys. 
Rev., 98, 121 (1955). 


(5) This question was discussed in two papers: R. Gatto: Nuovo Cimento, 11, 448 
(1954); 12, 160 (1954). 
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and I® cannot be conserved for the observed decay mode into p+r-. Fol- 
lowing GELL-MANN (?) we may further assume: (i) that strong interactions 
are charge independent; (ii) that photons interact with other particles only 
by the conventional coupling with charge and currents. It follows that the 
A° cannot decay into a nucleon via strong or electromagnetic interactions. 
In that case a weak interaction which does not conserve 1° nor I® will be 
responsible for the observed decay. 

The result that, due to the failure of isotopic spin conservation and of 
conservation of the third component of isotopic spin, strong and/or electro- 
magnetic interactions cannot produce the decay of the new particles provides 
a simple explanation for the observed long lifetimes. Such an explanation 
was the starting point of Gell-Mann’s theory (?). 


2. _ Transformation properties of the weak decay interactions. 


Let us consider a decay mode of a new particle which leads to final part- 
icles which are baryons or mesons. The initial state is a pure state of the total 
isotopic spin I and of the third component 1%, with eigenvalues I’ and 
I) I’ and 1®” are those assigned to the particle. The final state will be a 
pure state of 7—for it possesses a definite charge—but it will in general be 
a superposition of pure states of total isotopic spin, which may pertain to 
different eigenvalues. Let us call 1°” the eigenvalue of 1% in the final state; 
I" will be different from I’, for it is assumed that the weak decay inter- 
action does not conserve 1%. 

It has been noted by GELL-MANN and PAIS (?) that the difference 
AI® = [”"— I®' takes only the values + 4 for all observed decays. The rule 
AI® = + 4 is assumed to be a general property of the weak decay interactions. 
If an isotopic spin + is assigned to the =, this rule provides a simpler expla- 
nation for the presumed absence of the decay mode of the E inton+7-. The 
Æ= is observed to decay into A°+7—for this decay one has AI =— 3. 
However, one would expect the decay into n+r- to be preferred due to the 
larger energy release—for this decay one has AI9 = — 1. This latter decay 
mode can be excluded if the rule AI® = + } is assumed. 

In this paper we shall consider a very specific hypothesis for the weak 
decay interactions, namely that they transform as components of spherical 
tensors of rank 4 for rotation in charge space. We do not give any argument 


in favour of such hypothesis. We would like to remark that: 


(i) This hypothesis seems to be a very simple one, from a eroup—theore- 
tical viewpoint, with regard to the transformation properties of the weak 
decay interactions, in the framework of Gell-Mann’s model, therefore it will 
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anyhow be of interest to derive its physical consequences. All the observed 
decays are in accordance with the hypothesis, which offers a simpler expla- 
nation for the apparent forbiddness of the decay mode & —n + 7—how- 
ever, the weaker hypothesis AJ“ = + } also accounts for these facts. 


(ii) In the following we shall derive a number of physical consequences 
of the hypothesis, which must be verified by the experimental data. These 
physical consequences are in the form of relations or inequalities between 
the decay probabilities of the different decay modes—the experimental veri- 
fication only requires a sufficient statistics and corrections for the possible 
experimental bias. 


In some experiments in order to derive values for the cross-sections one 
has sometimes to postulate the branching ratios between different decay modes, 
some of which remain completely unobserved, as, for instance, the decay mode 
A°>n + n°. For these ratios we would suggest to assume the values derived 
here under the hypothesis that the weak decay interactions transform as com- 
ponents of tensors of order 4. | 


3. — The decay of X* and of >. 


We first discuss the decay modes of X* and of X”. According to Gell- 
Mann’s model 2”, %°, X+ form and isotopic spin triplet, what implies: (i) iso- 
topic spin J; =1, and (ii), the relation, charge = 1Ÿ. The X° can however 
rapidly decay into A®+y. Therefore we only consider the possible decay 
modes of Y* and XY into a nucleon and a pion: 


(1) ORARI se Sie 
(1°) Dr >n+ mtr 
{2) HR Dirt 


In each case the initial state has isotopic spin 1, while the final state will 
be a superposition of isotopic spin states 3 and 3. Assuming the transition 
matrix to transform as the component of a tensor of rank } (we note that 
perturbation theory should be valid for these weak decay interactions: it is 
sufficient that the required property only holds at the first non-vanishing 
order of perturbation theory), two independent reduced matrix elements (3) 
intervene, that leading to the final isotopic spin state 3, which we call Z, and 


(7) E. P. WIGNER: Gruppentheorie (Braunschweig, 1931). 
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that leading to the final isotopic spin state 4, which we call @. Three unknown 
real quantities are contained in the expression of the transition probabilities 
for (1), (1') and (2), namely the moduli of A and ® and the relative phase, 
which we callg—it is not possible to determine their values without more de- 
tailed hypotheses on the transition matrix. 

The transition probabilities of (1), (1') and (2) can be related to the life- 
times of Z+ and =~ if we assume that no other disintegration channels essentially 
contribute to the total decay rate. This seems to be suggested ‘by present 
experimental evidence. Other decay modes can be imagined to occur, how- 
ever they should be rather infrequent. 

We call Y the ratio 

al w(2 | nr) 


~~ w(t] px) + w(2+|nxt) 


where w((i|f) is the transition probability for i +f. If we assume that the 
other possible modes of decay of the x* occur very rarely, so that they do 
not contribute appreciably to the total decay rate, we can take for Y the ratio 
between the mean life of &+ and that 
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We next introduce the ratio 
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w(2+ | pro ) 5 forbidden LL permitrea 444 


Se er 

w(xt | nt) 

| between the frequency of Z*+ decays into 

p-n° and that of X* decays inton-+7. 
It can be shown that the reality 

condition for g leads to the inequality 


eX) = (¥ —2)'X* +, 
4 2(y'—3Y—2)xX +(¥—1)'<0, 


which can be regarded as a condition 
on X, depending on the parameter Y. 
For varying Y, f,(X) generates a fa- 
mily of parabolae whose concavity is 

oriented upwardly, and the condition to be fulfilled for any Y is that 


CL) 
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where X (Y) and X,(Y) are the two roots of the equation 1 AX) 0 
the Y-X plane we therefore will have a forbidden region and a permitted 
region (see Fig. 1). 

We conclude that, if the transition matrix for the decays X— nucleon +-pion 
transforms in charge space as the component required by charge conservation 
of a spherical tensor of order 4, the two measurable parameters of the decay, 
Y-the ratio between the mean life of =+ and that of XY —and X-the ratio 
between the frequency of decays of X+ into p+7° and the frequency of decays 
into n+7+ must be such that the point P=(Y, X) in the Y—YX plane lies in 
the permitted region of Fig. 1. 

Mean life measurements for © particles have been carried out recently (8) 
and the most recent value is 3.57}3:10-!1s. To compare the present theory 
with experiment we need the values of the two ratios X and Y. No mea- 
surements of these numbers have been published so far—we would like to 
suggest such measurements to the experimentalists working in the field. 


4, — Other Hyperons. 


According to the Gell-Mann model © and 2° form an isotopie spin doublet, 
what implies: (i) isotopic spin J, = #, and, (ii) the relation charge = I3)— 4. 
No evidence has been reported so far of the E° which would decay into A°+7°. 
For the transition probabilities we are led to the relation 


HE | Aer) = Que | Aon) 


For the A°, which is assumed to form an isotopic spin singlet —- (i) isotopic 
spin I, = 0, and (ii), the relation, charge = IŸ— the transition probabilities 
of the two possible decay modes into a nucleon and a pion would satisfy the 
relation 


w(A°|pr-) = 2w(A°|nr°). 


The relations derived here for the & and A° decays are not easy to be exper- 
imentally verified—however, they should be of some use in situations where 


(5) E. AMALDI, C. CASTAGNOLI, G. CORTINI and C. FRANZINETTI: Nuovo Cimento, 
12, 668 (1954); J. H. Davies, D. Evans, P. H. FowLER, P. R. FRANCOIS, M. W. FRIED- 
LANDER, R. HILLER, P. IREDALE, D. KEEFE, M. G. K. Menon, P. H. PERKINS and C. F. 
POWELL: Proceedings of the Pisa Conference (1955). 
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an estimate is needed of the probable number of events involving neutral 
particles for a given number of charged events. 


5. — The decay of 7-meson. 


Many modes of decay of heavy mesons have been discovered: six different 
K+-decay modes (?) namely, tt, 7°, K, Ky, K gato ca eb WÒ different K°-decay 
modes—the established 0° and the suggested 7°—and at least two different 
K--decay modes— x- and K_,. On the other hand the recent analysis of 
DALITZ (1°) suggests that the decay modes c+ (and 2 +) and Ke are due to 
different particles. One could assume the viewpoint that different particles 
correspond to the different decay modes. However, it seems a preferable view- 
point that a few different particles, possibly only the 0-mesons and the +-mesons 
are responsible for the great variety of different decay modes. Then one is 
faced with a situation in which a same particle has competing disintegration 
channels. In such case the transition probabilities of the modes on which we 
are especially interested—i.e., that leading to final particles which are only 
pions—are not directly related to the mean life. 

A possibility for comparison with experiment is, however, offered by the 
two possible decay modes of the 7* into three pions. The two possible decay 
modes are 


gh asm am LT, 


aah ease ATEO Gan) 


Three pions with total charge unity may be in states with total isotopic 
spin 1, 2 and 3. According to Gell-Mann’s model ++ and 7° are assumed to form 
one isotopic spin doublet, what implies: (i) isotopic spin I, = 4, and, (ii) the 
relation, charge = I® + +. From the assumption that the transition matrix 
behaves as the component of a spherical tensor of rank 4 for rotation in 
charge space, we conclude that the final state of the three escaping pions hag 
total isotopic spin I=1. Three independent states of three pions with total 
charge unity may be formed having isotopic spin I = 1. For the ratio bet- 
ween the frequency of decay into two neutral and one charged and the fre- 
quency of decay into three charged pions one again obtains Dalitz’s condition 
that it must be comprised between 7 and 1 (1). This result was obtained by 


IN \ À i) To 
(9) See, for instance, a recent work by D. M. RITSON, A. PEVSNER, 8. C. FunNG, 
M. Wipcorr, G. T. ZORN, G. GOLDHABER and $. GOLDHABER (to be published). 
(19) R. H, DALITZ: Proceedings of the Rochester Conference (1955). 
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DALITZ on the assumption of isotopic spin I, = 1 for the 7*-mesor and on 
the assumption that the transition matrix for the decay behaves as a scalar 
for rotation in charge space (charge independence). The same result follows 
here from the assumption of isotopic spin I. = 4 for the 7+-meson and from 
the assumption that the transition matrix for the decay behaves as the com- 
ponent of a spherical tensor of rank 4 for rotation in charge space. 

We note that the branching ratio is 3 if the final state is totally symmetric 
in the spacial coordinates of the three pions. For a spin zero t-meson we 
expect the final state to be predominantly symmetric in the spacial coordi- 
nates of the three emitted pions. The branching ratio is 1 if the final state 
has an orbital symmetry corresponding to the 2-dimensional representation 
of the permutation group S;. For a spin 1 t-meson we expect the final state 
to have predominantly an orbital symmetry corresponding to the 2-dimensional 
representation of the permutation group 83. 


6. — The decay of light hyperfragments. 


The hypothesis that the transition matrix behaves as the component—re- 
quired from charge conservation—of a spherical tensor of rank + gives rest- 
rictions on the relative probabilities of the different decay modes of light 
hyperfragments. In the following we shall limit our discussion to the mesonic 
decay modes of light A°-nuclei, a similar discussion can be given for the non- 
mesonie decay modes, and it could be extended to possible K-fragments if 
they exist (11). 


(11) W. F. Fry and M. 8. Swami: Phys. Rev., 96, 809 (1954); A. Pars and R. 
SERBER (in the press). 

A case of an hyperfragment with an anomalous Q-value (= 340 MeV) has been 
reported recently by C. CASTAGNOLI, G. CORTINI and C. FRANZINETTI (Nuovo Cimento, 
2, 560 (1955)). The interpretation of the hyperfragmeat as a possible example of 
K-nucleus fits the data. The hyperfragment is produced together with a K-particle 
which decays at rest, therefore it is highly probable that this K-particle is positive : 
(a tt or a 0+). According to Gell-Mann’s model ++, 7°, 0+ and 0°—but not their charge 
conjugate—can form metastable hyperfragments (lifetimes ~ 10-8) if a sufficient 
attractive force with nucleons exists. For the reported event, the simplest production 
scheme fitting the interpretation and consistent with Gell-Mann’s model would be the 
associated production of a K+, another K+ or K° (that bound to the fragment) and a 
=-hyperons (a 29, or a &). The &-particle, if neutral, would have escaped detection, 
if charged it could be one of the few tracks, emerging from the parent star, which 
were difficult to identify due to the large experimental errors. We would like to remark 
that, if similar events were found in the future, a proper identification of the possible 
other new particles emitted from the parent star may greatly illuminate on the nature 
of these suggested anomalous hyperfragments. If the interpretation as possible K-frag- 
ments were correct, then we would expect these higher Q-hyperfragments to be produced 
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Our discussion refers to the possible non-mesonic decay modes of the 
A°-nucleus from its ground state directly to the final state considered. 


either in association with a A° or a 4%, or in association with a K or a K° or in associa- 
tion with another K+ or K° and a E, or by more complicated production schemes which 
would involve at least four new particles. Of course the most frequent case for not 
too high energies should be the association with a A° or a X. 

For completness we also discuss other possible bound systems which can be meta- 
stable according to Gell-Mann’s theory, provided of course that they effectively 
exist as bound states. With a E and a nucleon we can form siglet isotopic spin states 
(I = 0) and triplet isotopic spin states (I = 1, I® = — 1, 0, 1). The lowest state with 
I=1, 1®— 1 (formed by E +n) and the lowest state with J = 1, I® = +1 
(formed by Æ°+p), if bound, will correspond to metastable hyperfragments which 
presumably would disintegrate according to 


(e, n) > A°+ = + 8 


— 


(2°, pp) > AS +r +p or >AM+rt+n 


[ani 


with a Q= 63 +4 MeV—e, where e is the binding energy. The force between a & 
and a nucleon could well be mediated (at least in part) by x-mesons and therefore have 
a range oi the order of 1 /m,: Similarly, with a = and two nucleons we can form states 
with I = } and states with I = }. The lowest state with I = 3, 1® = — 3 (E +n+n), 
and the lowest state with I = à, 1° = + 3 (E°+p+p), if bound, will correspond. 
to metastable hyperfragments which presumably disintegrate into a A°, a pion, and 
a nucleon. With more nucleons we have again a corresponding situation. It must, 
however, be noted that the isotopic spin of such possible metastable systems is alway sthe 
largest permitted (we know from ordinary nuclear physics that the lowest lying state 
usually has isotopic spin 0 or 3). No examples of such systems has never been reported. 
With a © and a nucleon we can form states with J = 4 and states with J = 3. The 
lowest state with I = 3, I® = — 8(2 +n) and the lowest with I = 319 = $(1* +p), 
if bound, will behave as metastable hyperfragments which presumably disintegrate 
according to 
ann 


(St) p) Ter pat or >rm+p+p, 


with a Q = 108 + 4 MeV —e, e being the binding energy. The binding force may 
have a range of 1/m,, differently to the A°nucleon force which should have a smaller 
range and therefore be less efficient. Similarly with a Z and two nucleons we can have 

= 0, 1 and 2. Only the lowest I = 2, 1° = — 2 state (S7+n-+n) and the lowest 
T = 2, I®=2 state (2*+p+p}, if bound, can form metastable hyperfragments which 
presumably disintegrate into à pion and three nucleons—and a corresponding situation 
again occurs with more nucleons. Again we note that the isotopic spins of the possible 
metastable systems are the largest permitted—what makes one rather dubious of their 
existence as bound systems. We remark that bound systems as Di . p)cand Op} 
would be easily observable, but there are no examples so far. Finally we may add that 
systems formed by nucleons and two bound A°’s could also be metastable (see M. W. 
FRIEDLANDER, Y. Fusimoro, D. Krere and M. G. K. MENON: Nuovo Cimento, 1, 
90 (1955)): their production seems rather improbable, however one can imagine that 
a E is captured and it produces two A° which remain bound inside the nucleus. No 


examples have been reported so far. 
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No direct experimental evidence exists as to the values of the isotopic 
spin of the ground states of the A°-nuclei. In a recent paper DALITZ (*) has 
called attention to the possible supermultiplet structure of the levels of the 
A°-nuclei and has given specific predictions without invoking particular as- 
sumptions. 

The present discussion is based on a specific assignment of isotopic spin 
values to the ground states of the lightest A°-nuclei. A°-nuclei with B = 2 
(we call B the number of baryons of the A°-nucleus—we think of the A°-nucleus 
as formed by A nucleons and a A°, so that B = A + 1) presumably do not 
exist, and will not be considered here. The levels of the A°-nuclei with B=3 
{A =2) may have I —0, or 1. We assume that the lowest state has I —0, 
to be identified with the ground state of the observed *H,: It seems impro- 
bable that the lowest state with J = 1 is also bound, in this case *n, would 
exist an possibly also *He,, but no examples have been reported. The levels 
of the At-nuclei with B = 4 (A = 3) may have I = + or 3. We assume 
that the lowest state has I = 1 and its two substates are the ground states 
of the observed ‘He, and 4H,: If the lowest I = $ state is bound—a very 
improbable case—‘n, and possibly also “Li, would exist, but no examples are 
known. The levels of the A°-nuclei with B = 5 (A = 4) may have I = 0, 1, 2. 
We assume that the lowest state has J = 0 and it is the ground state of 5He AS 
The first 1 =1 state is expected to lie lower than the I = 2 states, but it 
could be unbound—if it is a bound state, then 5H, and possibly also ‘Li, 
would exist, but no examples have been reported. 

The relations and inequalities among the various possible mesonic decay 
modes of the lightest hyperfragments which follow from the isotopic spin 
assignment just discussed and from the assumed hypothesis on the transition 
matrix are reported in Tables I, II and III. The relations and inequalities 


TABLE I. — Mesonic decay modes of SHA (B=3, isotopic spin I=0). 


3H, > mtnnn 
> n° pnn 


+ 7 ppn 


AEON > r°nd 


w(HA|T pd) = 2w(8H,|x°nd) 
+ xpd | 


3H, > n°°H 


w(*Hy|r-*He) = 2w(?H,|n° 2H) 
— x °He 


reported in the tables refer to the total transition probabilities (and not to 
the differential transition probabilities). 


mm " De 
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TABLE II. — Mesonic decay modes of *Hea and *Hy (B=4, isotopic spin I=4). 


‘He, > r+tpnnn 


> r°ppnn 


> r-pppn 
4He, > rtnnd [w(4Hey|r+tnnd) — w(4He,|m-ppd)]}? < 
> r°pnd < 8w(4He, | x°pnd)[w(t*He, |z*nnd) + w(*‘Hey|r-ppd)] 
> r-ppd 
4He, > r° dd 
4He, > rtn3H [w(4He, |rtn*H) — w(‘He,|r-p*He)]? < 
— n° p3H < 2[w(4He, |r+n*H) + w(*He, |x p*He)]- 
> rn$He -[w(4He, |x°p?H) + w(*He, |x°n*He)] 
— x p°He [w(*He, |7°p*H) — w(‘He,|x°n*He)] < 


< 2[w(4*He, |x+n3H) + w(*He, |x p*He)])- 
-[w(4HeA|x°p2H) +w(He,]|rn$He)] 


4He, > n° ‘He 


4H 1 > rtnnnn 
— n° pnnn 


+ rtppnn 


4H, > r°nnd w(SHA|x-pnd) > w(HA|r°nnd) 


> m pnd 
4H A> mad 
4H, > n°n°H [w (4H |n-p2H) + w(4HA|r7n®He)] > w(4Ha | n°n3 HH) 
> nm p®H [2w(4HaA|x°n8H)}?+ [w4tHa| x p2H) P+ [w(4Ha|n-n*He)]? < 


=> 7 nSHe < 4{2w(2HA|n°n 5H) + w(HA|r pH) + w(4Ha |x-n*He)]? 


4H A — n ‘He 


Some cases, for which the number of independent matrix elements which 
intervene in the expression of the transition probabilities is very large are 
not discussed—in this case no stringent limitations are expected for the trans- 
ition probabilities. We note that one would roughly expect the most probable 
disintegration modes to be those associated with the largest energy release. 
The energy release is larger when some of the final particles are emitted as 
bound and in fact in this cases a smaller number of independent matrix 


elements intervene. 


22 » Il Nuovo Cimento. 
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TABLE III. — Mesonic decay modes of "Hea (B=5, isotopic spin I=0). 


\ 5Hea > r'pnnnn 


— r°ppnnn 


5Hea > r'nnnd 


> r°pnnd 


— n_ppnd 


5He, + r°ndd 


w(5He,|m-pdd) = 2w(5He, |r°ndd) 
> r-pdd 


5He, > rton$H | w(‘He,|m-pn*He)>w(*He,|r°nn°He) 

> r°pn*H w(5He,|r+nn*H) + w(5Hey|r°nn*He) > 3w(*He,|x-pp*H) 
| > rx pp°H | [w(*He, |xtnn?H)]}?+ [w(5HeA|r-pp°H)}?+ [2w(5He, | n°nn*He)]?< | 
+ nnntHe | < 3[w(5He, |r+nn*H)+ w(5Hea|rx-pp*H) + 2w(5Hea|r®nn*He)]? 
> n-pn*He | w(*Hen|r+nn*H) — 2w(5He, |r®pn*H) + w(5HeA|r-pp°H) — 
— 2w(5Hea |r®nn8He) + w(SHeA|r-pn$He) = 0 


| Hi °d3H 
Lola w(*Hea|x-d*He) = 2w(*Hen|xr®d*H) 
> rx d‘He | si = 


SHey > mn*He 


w(*Hea|rm-ptHe) = 2w(5HeA|r°n‘He) 


> n_piHe 


Other effects as coulomb forces and neutron proton mass differences may 
alter in some cases the relations and inequalities reported in the tables. These 


effects will not be discussed here, but they are expected to be small but for 
exceptional cases. 


7. — Final Remarks and Discussion. 


We have derived relations and inequalities between the transition pro- 
babilities of different decay modes of new particles and light hyperfragments, 
which follow from the hypothesis that the decay matrix transforms in charge 
space as a component of a spherical tensor of rank 3}. We have remarked 
that no theoretical arguments can be given in favour of this hypothesis. If 
this hypothesis is assumed, the selection rule AS = +1 (8 = strangeness), 
which seems to be satisfied by the weak decay interactions, directly follows 
as a less restrictive consequence. (We may perhaps remark that the rule 


— x pppnn | 


rs 
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AS = +1 would not hold if the tt-meson were assigned strangeness +2), 
In the case of strong interactions the rule AS = 0 is presumably linked to 
the rotation invariance of the interaction hamiltonian in charge space. In 
the case of electromagnetic interactions the same rule, AS = 0, is presumably 
linked to the invariance of the electromagnetic interaction under rotations 
about the third axis of charge space. In the case of weak interactions, is the 
rule AS = +1 linked to a peculiar transformation property of the decay 
matrix under the complete rotation group in charge space? The experimental 
verification of the restrictions found in the present work will provide a direct 
answer to the question. 

Some work has been recently devoted to understand all the weak. inte- 
ractions on the assumption of universal forms: universal Fermi interaction (12:18) 
and possibly also an universal boson-fermion interaction (!). From such a 
viewpoint one has not general arguments to exclude a mixtüre of terms in 
the decay matrix which transform as components of tensors of rank 3. 

Some preliminary indications have been reported suggesting that the life- 
time of = can be longer than that of the X* (15). As Fig. 1 shows, the hypo- 
thesis that the transition matrix transforms as the component of a tensor of 
rank 4 imposes rather stringent conditions in this case—if these conditions are 


not satisfied, this would imply an admixture of terms transforming as com- 


ponents of higher order tensors. If we take the transition matrix to transform 
as the component of a spherical tensor of rank $ we find that the representa- 


tive point P=(Y, X) in the Y-X plane again lies in the permitted region 
of Fig. 1, provided we now take for Y the ratio between the &*- and the 


Y--lifetime multiplied by 4 while X retains its old definition. However, for 
a superposition with unknown coefficients of terms transforming as components 
of 4- and 3-rank tensors no effective limitation subsists. 

For the E hyperons a pure 1-term has given a decay rate of 7 double 
than that of E° with a pure $-term the decay rate of 2° would be one half 
that of E°. For the A° a pure 4-term has given a decay rate into a proton 
double than that into a neutron with a pure 3-term the decay rate into a 
proton would be one half than that into a neutron. For the t+ a pure 4-term 
has given the restriction that the ratio between the frequency of T'-decays 
and that of t-decays should lie between } and 1. If the + has spin zero the 
ratio should be nearly }. This result is not changed if an admixture of terms 


(12) M. GELL-MANN: Proceedings of the Pisa Congress, 1955. 

(13) N. DALLAPORTA: Nuovo Cimento, 1, 962 (1955). 

(4) 8, Ocawa, H. OKoNogr and S. ONEDA: Prog. Theor. Phys., 11, 330 (1954); 
K. Iwaxa, S. OGAWA, 0. Okonovi, B. SAKITA and S. ONEDA: Progr. Theor. Phys. 
13, 19 (1955). See also R. Garro: Nuovo Cimento, 1, 372 (1955). 

(15) W. F. Fry, J. Scuneps, G. A. SNOW and M. S. Swami: preprint. 
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transforming as components of 3-rank tensors is present. In fact, if the final 
state is predominantly symmetric in the space coordinates, the isotopic spin 
can only have values 1 and 3, and only 1 is permitted. If the + has spin 1 
the ratio should be nearly 1. This result would hovewer be lost if an admixture 
of 3-terms were present—assuming an orbital symmetry corresponding to the 
2-dimensional representation of the permutation group, the isotopic spin can 
have values 1 and 2, and both would be permitted. 


71. The problem of the lifetime of the charged 0-mesons. — The hypothesis 
that the transition matrix transforms in charge space as component of a 
spherical tensor of rank 3 gives restrictions on the relative probabilities of the 
decay modes of the 6-mesons into two pions. 

We limit our discussion to the 0* and 0°; corresponding results hold for the 
charge-conjugates 07 and §°. According to GELL-MANN and PAIS (16), the 6° 
is a mixture of 0° and a 09 exhibiting two different lifetimes, but the lifetime 
of the 62 is expected to be much longer. Rigorously, the transition probabilities 
considered here should be referred to the average decay of the 62 and of the 69 

We distinguish two cases: 


(i) 0+ and 6° have even spin (and therefore also even parity). In this 
case it follows from the hypothesis considered for the transition matrix 


w(0+|+0) =0, w(0°]00) = 4 w(00| + —), 
(ii) 0+ and 0° have odd spin (and therefore also odd parity) 
w(O*| +0) = 2w(6°| + —), w(0°|00) = 0 


(the latter result holds in any case if the 0° has odd spin). 

These transition probabilities are the total transition probabilities for decay 
into the final state considered. The 0-mesons presumably have also other 
competing disintegration channels. Therefore the transition probabilities for 
decay into two pions are not directly related to the mean lives. 

Recent experimental results (17) give a relative frequency of 15=30% for 
the decay mode y>x+x° of charged K-mesons. For the following consi- 
deration it will be assumed that the decay modes of the 0-mesons into two 
pions have a significant frequency, not much smaller than the frequencies 
of possible other dominant decay modes. 

Examples of well-identified 0*-mesons which live a time ~ 10-8 have been 


(16) M. GELL-MANN and A. Pais: Phys. Rev., 97, 1387 (1955). 
(1) G-STACK COLLABORATION: Nuovo Cimento, 2, 1063 (1955). 
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reported (18). The mean life of neutral 0-mesons on the other hand is known 
to be — 10-10 s. From the preceding results, which follow from the hypo- 
thesis on the transition matrix which is under examination, we see that: 


(i) in the case of even spin for the 0-mesons the two-pion decay of the 
§+ is forbidden. If the experiments are to be interpreted as indicating a life- 
time of 0+ about 100 times longer than that of 0°, this result is in the right 
direction qualitatively — although — quantitatively, it could be very difficult 
to account for the observed decay of the 0+ into two pions (a smaller com- 
ponent transforming in charge space as a spherical tensor of order $ should 
be invoked). à 


(ii) In the case of odd spin for the 0-mesons the total probabilities for 
decay into two pions of the 6+ and of the 0° are of comparable magnitude 
and therefore it would be very difficult to account for a lifetime of the 6* 
about 100 times longer than that of 0°. 


Quite different experimental results for the lifetime of the §+ have been 
obtained by ARNOLD, BALLAM and REYNOLDS (!°). Their results indicate a 
lifetime of the charged 6-mesons of the order of 3--8.5-10-!° s, not very dif- 
ferent from that of the 0°. 

From the preceding results on the transition probabilities, under the hypo- 
thesis on the transition matrix which we are considering, we see that one 
could account for this experimental result in the case of odd spin for the 
§-mesons — we have already remarked that presumably other decay channels 
intervene to determine the ratio of the two lifetimes. 

The apparent experimental paradox of a §+ which exhibits two different 
lifetimes would be resolved by assuming that it has a natural lifetime of the 
order of 10-?--10-!°s (as the experiment of ARNOLD, BALLAM and REYNOLDS 
indicates) but it also sometimes results from the decay of another heavy meson 
(presumably the t-meson) having a longer lifetime, of the order of 10~* s (2°). 

Assuming that the parent particle is the +t-meson, supposed to have a 
slightly larger mass than the 0+, one has to consider two cases: 


(i) The + has the same strangeness as the 0 (which is S = +1, from 
the existence of the 0°). In this case, if they both have spin zero, the transition 
occurs via emission of two gammas and it is expected to occur in a long lifetime 
unless the two masses are very different. If at least one of the two has spin 
different from zero one should invoke a very small mass difference to avoid 


En i 5: G. GoLpHABER, E. HeLmy and J. E. LANNUTTI: Proceedings 
(18) See for instance: G. ; 


of the Pisa Conference (1955). 
(19) W. A. ARNOLD, J. BALLAM and G. I. REYNOLDS: Phys. Rev., 100, 295 (1955). 
(20) A similar model has been proposed by LeE and OREAR (private communication 


by Prof. N. KROLL). 
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rapid decay via emission of a single gamma (and/or a large difference in the 
values of the two spins). 


(ii) The 7 has not the same strangeness as the 0—to avoid introducing 
doubly charged particles it must have strangeness + 2. In this case the decay 
occurs via weak interactions. However from this assignment of strangeness 
it would follow: the non-existence of the 7°, the non-validity of the rule AS= +1 
for the decay of the 7* into three pions, the 7 would never be produced in 
association with a single A° or X-hyperon (if the only heavy mesons are the 
+ and the 0 the heavy mesons produced in association with a single A° or X 
should always have a lifetime ~ 10-°—10-10). 


From the preceding discussion we may conclude as follows. To reconcile 
the hypothesis on the decay matrix which we are considering with the expe- 
rimental data: 


— if the «natural » lifetime of the 0* is much longer (about 100 times) 
than that of the 0°, one would assume even spin for the 0 —in which case only 
a weaker component transforming as a 3-rank tensor should produce the 
2r-decay of the 6+. 


— if the «natural» lifetime of the 0* is comparable to that of the 0° 
one would assume that the 0 has odd spin and that the +, with strangeness 
+ 1, can decay into a 0 and a gamma (very slowly, due, for instance, to a very 

‘small mass difference). 


We would like to add that if the transition matrix transforms as a mixture 
with unknown coefficients of }- and 3-terms: 


1) in the case of even spin one still finds a limitation for the partial life- 
times for decay into two pions 


Tet > 3 Tes ; 
2) in the case of odd spin no limitation subsists. 


72. General restrictions upon the branching ratios. — G. TAKEDA (21) has 
recently derived restrictions upon the branching ratios of the different 
decay modes of X*, A° and 0° which follow from the invariance properties of 
the transition matrix. For completeness, we give here a simplified derivation 
of Takeda’s results. To be definite, let us consider the decay of the A°. We 
assume the existence of a unitary and symmetric transition matrix (22) which 
connects the three independent channels: channel 1 describing the A°, channel 2 
describing the final particles in the J — $ state, channel 3 describing the final 

(2) G. TADEKA: Phys. Rev. (in the press). 

(2°) See: E. Fermi: Suppl. Nuovo Cimento, 2, 60 (1955). 


\ 


CHARGE PROPERTIES OF THE WEAK DECAY INTERACTIONS OF THE NEW PARTICLES 335 


particles in the J = 3 state. If the weak decay interaction is turned off the 
transition matrix reduces to diagonal form and its elements are: Su = 1, 
So. = exp [2ia«s], Sss = exp [2ia,], where a, and «, are the pion-nucleon phase 
shifts. When the weak decay interaction is turned on, non-diagonal matrix 
elements appear, and it readily follows from the assumed unitarity and sym- 
metry (22) that, in first approximation, our decay matrix elements are: S, = 
= io, exp [ies], Sis = io, exp [ix], where o, and o, are real numbers. It follows 
that the amplitude for the physical state (n, 0) is given by (\/ 22 exp [its] — 
— exp [ix,]) and that for (p,0) by (2 exp [to] + 4/2 exp [ix,]), where 2 = 03/0: 
— which is Takeda’s results. As shown by Takeda these restrictions for the 
decay amplitudes do not limit very strongly the branching ratios — although 
they are of interest due to their generality. 
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RIASSUNTO 


Vengono date delle relazioni e delle disuguaglianze tra le probabilità di transizione 
di differenti modi di decadimento di nuove particelle e di iperframmenti leggeri, che 
sono suscettibili di verifica sperimentale. In particolare: vengono trovate delle limi- 
tazioni per le probabilita relative dei diversi modi di decadimento dei > carichi, per 
le probabilità relative dei decadimenti t e 7’ e per i differenti modi di decadimento 
dei nuclei A° più leggeri. Queste limitazioni seguono dall’ipotesi che l’interazione 
debole di decadimento si trasformi come la componente, richiesta dalla conservazione 


della carica, di un tensore sferico di ordine +. 
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A Magnetic Differential Probe. 
Its Employment for the Determination 
of the Static Median Magnetic Surface in the Gap of a Synchrotron. 
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Istituto Nazionale di Fisica Nucleare, Sezione Acceleratore - Roma 


(ricevuto il 5 Dicembre 1955) 


Summary. — A differential magnetic probe, developed for determining 
the median magnetic surface of the static field in a weak-focusing syn- 
chrotron gap, is described. The probe consists of two thin ferromagnetic 
wires subjected to equal and opposite alternating magnetic fields at 
1000 Hz. The method of measurement consists in determining the po- 
sition of the probe for which the components of the magnetic field along 
the two wires (parallel to the radius of the synchrotron and lying in a 
vertical plane) are equal and opposite. The arrangement described gives the 
localisation of the median magnetic surface within + 1 mm in static 
fields between 20 and 500 gauss. The possibility is also mentioned of 
measuring the field index » by means of this probe with an accuracy of 
5% in fields not exceeding 500 gauss. Finally the technique used for 
preparing the ferromagnetic wires is explained in some detail. 


1. — Introduction. 


Wires and strips of very permeable material are at present used for special 
measurements related to the magnetic field in the synchrotron gap (1). In 
many cases, however, their real possibilities of employment present several 
doubts, and few detailed papers on this argument have so far been published. 
We think, therefore, that a detailed exposition of a new employment of ferro- 
magnetic wires for the determination of the magnetic median surface (m.m.s.), 


(1) J. M. KELLY: Rev. Sci. Instr., 22, 256 (1951); S. Giorpano, G. K. GREEN and 
E. J. Rogers: Rev. Sci. Instr., 24, 848 (1953). 
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in a static field between 20 and 500 gauss in the synchrotron gap to an ac- 
curacy of +1 mm, may be useful. The differential probe constructed for this 
purpose is also employable for the determination of the field lines curvatures, 
i.e. for the measurements of the field index n (see 2°2) to a predictable accu- 
racy of about 5%. The latter kind of measurement will not be taken into 
consideration in this paper. In the following we shall also explain the prepar- 
ation technique of the ferromagnetic wires (see note IT) and of the probe 
(see 3°2) as in our opinion it may be useful for some other kinds of measurement. 


2. — Basic Principles of the Method and its Limitations. 


9°1. — We shall now explain qualitatively the working principle of the 
device. Let two thin ferromagnetic wires of high permeability, supposed equal, 
parallel and straight, be subjected to an alternating sinusoidal magnetic field 


e.m.f. 


PICK UP COIL PICK UP COIL 


<—— Ha sen(wt +n) 


—— Ha a senwt 


EXCITING COILS 


whose frequency is 7 ~ 1000 cycles and whose amplitude is such as to saturate 
the ferromagnetic material. Let the field always be equal and opposite in the 
two wires, and each of them be surrounded in its central region by a pick-up 
coil (Fig. 1a). Then a series of pulses of induced e.m.f., alternating in sign, 
may be obtained from each of the two coils. If we series-connect the two 
coils in the same direction, the picked-up e.m.f. will be zero (or a minimum), 


since we shall have, altogether, pairs of like pulses, opposed and simultaneous 


(or very nearly). Now, if we subject the wires thus excited to a steady mag- 
netic field, the pulses will shift in time in the direction indicated by the arrows 
in Fig. 1b. The leading of a pulse of one coil will correspond to a delay of the 
corresponding pulse of the other one. Thus a pulse-difference (Fig. 2) whose 
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peak-to-peak amplitude is proportional, within certain limits, to the applied, 
steady magnetic field will arise at the output of the two series-connected 
coils. If, on the other hand, we subject one wire to a steady field, equal and 
opposite to that acting on the other, 
we shall again have a e.m.f. zero (or a 
minimum) at the output of the two 
series-connected coils and in the same 
direction, since the pulses will now be 
shifted as in Fig. 1c, and a pulse delay 
coming from one coil will correspond 
to an equal delay of the corresponding 
pulse from the other one; a similar si- 
tuation will occur for the leadings. 

What we have said is valid in the 
case where the steady field is less than 
the alternating field-amplitude. 

We thus conclude that this device 
may be a very sensitive detector of the 
function «algebraic sum» of the com- 
ponents along the wires of a magnetic 
field. If the alternating magnetic field 
had the same sense in the two wirés 
at every instant the device would reveal 
variations of the function «algebraic 


difference » of the components. 
As detector of the function « algebra- 
ic sum », it is employable in the deter- 


Ho, 


mination of the m.m.s. in the gap of a magnet of sufficient size, particularly in 
the gap of a weak-focusing synchrotron. In fact the m.m.s. is defined as the 
locus of the points in which the radial component B, of the field is zero. 

In the case of a synchrotron, we may indicate the radial and vertical eo- 
ordinates with origins at the centre of curvature of the circular sector of the 
synchrotron and on the m.m.s. respectively, by r and z. The latter represents 
the surface of symmetry for the field-lines; in this way one will have inside 
the gap: 


DAT, 2) Se BAG; = 2) , Br, 0) = 0. 


Now, if we put the wires parallel to each other, parallel to the vertical 
plane and to the radial direction, and displace them vertically so that this 
parallelism is maintained, the device will inform us when: 
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where 2,, 2, B,,, Bs, are coordinates of the centres of the two wires and the 
respective components. | 

Then also: 2; ——2, and the altitude of the m.m.s. will be that of the 
midpoint between the centres of the two wires. 

We propose to determine the position of the m.m.s. in the gap of a weak- 
focusing synchrotron (of radius R = 360 cm and with poles shaped for a 
field index n = 0.6) within + 1 mm. 

The characteristics of this synchrotron are about the same as those des- 
cribed in ref. (2), week-focusing solution. 


29. — We want to show that the sensitivity of the method is broadly suf- 
ficient for this purpose and to explain the requirements which must be satis- 
fied. Following the current symbolism in accelerator literature, we shall define, 
inside the gap: n = (R/B,)dB,/dk, where R is the radius of the synchrotron 
and B, is the z component of the field. 

Since the azimuthal component of curl B is zero, and therefore: 


we obtain immediately: 


n nB, 
Bo EL En 2 ey 4 
0 


Ti 


B, being the radial component of the field and the origin of the z-axis lying 
on the m.m.s. 

Admitting a perfect mechanical precision in the alignment and movement 
of the device, to obtain a precision of Az in the vertical localization of the m.m.8., 
a minimum detectable variation (of the algebraic sum of the field components) 
along the wires given by 


163: 
TR 4% = 3000 4°: 


is necessary, where Az is the vertical displacement of the probe. For example, 
to obtain Az =1 mm, we may have AB = 0.03 gauss it B, = 100 gauss, etc. 
Now we shall show that the device satisfies this requirement. 
A convincing estimate may be made considering the concrete case of mu- 
metal wires, ® 0.1 mm, length 4 em, supplied with a 10° Hz alternating field 
of amplitude by = 5 gauss, surrounded for a length of 5mm in their central 


(2) G. SALVINI: Suppl. Nuovo Cimento, 2, 442 (1955). 
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zone by a small coil of 400 turns of wire, ® 0.05 mm. Under these conditions . 
the pulse obtained is of the order of 0.10 V. 

Taking t= 10 us as «base time » for this pulse, one will have the diffe- 
rence pulse shifting from zero (or a minimum) to 0.10 V, when the algebraic 
sum of the components along the two wires becomes AB=(7/2)Ba0=0.15 gauss 
(note I), which corresponds to a sensitivity for the detector of the order of 
1 V/gauss. It is obvious that by using amplifiers and adequate differential 
electronic voltmeters, threshold sensitivities of 10-* or 1075 gauss may be 
reached, values like those obtained by us experimentally. 

Considering an ideal electronic chain, the limit appears to be of the order 
of 10-7 gauss (4) and it is given by the discontinuity in the changes of induction 
caused by the rotation of ferromagnetic domains. Therefore the sensitivity 
of our device may be higher than is strictly necessary for our purpose. In 
fact, an oscilloscope check of the form of the difference-pulse may be sufficient. 


2°3. — The determination of the m.m.s. within + 1 mm is hindered, how- 
ever, by the fact that, in addition to the component B,, the ferromagnetic 
wires are also submitted to a perpendicular field B,, so that B,/B, ~ 1/3000. 
This requires the following conditions to be satisfied: 


a) The wires must be straight. 

b) The wires must have a sufficiently large length diameter ratio. 

c) The wires must form with the median geometrical plane (m.g.p.), 
(and with each other) an angle not greater than 2.5-10-4 rad. 


The condition indicated in a) is obvious. If the wire presents a finite radius 
of curvature in some zones, the component along the axis of the wire will not 
be homogeneous and in some points its value will be too high. The pulses 
to 1000 Hz will be «destroyed » to values lower of B,. 

For the condition indicated in b) we bear in mind that an infinitely long 
ferromagnetic wire of permeability y, submitted to a perpendicular external 
field B,, will have (3), internally, the induction: 


9 
DIREI 
4 + Ho 


e) 


for which the induction inside the wire is only twice that outside, even for 
an infinite permeability. A very long mumetal wire submitted to a field of 
3-+4-10? gauss, normal to its axis, is already practically saturated transversally. 
Its permeability in the axial direction is practically zero. 


(*) E. WEBER: Electromagnetic Fields (New York) p. 242. 
) P. M. 8. BLackerr: Phil. Trans. Roy. Soc. London, A 245, 309 (1952). 
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The pulses induced by axial excitation are practically «destroyed», Our 
experimental results relating to the mumetal wires, length 4 cm, ® 0.1 mm, 
show that this destruction occurs at about 500 gauss, even with wires care- 
fully prepared. Using wires. of these dimensions the m.m.s. cannot be deter- 
mined above 500 gauss. 

For the requirement indicated in b) it may easily be seen that if the wires, 
supposed parallel to each other, form an angle 0 with the median geometrical 
plane (m.g.p.), the error made in the localization of the m.m.s. is given by: 


Noes te 0" 
me 


Since in our case R/n=6000 mm it is therefore necessary, to obtain 4z==+1 mm, 
that the alignment with the m.g.p. be maintained within an angle 0 = + 2.5: 
-10-4 rad. 

In the case of one wire aligned with the m.g.p. and the other forming an 
angle 0 with it, the error Az is about a half: 


Az = 


WIS 


tg —, 


R 
n 
for which Az = +1mm for 0 = +5-10~ rad. 

If it were possible to make the axis of symmetry of the wires parallel to 
the m.g.p., the error Az would be zero for obvious reasons of simmetry, and 
a large angle of divergence between the projections of the wires on the (e, 7) plane 
would be tolerable up to the point in which the components of the field become 
large with respect to the amplitude of the exciting field. 

The angle formed by the wires with the vertical radial (2, r)-plane is not 
critical. The same can be said for the angle between the latter and the plane 
| defined by the two wires (supposed coplanar). 


3. — Experimental realization. 


31. — We shall now explain the details of the experimental realization of 
the mechanical part of the device and of the method of calibration used. 

It must first be noted that the pulses produced by the two wires will gene- 
rally never be symmetrical about the time-axis and that therefore the re- 
sultant signal will never be zero. They have been given a suitable shape, 
to obtain, in the simplest case (sufficient for our purpose), a difference pulse 
in the form of two adjacent peaks of like amplitude. This is useful as a sure 
oscilloscopic reference, and was obtained by differentiating one of the pulses. 
Otherwise a series of difference pulses alternately positive and negative 
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(see Fig. 4) can be obtained by the circuit of Fig. 3, which differentiates one 
pulse and fits the amplitude of the other. In this case, if the algebraic sum 


1000 Hz 


OSCILLOSCOPE 


of the steady magnetic fields acting along the wires varies, the pulses in one 
part of the time-axis increase while the others decrease. It is known (5) that 
this arrangement permits high sensiti- 
vities to be reached by the use of an 
electronic device. 

With both these methods, however, 
it is important to obtain experimentally 
an output reference signal (oscilloscopic 
or electronic) relative to a zero axial 
field. The device must therefore be cal- 
ibrated. This reference will not alter 
if the two wires are submitted to equal 
opposite fields until these fields are 
small with respect to the amplitude of 
the exciting field. 


3°2. — One of the types of differential 
probe made according to the circuit of 
Fig. 3 is shown in Fig. 5. The two ex- 
citing toroidal coils are wrapped on a 
small lucite tube of rectangular form. 
In the type shown in Fig. 6 the trame 
of the toroidal coils is a sterling tube 
of ellipsoidal form. They are made of a 
single enamelled copper coil @ 0.15 mm. Fig. 4. 
In the longer side of each toroidal coil 
and on the same side are threaded the peaking strips, in the form of a 
small glass tube containing a mumetal wire @ 0.1 mm, length 4 em, main- 


(5) R. O. WycHorF: Geophysics, 18, 182 (1948). 
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vained under tension with an araldite filling (see note II). In its central part 
it bas a 400-turn coil length 5 mm, of wire @ 0.05 mm, Toroidal coils have 
been adopted both to obtain a greater uniformity of field with the same radial 
extension, and to minimize the dispersed flux, thus minimizing any eddy 
currents in the iron and inductive coupling between the coils. The two toroidal 
coils lie firmly stuck and clamped in two lucite planes, which have the two 
angular degrees of freedom necessary to make the wires parallel. They are 
series-connected and in opposition to the ends of the secondary circuit of the 
output transformer of a 1 Hz oscillator. The r.m.s. current that flows through 
them is normally 125 mA eff. corresponding to an amplitude B, of the alter- 
nating field of about 10 gauss produced along the axis. The distance between 
the two wires, parallel and in a vertical plane, is 1.5 cm in the model shown in 
Fig. 6, and 1 em in that shown in Fig. 5. 


3°3. — We shall now explain the alignment and calibration method success- 
fully experimented. The lucite frame is fixed on a brass plate supported by 
a brass bar (see Fig. 5), whose height and inclination may be regulated by 
three adjusting screws placed on the vertices of a right-angled triangle with 
a cathetus parallel to the peaking strips. The brass plate, supporting the 
probe, has three reference screws (see Fig. 5) electrically insulated from the 
plate itself, as a connection to the warning light, and placed on the vertices 
of a right-angled triangle with a cathetus parallel to the peaking strips. Pro- 
cedure is as follows. The differential probe is introduced into the gap of a 
standard magnet, which guarantees a magnetic field perpendicular within 
+ 0.5’ to the parallel surfaces of the poles, in such a way that the wires are 
coplanar in a plane nearly orthogonal to the above-mentioned surfaces. After 
demagnetization, the magnet is excited up to a field B of 100 or 200 gauss 
and only the pulses coming from the lower wire to the oscilloscope are observed. 
By inversion of the field, if the component B, exists, it is reversed along the 

wire and so the pulses «shift» along the time-axis by an amount 
DeL: B, 


Ata = 
USAVANO 


8 for B;< Bi. 


The angle of 1’ between the normal to the wire and the field B therefore pro- 
duces a pulse shift: 


Ap DBE 2B 2810 
bo Be QE 


for B= 200 gauss which may be observed. 
It is therefore necessary to correct the inclination of the wire by the adjust- 
ing screws outside the magnet at the end of the bar (see Fig. 5), until the 
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yulses remain unchanged after the inversion ot the field. The same must 
be done with the upper wire, by manipulating the screws of the lucite hinge 
see Fig. 6), on which the upper toroidal coil rotates. At the end of this lining 
xp the wires will be perpendicular to the standard magnet field, certainly 
within 1’, and parallel to the surface of the poles within the same limit. Their 
projections on a plane normal to the polar surfaces will also be parallel within 1’, 
while there is no need to worry about the parallelism of their projections on 
the polar surfaces, since this need only be respected the within 1°. 

At this point the output of two peakers placed in series and in the same 
direction is observed, and the capacities and resistances for obtaining the 
required electronic or oscilloscopic reference are arranged. Finally the refe- 
rence screws are advanced until the lighting of three warning lights advise 
us that contact with the surface of the lower pole has taken place. At this 
point it may be said that the mumetal wires are also parallel to the plane 
defined by the extremities of the three reference screws. Now the probe is 
ready to be introduced into the synchrotron gap, in order to determine the 
m.m.s. If we consider the case in which the m.g.p. is not horizontal, the three 
screws must be pushed on in simultaneous contact with the lower pole; the 
probe will be rotated by 3% (where « is the angle between the surfaces of the 
two poles) in such a direction that the wires are placed parallel to the m.g.p. 
(within +1’). Then the probe is raised parallel to itself until the same oscillo- 
scopic or electronic reference that there was in the magnet with the strips 
normal to the field, becomes visible at the output. In this position the com- 
ponents B, will be equal and opposite on the two wires and the position of 
the midpoint between the two pick-up coils will coincide with the position 
of a point on the m.m.s. 

The measurement was actually carried out in a magnet with 3a = 14’. 
An optical system allowed both the angle to be read and the raising of the 
probe to be controlled. 

Of course, if the p.g.m. can be assumed horizontal, it becomes superfluous 
to measure the angle 4x. The optical control also becomes superfluous if an 


accurate enough mechanical raising device is available, 

The electronic device (Fig. 3) consists in an amplifier with gain x 800, 
whose output is connected to an inverter rectifier and to à differential volt- 
meter whose sensitivity in output current is 0.5 mA/V for difference in tension 
applied to the two input grids. With a full-scale milliameter of 1 mA the 


sensitivity obtained was 4-10-4 gauss per division. 


4, — Measurements and conclusions. 


The measurements carried out with this first mechanical realisation have 


confirmed the expectations, allowing the expected measurement of the m.m.s. 


23 - Il Nuovo Cimento. 
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The error in the relative distances between the various points of the m.m.s. . 
is not usually greater than + 0.25 mm, while their absolute distances from 
the m.g.p, require a careful calibration since they are determined to + 1 mm, 
As an example we report a result obtained concerning the behaviour of the 
m.m,s. in the gap of a cast iron magnet (Fig. 5); the gap is 4 em high and 
12 cm deep, With a field of 230 gauss the three series of measurements were. 
carried out in the following way: the first under normal conditions, the second 
threading a thin strip 0.35 mm thick in the 1mm gap present between the 
upper surface of the upper pole and the surface of the C-shaped magnet, the 
third unscrewing completely the bolts which press the upper pole against the 
supporting columns. The presence of the thin 0.35 mm strip produces a rise 
of 3 mm of the m.m.s. in the centre of the gap. Unscrewing the bolts lowers 
the m.m.s. by 1 mm. 

With this device the curvature of the lines can also be determined point 
by point and the field-index n can also be measured, bearing in mind the 
relation: 


ex to 0 
and by a relative error: 
An Ae 10 
he URL Ore 


which may be estimated at 5%. 

This error is essentially due to the measurement of the angle 0, which is 
measurable to within 3-4% with an optical device. 

Of course, this measurement would also be limited to fields lower than 


500 gauss, i.e. to the value for which transverse saturation of the wires used 
by us takes place. 


The author wishes to thank Professor GIORGIO SALVINI, Director of the 
«Sezione Acceleratore », for the stimulating criticism shown in many discus- 
sions on this subject, and Professor ITALO F. QUERCIA for projecting the 
electronic part of the device and for discussing in detail the basic ideas of 
this work. 

The author also wishes to thank all his colleagues and particularly Dr. GIORGIO 
GuHico and Dr. FRANCO CoRAZZA for valuable discussions. 


The mechanical construction of the probes was carried out by? Merve 
BETTINI and Mr. P. BELLAGOTTI. 
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None I 


Let us suppose that the ferromagnetic wire has dimensions such as to allow 
the formation neither of induced currents nor of demagnetising field. Neg- 
lecting hysteresis, we approximate the magnetization cycle of the ferromag- 
netic material used by the function: 


2 H'(t) 
— È B, are tg 
T HE How 


where B, is the saturation induction, H, is the value for which B = 35, 
when H'=H,; H'(t) is the instantaneous total field acting along the wire. 
We have 

H'(t) = EH, sin ot +-H, 


where H is the steady field. Thus H, and B, determine the shape of the mag- 
netization cycle. The induced e.m.f. picked up on a peaker will thus be 
given by: 


dB _  2AB,Ho. - cos oi 
dt HS (H'(t))°|° 
A TH 


where A — area-spire of peaker, © and H, are the pulsation and amplitude 
of the excitation field. 

For H—0 the maximum amplitude, which occurs with alternate signs, 
for of =nx (n=0.1.2,...), takes the value: 


2AB,.H,w 
VG max — “È (AMA . 
0 


Assuming, in our case, A= 3.2:107? cm’, B, = 5-10-* gauss, w = 6.3-10? 871, 
H, = 0.1 gauss, one obtains V, ma = 0,3 V, an order of magnitude in agreement 
with experimental results relating to very long mumetal wires. The peak 
value just estimated, which exists at time t = 0 when H= 0, will exist at 
a time t* when HZ0. The function {*(H) is obviously obtainable from 
V,=0. If we neglect the term in sin? wt in the latter equation, and con- 


sider the pulse in the region of t = 0, we get for the function t*(H): 


il 2 
t* = — — arc sin 2 
100) 2 


For H? + H?<2H% this reduces to 


tt ~ Be : 
Lit.) 
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Norte II 


Here we shall give some details of our technique for the preparation of 
peaking strips. 

Our aim was to obtain perfectly straight mumetal wires (available for us 
with © 0.1 mm) 4 em long. To obtain this by means of a permanent applied 
tension, the wire must be prevented from magnetically destructive torsion. 
The reversing of the magnetization of our wire takes place by a rotation of 
the domains mainly with a displacement of 180° of the walls and the con- 
sequent enucleation of adjacent domains with opposite magnetization (6). If 


Lasi Fig. 8. 


the wire is subjected to a torsion, the helical lines along which it acts consti- 
tute directions of easy magnetization, so that the final orientation forming 
the smallest angle with these lines will be preferred. The resultant macroscopic 
effect will thus be an inclination of the magnetization with respect to the 
axis of the wire, a variation of the permeability of and the pulses picked up 
with an axial coil. 

The following device was therefore used. The mumetal wire held taut by 
a suitable weight and passing through a small glass tube covered by the 
400 turns and through a larger exciting coil of 1000 Hz, can be controlled 
by the pulses it generates, which are observable on the oscilloscope. The 
tension and torsion of the wire are regulated freely until the pulses are satis- 
factory. Then we alide the exciting coil so as to uncover the small glass tube 
and fill it with a colt type D liquid araldit (CIBA) which enters by capillarity 
up to the opposite end. Once the araldit is well set, the wire at each end is 
cut, and the peaking strip is ready for use and to support a field of 5-10? gauss 
normal to the wire. 

The results have been satisfactory. Fig. 7 shows the variations in the 
form of a pulse when the wire is subjected to a torsion of several rotations 
(lowest pulse) and when this torsion is removed (mean pulse). The highest 
pulse is obtained when the tension (8 kg/mm?) is removed as well. 

Fig. 5 shows the case where the pulse amplitude increases with appli- 
cation of tension. The time scale is 0.05 gauss/em and the ordinate scale is 
0.03 V/em. 


(5) Journ. Appl. Phys., 26, 8 (195: 


o) 
DI 
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Viene descritta una sonda differenziale magnetica realizzata con lo scopo di deter- 
minare la superficie magnetiea mediana del campo statico nell’intraferro di un sincro- 
trone a focalizzazione debole. La sonda è costituita da due sottili fili ferromagnetici 
sottoposti a campi magnetici alternati a 1000 Hz uguali e opposti in ogni istante. 
Il metodo di misura consiste nel determinare la posizione della sonda per cui le compo- 
nenti del campo magnetico lungo i due fili (paralleli al raggio del sincrotrone e giacenti 
in un piano verticale), sono uguali e opposte. Il dispositivo descritto permette la loca- 
lizzazione della superficie magnetica mediana entro + 1 mm in campi statici tra 20 e 
500 gauss. Si accenna pure alla possibilità di misurare l’indice di campo n mediante que- 
sta stessa sonda con la precisione del 5% in campi non maggiori di 500 gauss. 
Infine viene esposta con qualche dettaglio la tecnica usata per la preparazione dei 
fili ferromagnetici. 
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Diffusion Coefficient of N in «-Fe. 


I. BARDUCCI 


Istituto Nazionale di Ultracustica « O. M. Corbino » - Roma 


(ricevuto il 9 Dicembre 1955) 


Summary. — The diffusion coefficient of N in «-Fe has been measured 
by many experimenters at different temperatures, but experimental 
values of the heat of activation and of the constant D, are not always 
in a good agreement. Some years ago WERT repeated the measurements 
in a more extended interval of temperatures, and observed that the agree- 
ment of actual experimental data with theoretical calculations is not 
so good as for some similar interstitial solid solutions. He suggested 
that further measurements in a more extended temperature range would 
probably lead to a better agreement with theory. Nevertheless an expe- 
rimental investigation made by the Author with the cooperation of Dr. P. 
GENCE, has confirmed the experimental data obtained by Wert for the 
heat of activation and for the constant D,. In this paper the problem is 
theorically discussed and it is shown that the observed differences bet- 
ween theoretical and experimental results are within the limits of pre- 
cision of present experimental techniques. 


1. — It is well known (') that interstitial solid solutions in b.b.c. lattices 
offer the possibility of a very accurate and extended study on the dependence 
of diffusion coefficient from temperature. This is so because the bulk diffusion 
measurements by standard metallurgical methods, in the high temperature 
range, can be extended to much lower temperatures by use of elastic relax- 
ation phenomena, related to diffusion in an atomistic scale. 

Measurements by this method were accomplished on different alloys, i.e.: 
N or C in Fe, and O, or N, or C in Ta, ete. Solid solutions in «-Fe, have re- 
ceived special attention and many experimental data have been published. 


(1) C. A. Wert: Journ. Appl. Phys., 21, 1196 (1950). 
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The diffusion of C in a-Fe was recently the object of a very accurate and 
exhaustive analysis by WERT (?), who measured the diffusion coefficient by 
the low temperature relaxation methods and related his results with those 
obtained by STANLEY (®), in the high temperature range, by standard methods. 
The experimental information covers a very extended range of diffusion coef- 
ficient, i.e. 14 logarithmic units. The corresponding temperature range goes 
from — 35°C to 700 °C. 
All experimental data agree with the formula (*): 


(1) DD; exp (= Aiea. 


The heat of activation H, for the case of C in «-Fe, can so be measured 
with good precision. 

Experimental results by WERT and STANLEY agree very well with the 
conclusions of a theoretical analysis developed by WERT and ZENER (*); it 
seems therefore reasonable to conclude that the experimental results are re- 
liable. 

In a further research, WERT did a similar study tor diffusion of N in 
a-Fe (1). However in this case the experimental information covers a range 
of only 3 logarithmic units, that is a range much more restricted than for C 
‘in Fe. As the Author himself pointed out, further measurements at higher 
‘temperatures are needed for really accurate determination of the heat of activ- 
ation and the constant D,. 
| In this respect it must be observed that the agreement of experimental 
results with theoretical predictions does not seem so good as for diffusion 
of C in «-Fe and for some other interstitial solid solutions. 

The measure of diffusion coefficient based on elastic relaxation pheno- 
‘mena, have been generally made at low frequencies and correspondingly low 
temperatures; however the extension to much higher temperatures and fre- 
| quencies doesn’t offer serious difficulties for modern electroacoustical technique. 

By means of two apparatuses which have been in use for some years at the 
«Istituto di Ultracustica », in Rome (**) and a similar apparatus designed at the 
« Laboratoire d’Essais du Conservatoire National des Arts et Métiers » in Paris (7) 
and with the cooperation of Dr. P. GENGE, we could extend the experimental 


(2) C. A. Wert: Phys. Rev., 79, 601 (1950). 

(3) J. K. STANLEY: Journ. Metals, 1, 752 (1949). 

(*) It must be observed that all measurements were accomplished on very dilute 
solid solutions. 

(4) C. A. WERT and C. ZENER: Phys. Rev., 76, 1169 (1949). 

(5) I. Barpucct, G. PASQUALINI: Nuovo Cimento, 5, 416 (1948). 

(6) P. G. BORDONI: Nuovo Cimento, 4, 177 (1947). 

(7) R. CABARAT: Rev. Metall., 46, 617 (1949). 


352 I. BARDUCCI 


investigation on diffusion of N in «-Fe over a temperature range that goes 
from 90°C to 200°C; the corresponding frequency of vibration goes from 
nearly 3000 to 130000 Hz. These measurements, together with those made 
measurements, together with those made by WERTa nd others (*48-1°), cover a 
temperature range that goes from — 30 °C to 200 °C; the range for the diffusion 
coefficient is of 8 logarithmic units. This last interval of measurements, it 
not so large as for C in &-Fe, is more than twice the corresponding range con- 
sidered by WERT. 

Our values for the heat of activation and for the constant D, are the same, 
within experimental errors, as those given by WERT, i.e.: H—18 200 cal/mol 
and .D = 3-10-* cm?/s: 

Therefore our measurements in a higher temperature range, when com- 
pared with those of WERT, confirms WERT’S results; so the agreement with 
theory seems to remain much less satisfactory than for other interstitial solid 
solutions. 

However it will be shown in this paper, by a critical discussion of this point, 
that the observed differences between theory and experimental results are 
within the limits of the experimental errors. If a more accurate check of the 
theory is sought, further improvement in the experimental techniques should 
first be obtained. 


2. —- We begin with a short summary of the results of the theoretical ana- 
lysis according to WERT and ZENER (*); as it has been said before these results 
have been confirmed in the case of diffusion of C in «-Fe and for some other 
alloys. 

The relation for diffusion coefficient in interstitial solid solutions in the 
b.c.c. lattices is: 


(2) Da ire 


Where a is the lattice parameter; « is a pure number depending on the crystal 
geometry, whose value is 1/24 for b.c.c. lattices; 7 is the mean time-of-stay 
of a solute atom at a given interstitial position. 

Comparing (2) with (1) we obtain 


(3) T= Ti exp [H/RT] À 


(8) C. BOULANGER: Compt. Rend. Acad. Sci., 224, 1286 (1947). 


(9) T. S. KË: Amer. Inst. of Mining and Metallurgical Eng., Techn. pubbl. no. 2370 
(1948). 


(9) L. GurLLer and B. Hocaæip: Compt. Rend. Acad. Sci., 238, 905 (1954). 
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Wert’s experiences have confirmed that, at least for C in «-Fe, H is really a 
constant over a very large temperature range. WERT and ZENER found the 
following expression for the constant 1: 


(4) tai = nv exp [AS/R). 


Here n is the number of nearest neighbor interstitial positions (n = 4 for 
b.c.c. lattices); » is the frequency of small oscillations of a solute atom in its 
interstitial position and AS is the entropy of activation. 

Comparing (2), (3) and (4) with (1) we obtain for D, the following expres- 
sion: 


(5) o = naar exp[AS/R]. 


With elastic relaxation methods what is measured directly is the time of re- 
laxation t,, or the corresponding frequency of vibration f that leads to max- 
imum internal friction at a given temperature; f is related to 7, by the expres- 
sion 


(6) Dah Te == ile 
Wert and ZENER have shown that: 
(7) Hire 


Therefore one obtains for the diffusion coefficient: 


4 IT 
È ore Gh 
(8) D 3 mea? ia?! 


3. — As we said before, the validity of (8) has been checked by WERT for 
diffusion of C in «-Fe. 

From the measured values of D at different temperatures one can imme- 
diately obtain the heat of activation H, which is proportional to the slope 
of log D considered as a function of 1/7. The constant D, can then be cal- 
culated from (1). 

The measurement of the diffusion coefficient D is obtained with a satis- 
factory precision, because it consists essentially in a frequency measurement, 
whose experimental error can easily be reduced to 1°/oo. However it must 
be observed that the principal cause of errors in the determination of D (and 
consequently of H) as a function of temperature is probably the uncertainty 
in evaluating the temperature of maximum internal friction. Because of the 
shape of the maximum, it is almost impossible to reduce such uncertainty to 
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less than +2.0r +30C (Fig. 1), even if the temperature is measured with 
a higher precision. If the temperature range is sufficiently extended, H can 
however be determined with a satisfactory precision. 

It is obvious, on the contrary, that the error in evaluating D, must be 
much larger, because of the exponential 
law (1); it can be easily seen that an 
error of 2% on the heat of activation 
leads to an error of nearly 70 or 80% 
on D,, when H has a value of ap- 
proximately 18000 cal/mol. 

Folling Wert (!), the validity of 
theoretical results may be controlled by 
comparing the values of the entropy 
of activation obtained in two different 
ways. The first expression for the en- 
tropy of activation is a direct conse- 


Fig. 1. — Internal friction in interstitial À 
solid solution of N in a-Fe. The four uence of (5), that is: 


curves have been determined on the 


same rod, at four different frequencies (9) 


AS D, 6D, 
RARI vu 
of vibration. NAaa*v a2y 


In (9) all the parameters, but the 
frequency », can be obtained from experimental observations or from lattice 
geometry; » must be evaluated from theoretical considerations. WERT and 
ZENER calculated an approximate value of v assuming that the potential 
energy varies in a sinusoidal manner when a solute atom moves from an in- 
terstitial position to a near one. One obtains, v=1.1-10! Hz. 

The second way of calculating the entropy of activation is based upon the 
hypothesis that all the work done by diffusing atoms goes into straining the 
lattice. This leads to: 


(10) AS =—H (din ujaT). 


Here (dn u/AT) is the temperature coefficient for the logarithm of the 
elastic modulus. With «-Fe, (dln u/AT) = — 26-10-5 in the case of shear 
modulus; the temperature coefficient is only a little different for other elastic 
moduli. With H—18200 one obtains i 


(11) ASIR = 23. 


This value for AS/R is indeed an upper limit, as it may easily be seen from 
the assumption which has lead to (10). 


Nevertheless, in the case of C in «-Fe the value of AS/R given by (9), 
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assuming for D, its experimental value, is in good agreement with (11); the 
same is for some other cases as it is seen in Fig. 2, which has been taken from 


Cinta <— Cin a-Fe 


555 


% 1 2 3 4 
Fig. 2. — (AS/R) as computed from 
Eq. (9) vs. (AS/R) as computed from 
Eq. (10). For each material succes- 
sive points are taken from different 
Authors (see C. A. WERT (!). 


| Pre) 


5 


WERT'S paper. 

When the experimental errors are re- 
duced, Fig. 2 shows a better agreement 
with the theoretical value calculated by 
use of (10). From this WERT concludes 
that, most probably, the agreement bet- 
ween the values of AS/R deduced from 
(9) and (10) would be equally good for N 
in x-Fe as for other cases, if the precision 
of measurements were sufficiently high. 

However we have yet observed that 
our measurements in an extended tem- 
perature range confirm Wert’s results. 
This is shown in Fig. 3, where log D is 
given as a function of 1/T. It is seen 
that our experimental points are placed 
on the same straight line obtained by 
Wert and others. It is obvious, therefore, 
from the same figure, that the great 
differences in experimental values of the 
heat of activation given from different 
authors (see Table I) are Jargely a conse- 
quence of the fact that the explored tem- 
perature range was, in general, too small 
for calculating the slope of the experi- 


mental straight line with a reasonable precision. 

As Wert’s values for H and D, have been confirmed by extending the 
temperature range towards higher temperatures, it must be concluded that 
the disagreement in the values of AS 


deduced by the two different ways 10 
has not been eliminated from our 


measurements. 


Fig. 3. — Diffusion coefficient D for N in 
The different points 
taken from: @ C. A. WERT (1); O FLE - Ss 


Fe, vs. T1, 


are 10 


32 36 40 4A 


Ké (*); A C. BOULANGER (5); X P. GENCE 


and the Author (to be published). 


The dotted line holds for the calculated value of 


the heat of activation: H= 19000 cal/mol. 
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Nevertheless it will be shown that, if the comparison between theoretical 
and experimental results is done in a somewhat different way, the agreement 
seems perhaps to be more satisfactory than it would appear by taking as a 
basis for comparison the two values of AS given by (9) and (10). 

Firstly one can observe that the values of AS determined from (9) doesn’t 
seem to be really an experimental one. Indeed such a value is a function of 
the frequency » that, as remarked, can not be measured, but must be theo- 
rically evaluated, and it is obvious that the assumptions made for this cal- 
culation can give only a rough approximation. Secondly it has been observed 
that the determination of D, from experimental data leads easily to very large 
errors, even if the precision for H is satisfactory. It can be easily deduced 
that this leads to a very large error also for AS/R, in spite of the fact that, 
in (9), AS/R depends on the logarithm of Dy. 

On account of this fact, we have thought it convenient to compare theore- 
tical and experimental results in a somewhat different way. We assume, as 
done by Wert, that the value (11) for AS/R is correct, as it appears to be 
confirmed by the results obtained for C in x-Fe. The value of D, which would 
agree with AS/R so calculated, in the hypothesis that all other parameters 
are free of error, can then be deduced from (9). Such value of D, is found 
to be 5 times larger than the experimental value 0.003. 

We assume besides that the experimental value of the diffusion coefficient is 
correct for a given temperature, chosen in the central part of the experimentally 
explored range. We can then deduce, from (1), the value of H that would 
agree with the calculated D, at the assumed temperature. One so obtains 
H=19200 cal/mol. This value is only 5% larger than the experimental one, 
i.e.: 18200. 

As the errors on H are probably + 300 or + 400 cal/mol, it is seen that 
the difference between H,,... and H,, is only 2 or 3 times the supposed expe- 
rimental errors. 


TABLE I. — Heat of activation for diffusion of N in a-Fe. 


. H AH 
Experimenter (cal/mol) Si 
SNO FRA (EE) O ne 16400 — 
RÉ PR er ane 20 000 + 2000 
WERT and ZENER (4) . . 17700 + 400 
WERTS (+) CE RE 18200 — 
GUILLET and HocHEID (1) 18 600 — 
BARDUCCI and GENCE . . 18200 + 300 


(12) J. L. SNOEK: New Development in Ferromagnetic Materials (New York and 
Amsterdam, 1947). 


(11) J. L. SNOEK: Physica, 8, 711 (1941). 
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The latter result becomes more significant if one compares the said diffe- 
rence (H,,,,. —H,,,.) with the maximum and minimum experimental values 
of H, according to Table I. 

This is done in Fig. 4, giving the dependence of H from D,, calculated 
from (11), (9) and (1) as said before. 

It is seen that the calculated point falls in the central part of the expe- 
rimental range for H, so that the difference (H,,.,. — H,,,.) is very much smaller 
than the similar difference between 
the maximum and minimum exper- 
imental values. In our calculations 2 
we have accounted only for the errors 2 
made on D,; if the experimental errors 
on other parameters, and the precision 
in evaluating the frequency » are also 
considered, the agreement with theory 16 
may, perhaps, be obtained for a value 
of H that is closer to the exper- 
imental one. 

Finally it must be observed that,  g——an 002 003. 004 005 006 007 
in theoretical calculations no attempt 
4 made of FRS for ene pico: oi stant D,; according to Eqs. (11), (9) and 
impurities on the diffusion coefficient (1); @ limits of experimental values (from 
and its dependence from tempera- Table I); © experimental point accord- 
ture. The exact chemical analysis of ing to C. A. Wert and to P. GENCE and 
samples is not always given by the the Author; O calculated point. 
different Authors; in our experiments 
(which, as said before, agree with those of WERT and others), the impurity 
content, (and particularly that of C) was not at all negligible, as com- 
pared to the percentage of N. 

The diffusion of N could be studied equally well, because, as L. GUILLET 
and B. HocHEID pointed out (7°), the relaxation effects of N and C are easily 
separated by a suitable heat treatment. Nevertheless it is evident that this 
does not mean that any influence of C on diffusion of N in «-Fe lattice has 


surely been eliminated. 


3 


2610; 


Fig. 4. — Heat of activation H vs. con- 


4. — In conclusion, we hope to have shown that the disagreement of expe- 
rimental data with theoretical results in case of solid solution of N in a-Fe, 
according to Wert and Zener’s theory, is perhaps not so large as it would ap- 
pear assuming as a basis for comparison the entropy of activation. 

It is true that for other alloys the situation appears to be much more 
satisfactory; but we think it would not be easy to obtain, from actual expe- 
rimental procedures, a precision sufficient to allow a more strict control of the 
theoretical conclusions. 
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RIASSUNTO 


La misura della costante di diffusione dell’N nel Fe-x è stata oggetto di numerose 
ricerche, le quali hanno dato valori talora notevolmente discordanti per il calore di 
attivazione H e per la costante D,: Alcuni anni or sono WERT, ripetendo le misure 
su un intervallo di temperature abbastanza esteso, ha trovato come valori più proba- 
bili: H= 18200 cal/mole-e D,— 3-10-* em?/s. Egli ha però osservato che, confrontando 
i dati sperimentali da lui ottenuti con quelli calcolati in base a considerazioni teo- 
riche, si ottiene un accordo meno soddisfacente che per il caso del Fe-x contenente C 
e per altre soluzioni solide interstiziali in reticoli cubici a c.c. WERT conclude da ciò 
che, probabilmente, si otterrebbe un accordo migliore se si eseguissero misure su un 
intervallo di temperature più esteso, e quindi notevolmente più precise. Una ricerca 
sperimentale eseguita a tale scopo dall’Autore in collaborazione con il dr. P. GENCE, 
ha invece confermato perfettamente i valori sperimentali ottenuti da WeRT. Un accu- 
rato esame della questione ha, tuttavia, consentito di concludere che il disaccordo fra 
dati teorici e sperimentali è contenuto nei limiti che si possono prevedere ammettendo 
una ragionevole precisione di misura. 


IL NUOVO CIMENTO Vou. Ill, N- 2 1° Febbraio 1956 


Notes on the Design of Distributed Amplifiers. 


G. FipEcARO (*) and A. M. WETHERELL 


Nuclear Physics Research Laboratory - University of Liverpool 


(ricevuto il 9 Dicembre 1955) 


Summary. — A study of distributed amplifiers is made, taking into account 
the self capacity of the coils and the effect of using anode and grid lines 
with different propagation speeds. The latter effect can be useful in 
avoiding the large increase in gain of the m-derived filter type amplifier 
at the upper end of the band. A possible procedure for a practical design 
is suggested, as well as an experimental method for the determination 
of the characteristics of the two lumped lines. 


1. — Introduction. 


The theory of distributed amplifiers, which is based on an idea of PER- 
CIVAL (1), was developed primarily by GINZTON et al. (2), Later, other workers 
published designs (3), but a more detailed description has never been pre- 
sented. 

This paper is limited to pointing out some details of design which may be 
useful in constructing amplifiers fast enough for general use in nuclear physics. 
For a more general description, and for points which are not treated here, 
the original paper by GINZTON et al. should be consulted. 

A method for the measurement of the characteristics of the lumped lines 
which form the grid and anode circuits will be described briefly. The measu- 


(*) CERN (European Organization for Nuclear Research, Theoretical Study Di- 
vision). On leave of absence from the University of Rome. 

(1) W. S. PERCIVAL: British Patent Specification No. 460, 562. 

(2) E. L. GINZTON, W. R. HEWLETT, J. H. JasperG and J. D. 
956 (1948). 

(3) For a description of the theory 
F. H. WeLLs: Millimicrosecond Pulse Techniques (London, 1954). 


Nor: P.I.R.E., 36, 


and a list of references see I. A. D. LEWIS and 
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rement of the properties of entire lines provides more information than can 
be obtained from measurements of single components. 


2. — Analysis of an Amplifier Section. 


M-derived low pass filters are commonly used in distributed amplifiers 
because of their well known advantages over constant K filters (4). 

For a more complete analysis the distri- 
buted capacity of the coil should be taken 
into account, because the filter characteristics 
can be greatly changed in the high frequency 
region. The element to be studied in this case 
is shown in Fig. la. 

More accurately, the self capacity of the 
half coil should be taken into account, but 
this may be neglected unless the frequencies 
considered approach the half coil resonance. 

The filter is equivalent to the element 
shown in Fig. 1b, where the stray inductance 
L, is shown in the shunt arm. In the fol- 
lowing, we suppose the parasitic inductance 
included in the term ((1— m?)/4m)L,, where 
Cpe MCk m is a design parameter. 


AEM C is the self capacity of the coil, C, the 
Kies 1. appropriate tube capacity, including parasitic 
capacities. 
The characteristic impedance of the element (1a) is: 
Ly. 1/1 — e)? — 2 
a) È = SC 8 | lo) 
x |! 1 — (w/w,)? 1 — (w/o,)? 
D 
(1a) Fe di 
where 
2 
(15) Oo — 2a 
VT OF 
is the cut-off frequency, 
(Lo) D, = Dr = > 
V LC 


is the resonance frequency of the whole coil. 


(4) H. E. KALLMANN: P.I.R.E., 84, 646 (1946). 
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Fig. 2 shows the behaviour of Z tor 
several values of @,/@,.: For simplicity 
we put n = ©,/@, and we consider only 
cases such that n =>1. Z is real for 
« varying in the intervals 0 — ©, and 
D co. For w.<o<o, Z is ima- 
ginary and the frequencies in this in- 
terval are attenuated. The characteristic 
impedance tends to the constant value 
M Li when x approaches 1. Thus 
it is possible to obtain good termination 


of a line without employing terminal — n 

half sections. For n = co we have the più 

case of the M-derived filter; for n =1 È 

the case of the bridged T filter suggested by GINZTON et al. 
The expression for the phase is: 


sl 


10 


© @ 


(2) 0 = 2 arctg fm —[1 -(w/@,)?-* 1 (0J0)T} 5 


Fig. 3 shows 0 for various values of m and n. The usual value m 


ANI 


is close to the value 1.3 which we have calculated. The best linearity is ob- 


24 - Il Nuoro Cimento. 
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tained, in this case, when n = co, i.e. when the capacity of the coil is enti- | 
rely neglected. However, this linearity is not as good as that for m = 1.5, 
n —1.2. It should be noted that the bridging capacity, for the case m=1, 
cannot be considered as a self capacity. 

The delay, as a function of frequency, is given by the slope of the phase 
curve. For wm =0, one finds that: 


i m 
(3) To = | == 2 Type 
wo~0 


dw >, 


This formula is useful, as it allows a determination of the parameter m 
experimentally, from a measurement of the phase curve. 

The gain of an amplifier section, when the grid and anode lines are identical 
is given by: 


(4) Ro y= (0/0)? exp [— 30] 
à 772 F1 — (0/0) {1 — (@/@,)?2}{1 — (0/©)?}+ (mo/0.))? ‘ 
where g, is the mutual conductance of the tube. 

If the lines are different, the gain becomes: 


< 9) sir ‘ _ 
(5) dA Roo Sin (0/2) sin (0,/2) exp 3 a, + di i 


2Z, Mx0/0.) Mm(w/w,.) 2 


where the suffix 1 refers to the grid line and 2 to the anode line. 


Fig. 4 shows the expression (5) for different values of m and n, including 
the extreme values n — 1 and n = co. 

In the above the effects of grid damping and mistermination of the lines 
have been neglected, as both have been treated by Ginzron et al 
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3. — Grid and anode lines with different propagation speeds. 


It is shown in Fig. 4 that if the case n= 1 is excluded the gain of a 
section goes to infinity at © = w,. To avoid the increase in the gain pro- 
duced by the K constant section GINZTON et al. proposed the use of the M-de- 
rived or bridged T with n = 1 filters. 

However the only advantage gained by employing the m derived and also 
bridge T with n-41, over the K constant, is a more uniform gain and a 
more linear phase shift over a wider frequency band. The case n = 1, which 
is the only case where the gain does not rise to a peak, is not easy to realize 
practically, as it involves the tuning of two circuits to the same frequency. 
This is difficult, as the adjustment must be carried out for each section of 
the amplifier, with the additional complication that ©, (grid) is a sensitive 
function of the anode current. 

It has bee found possible to control the shape of the frequency response 
curve, to a certain extent, by properly adjusting the speeds of anode and grid 
lines; for example the peaking of the gain at the upper end of the band may 
be avoided. 

The gain of a single section (5) may be written : 


(6) A(w) exp 


where 


A (00) _ Im Rolo 8in (0/2) sin(0,/2) 
< 2  Z, M;(0/04) Mi(0/0%) 


— 
~] 
— 


The maximum of A(m), which in practice is limited by the losses, occurs 
at © = Dr. 

If the amplifier is composed of s sections the contribution of the q-th 
section is given by: 


92 


À 


(8) A(©) exp i pirla - xx + (9 — 1)0, + (8 n0} 


and the total gain by: 


(9) A(@) 


It is seen from (9) that if ©, << @. the maximum in A(©) is annulled if 


(10) sa 0(01)} = 27 « 


= 


È 
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For 0, > Og the attenuation introduced by the fact that 0, is imaginary . 
at © = ©, merely diminishes the maximum. This attenuation can be cont- 


rolled by varying ©. 


The formula (10) shows that when the number of tubes s is increased the 
relation remains satisfied for a smaller phase difference. 

If the propagation speeds are altered, only just sufficiently to compensate 
for the peak in the gain, the frequeney response in the working band is not 


i 1 JESI 1 1 1 
10 20 30 40 50 100 200 300 


Hic. 0: 


very much affected, as may be seen 
from (9). Fig. 5 shows the experi- 
mental response of a compensated am- 
plifier, in which the lines were em- 
pirically adjusted to give a good fre- 
quency response. The continuous curve 
in the figure is obtained from (9) using 
phase shifts as described in section 4. 
This curve was normalized to the 
experimental gain at low frequencies. 
The rise time corresponds to 2.5 mus. 


It is possible to examine the transient response in a little more detail, 


For simplicity we examine the case 


TT 


TT 
A(D) LE Ro on ty DM 


D, 


œ(s/(s — 2)) 


The response of the amplifier to a unit step function is given by an integral 


of the form. 


Ce Vt) 


27. jo 


which corresponds to à signal 


"a far [+j{wt— s((01+0.)/2) + at] sin (s(0, — 0,)/2) 
» 


of 


sin ((0,—-8,)/2) ©” 


the form shown in Fig. 6, delayed in 
time by s(t, + t.)/2. The expression 
(s-1)|t1—7.| corresponds to the rise 
time. 

In a practical case, in which A(©), 
0, and 0, are functions of © corres- 
ponding to actual line characteristics, 
it is inconvenient to calculate the in- 
tegral (11). It is clear that the response 
will still be composed of s steps, each 
having now a finite rise time. The sharp 


e— (5-1) |t,-%| 


Fig. 6. 
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eorners shown in Fig. 6 will be smoothed out if |t, - t,| is much smaller than 


the 1ise time of a section. This result is obvious, 


as an actual amplifier will 
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not pass the high frequency components belonging to the sharp corners. Of 
course, the total effective rise time of an entire amplifier is not much larger 
than (s—1)|t,— 7% |. 

In practical cases the transient response may be calculated, instead, by 
approximate methods, once the response and phase shift curves have been 
determined experimentally. 

It should be noticed that as the phase function of a complete amplifier 
depends on (0,+6,)/2 it is possible to adjust the characteristics cf the grid 
and anode lines to compensate for non linearities introduced by tne lines sepa- 


rately. 

Obviously a peak in a response curve is associated with the possibility of 
oscillations. Instability has been observed at the upper extreme of the fre- 
quency band of a 12 tube amplifier, but a reduction of gain at these high 
frequencies, by the method suggested, has resulted in complete stability. 


4, — The determination of the characteristics of lines. 


For the determination of the phase characteristics of lines the arrangement 
shown in Fig. 7, with the line short circuited, has been used. Here, (1) and (2) 
are high frequency voltmeters, and the procedure was to keep the output of 
the signal generator, as measured by (1), constant and note the reading ef (2) 
at different frequencies. The resonance frequencies were detected as minima 
in the reading of (2). If 0(@) is the phase shift per section, and the line is 


composed of s sections, the resonance condition is: 


(12) s0 = kr A<k<3). 
R~100R ; 
È Le 
Le à = mer 
100 200 300 | 
2 
Sig. Gen. A f 
ven, e Fig. 8 


There are thus s resonances, excluding w — 0. From (12) we have that 


a frequency ©, corresponds to a phase shift ar/s. When r = 8, the corres- 
ponding frequency is the cut-off frequency. 


Sara fra cu Sert Ro 
In Fig. 8 à series of measurements made with the arrangement of Fig. 7 
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is shown. The two curves refer to the 
6AK5 tubes. The curve (a) was taken 
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Fig. 9. 
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grid line of a 12 section amplifier using . 
with cold tubes and (b) with the tubes 
under operating conditions. The change 
in capacity and the increase in the 
losses at high frequencies can be seen 
in b). 

The curve (2) in Fig. 9 has been cal- 
culated to fit the resonances of Fig. 8-b) 
using formula (2). Of the three necessary 
parameters, ©, and ©, were measured 
directly, and m was determined from 
the initial slope of the experimental 
phase shift curve according to formula 
(3). The curves (3) and (1) of Fig. 9 


refer to anode line resonances before and after loading with condensers to 
reduce the propagation speed. As an example, we present the parameters of 
the three curves in the following table: 


w N 
bi 
ip 
for) 


he ihe 
292 MHz 425 MHz 
342 445 | 
368 | 425 


The experimental points are shown in Fig. 9 for comparison with the cal- 
culated curves. It was also found by direct measurement that the lines trans- 


mitted again above the frequency €, 


in agreement with formula (1). 


From curves (1) and (2) the response curve shown in Fig. 5 has been cal- 


culated. 


The same arrangement (Fig. 7) can be used to measure the characteristic 
impedanee, if the phase curve is known. The input impedance of a short- 


circuited line and condenser in series 


is: 


(13) Zia, = — + 12 te F(a) ñ 


joe 


where 


(wo) = 8:6(w) 


is the phase shift of the complete line. At resonance, since Zio, WS Zero, it is 
sufficient to know C to determine Z at that frequency. 
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5. — The practical design. 


The first step in a practical design is to select the parameters m, @,, ©r 
for the two lines. Figs. 2, 3 and 4 will help in the choice of m and n, from 
the points of view of good frequency response and phase linearity. 

However, the final values of m and n, as well as the values of ©, and @., 
will depend on a compromise between a number of points, some of which are 
listed briefly in the following. 

The choice of the characteristic impedance Z, of the anode line, determines 
not only the gain, but also w,.. This is due to the fact that, for a given tube 
and given m, ©, and Z are not independent, as they are related, in the working 
band, by the formula: 


mb 
SSR 
(14) iL = felt ae 


where R, is the low frequency impedance (1a) defined in section 2. ©. is Of 
the same order of magnitude as w., even if the lines have different speeds, 
so that once ©, is decided, the grid line impedance is no longer completely 
arbitrary. In general, it will be smaller than the anode line impedance, as the 
input capacity of a tube is larger than the output capacity. The reduction 
of gain in cascading stages when Z,< Z,, and the impedance of connecting 
cables, both place a lower limit on the practical size of the grid impedance. 

In choosing the number of tubes and number of stages the rule that each 
stage should have a gain of about ¢ = 2.7 is not of much practical importance, 
since other things should be taken into account. For example, the number 
of tubes in an output stage depends on the maximum signal amplitude desired ; 
the number of stages is even or odd, according to the polarity of the pulses. 

A method of changing the speed of the lines, without altering the coils, 
is to place small fixed condensers in parallel with the tube capacity. When 
the optimum value of the padding condensers has been found experimentally, 
it is possible to design new coils, so that the same phase curve is obtained, 
put with higher characteristic impedance. 

It should be noted that the grid line phase curve is quite sensitive to 
changes in the anode current of the tube. 

Having selected the three parameters m, 0 and ©, for both lines, the sizes 
of the coils must be calculated. ; 

From (1a), (1b) and Fig. 1 of section 2 the total inductance iS: 


Rm 


(15) Lily n 
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The inductance of a half coil is: 


(16) L Li 


and the numerical value of the mutual inductance 


/ 


ite | 
(17) M= (= 


4m 


| 2 == Le , 


where L, is the parasitic inductance. Thus the total inductance L, —2(L+M) 
does not depend on L,. However the presence of L, should be taken into 
account in deciding the correct amount of coupling between the two half coils. 
It can be shown that when the Nagaoka formula (5) for coils, is valid, the 

quantity 
ME mL;/2 _p (=) | 


(13) orlo Cds i 
L ((1+m?)/4m)-L,— L, 


where 
D Diameter of the coil 


i Length of the coil 


This funetion can be computed from a table of the numerical factors 
entering into the Nagaoka formula. 

A plot of the relation (18) has been presented by KELLEY ($). 

When D/l is known, for the required total inductance L,, one obtains from 
the Nagaoka formula: D-(total number of turns). The number of turns 
and D can be adjusted within this product, to obtain a coil of reasonable 
dimensions. 

This procedure, for the determination of the size of the coils, is only a rough 
approximation, if the number of turns is very small. 

The next step should be to measure the total inductance of the coil, for 
example with a Y meter, and alter the size to obtain the correct inductance. 
Following this, to adjust the phase curve, and therefore m, one should make 
a model amplifier with a reasonable number of tubes and use the method 
described in section 4. | 

By proceeding in this way it is not necessary to know in advance, with 
great accuracy the stray capacity and inductance of the tube, so that rough 
values of C, and L, can be used for the provisional design. From the experi- 


(5) F. E. TERMAN: Radio Engineers’ Handbook (New York, 1943), pp. 53 to 55. 


(5) G. G. KELLY: Rev. Scient. Instr., 21, 75 (1950). 
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nentally determined ©, and m, together with the experimental value of £, 
or the value of the total inductance L, determined by Q-meter) it is possible 
‘o get C,. On the contrary, no information is obtained by this method for L,. 
We have obtained for a 6AK5 tube C, grid= 7.1 pF and CU, anode= 4.3 pF. 
These values of course refer to our own arrangement of tubes and coils, but 
san be taken as a guide for other designs. The grid capacity corresponds to 
wm anode current of about 10 mA. 

The distributed capacity of the coil depends on the diameter of the wire, 
the dielectric constant of the former and the depth of the groove in which 
the wire lies, if the coil is not close wound. 

A paper by PALERMO (7) gives very rough information on the distributed 
capacity of a coil. However a direct measurement of the resonance frequency 
is much more reliable as it gives w,: It is thus possible to adjust the size of 
the wire, or the other two variables, to get the desired «,. 

In conclusion of this section we would like to remark that direct measu- 
rement of the characteristics of the lumped lines is useful as it gives the infor- 
mation which is required for understanding the behaviour of an amplifier, 
including the variation of the components with frequency, the effect of the 
half coil distributed capacity, and other possible effects, which cannot be eal- 
culated conveniently. 


de E 
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APPENDIX 


D. SARMA, in Proc. 


On completion of the present paper, al article by G. i 
our notice bv 


Inst. Elc. Eng., part B, September, 1955, was brought to 
Dr. B. COLLINGE, of this laboratory. 

This article is concerned with the effec 
grid lines, treated here in Section 3. 


In the present paper, « staggering » Was suggested mainly to avoid the 
thout affecting very much 


peak in the gain at the upper end of the band, wi ng ve We 
the working band, as can be seen on consideration of the explicit sine terms 


in (9). 


ts of «staggering » the anode and 


(7) A. J. PALERMO: P.I.R.E. 22, 897 (1934). 
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In our discussion suitable adjustment of the parameters m, w,, @,, for 
each line, leads to a flat response curve and a more linear phase shift charac- 
teristic. The Figs. 2, 3 and 4, may be used as a guide in judging the correct 
direction for variation of these parameters. 

In SARMA’s paper all the cases treated have an anode line cut-off at a 
frequency lower than grid line cut-off. If this is so, the vectors sum on the 
anode line in phase at © = ©, so that the peak in gain which occurs just 
at © =@,,, is not removed, although, of course, the attenuation in the anode 
line decreases it. 

The experimental response curve, in Fig. 16 of SARMA’s paper, should have 
a peak just above the working band, but unfortunately no experimental data 
is presented for this region. 

By increasing the grid line m, the peak, finite in height because of the 
losses, moves towards higher frequencies and decreases in size. In Sarma’s 
amplifier the grid losses should be small, as the frequency does not go much 
above 1 MHz; it is thus the Q’s of the line sections which play the main role. 

The improvement in damping of the after pulse oscillations, shown in Fig. 15 
of SARMA’S paper, May be interpreted as being due more to a decrease in the 
peak, than to an improvement in the shape of the frequency response curve. 


RIASSUNTO 


Viene presentata un’analisi del comportamento di un amplificatore distribuito, 
tenendo conto della capacità propria delle bobine, e l’effetto della differente velocità 
di propagazione dei segnali nelle due linee, di placca e di griglia. Quest'ultimo effetto 
può essere utilizzato per evitare il forte aumento di guadagno che si verifica all’estremo 
superiore della banda di un amplificatore con sezioni del tipo M-derivato. Si suggerisce 
un possibile metodo per il progetto pratico di un amplificatore ed una disposizione 
sperimentale per la determinazione delle caratteristiche delle due linee di trasmissione. 
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On the Causes Affecting the Phase Grating Permanence, 
at the Stopping of the Ultrasounds. 


F. PORRECA 


Istituto di Fisica Sperimentale dell Universita - Napoli 


(ricevuto il 9 Dicembre 1955) 


Summary. (*) - Some experimental facts are related which allow to ascribe 
to electrostatic causes an important role in the formation of the phase 
grating which builds up in the suspensions traversed by ultrasonics and 
persists at the stopping of these. One may indeed observe that the effect 
manifests itself in suspensions of polar liquids and is absent in the apolar 
ones. Moreover, in the suspensions of mixtures of liquids, which singly 
produce the effect, it fails in the concentration range in which there is 
motive to retain that the maximum number of molecular associations 
builds up. Finally the first results are given on the permanence time 
of the diffracted lines at the stopping of ultrasonics, in suspensions of 
starch in electrolytic solutions, which show a diminution of the effect 
with increasing concentration of the ions in suspension. In agreement 
with these experimental results we retain it as consequent to affirm that 
the permanence effect manifests itself when the suspended particles are 
surrounded by free dipoles of the liquid so as to present around them 
a zone whose refringence index is different from the one proper of the liquid. 
In this way the particles which are ordered by the stationary ultrasonic 
waves in planes equidistant by 5/2, build up an own phase grating with 
the same periodicity. 


(*) Editor’s Translation. 


When a liquid suspension is subjected to ultrasonic stationary waves of 
a wavelength À, the suspended particles gather in uniformly spaced parallel 
planes at distance from each others of À/2 (4), just as it is the case in a 


Kundt’s pipe. 
The persistance of this arrangement of the particles after the stopping of 


(1) A. CARRELLI and F. PorrEca: Nuovo Cimento, 10, 885 (1953). 
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the ultrasonic waves, allows the observation of some optical effects already 
described in preceding works (?°5). 

If n is the number of suspended particles for each cm* of the suspension 
before the generation of the ultrasonic waves, this number varies when the 
ultrasonic waves are generated, and one obtains a distribution represented by 


(1) n, =n + Any cos az = n + An exp [tae], 


where « = 22/2, n is the statistical mean in these new conditions and < is 
the coordinate of the considered plane in the propagation direction of the 
waves. 

To a denser gathering of the particles in the nodal planes corresponds a 
greater value of An and, after the stopping of the ultrasounds, a longer time 
of permanence of the diffracted lines. 

At the ceasing of the action of the ultrasonic perturbation, An grows less 
and lesser, and the same happens to the observed optical effects. Equation 


(2) An = An(t) 


is a function decreasing in time with dAnfdt< 0. 

Among the dinamical causes acting on the particles from the instant of 
the stopping of the ultrasonic perturbation, one must remember in the first 
place the osmotic phenomena. One has in effect to postulate also in our sus- 
pensions, as in general in solutions and colloids, the existence of an osmotic 
pression which contributes to the diffusion of the particles from the places. 
of greater concentration to those of lesser concentration, until uniformity is 
reached everywhere in the liquid. 

The sizes of the grains in our suspensions being bigger (~ 10-* em) than 
the dimension of the colloidal particles, the diffusion velocity becomes lesser 
than in colloidal solutions. 

Moreover it must be remembered that up to this point we have always. 
though these particles to be electrically neutral. On the contrary it has been 
experimentally proved (°) that they are always charged. Most of thera are nega- 
tively charged when the dispersing medium is water (7). If this is assumed, 
it is clear that the particles accumulated in the nodal planes by the elastic 


A. CARRELLI and F. PoRRECA: Nuovo Cimento, 10, 1406 (1953). 
A. CARRELLI and F. PoRRECA: Nuovo Cimento, 1, 527 (1955). 
F. Fanti and F. PoRRECA: Nuovo Cimento, 1, 532 (1955). 

F. PORRECA: Nuovo Cimento, 2, 904 (1955). 

W. C. Lewis: Traité de Ohimie Physique (Paris, 1920). 


ON THE CAUSES AFFECTING THE PHASE GRATING PERMANENCE ETC. BI 85) 


waves repel one another and tend therefore to expand uniformiy in the liquid 
medium at the stopping of the ultrasounds. 

Starting from these observations we want now to see if it is possible to 
explain, at least qualitatively, the following experimental facts. 


1) It was already observed, by us (*) and by others (*) also, that the 
grating permanence effect takes place in the case of water or alcohol as dis- 
persing medium (polyatomie liquids which produce molecular associations (8)) 
and fails in the case of C,H, or CH, as dispersing medium (polyatomic liquids 
which do not produce molecular associations (*)). Now the structural dis- 
tinction between both liquid categories consists in the fact that only the first 
one contains free electric dipoles and therefore the grating permanence effect 
can take place only in this case, because the suspended particles are sur- 
rounded by free dipoles and consequently in their whereabouts the refractive 
index becomes different from the one of the pure liquid. 

On the basis of this assumption, the particles gathered by the ultrasounds 
in parallel planes distant 4/2 from each other, at the stopping of the 
ultrasonic waves produce a phase grating of the same periodicity, until 
thermal and mechanical causes do not equalize everywhere in the liquid the 
particles’ concentration and consequeutly the refractive index. 

Such an interpretation fails if one does not assume the particles as elec- 
trically charged and therefore: the pre- 
sence of the effect in these conditions 
proves that the particles in suspension 
must be electrically charged. 


2) Continuing the subject further, 
we are led to investigate the diffracted 
lines permanence effect in a binary liquid 
mixture, each of whose constituents pro- 
duces that effect, as for instance water 
and an alcohol. In effect, there are some 
reasons of assuming that such mixtures 
contain molecular associations (°), expe- 
cially at some characteristic concentra- 
tions. In other words this fact means 
that the dipoles of the mixture constituents can associate and consequently 
the permanence effect in this condition must decrease. 

The results of the effect in a starch suspension of a ater-ethyl alcohol 


(*) Particularly by the Dr. F. S. GAETA. 
(8) J. M. M. PINKERTON: Proc. Phys. Soc., B 62, 129 (1949). 
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mixture are shown in Fig. 1, which gives the duration of the diffracted lines 7,,. . 
from the stopping of the ultrasonic waves, against the concentration ¢ of the 
mixture expressed in percent weigth fraction. The starch concentration is. 
0.1 g/l, the ultrasounds duration 5s and the power such as to observe, with 
the ultrasonic waves, the sixth diffracted line order. 

The t, decreases if the concentration of either constituent increases and 
the effect fails between 10% + 2.5% and 55% + 5% of €. 


0 20 40 60 80 100 


Fig. 2 a). Bios 2,5) 


The experimental curves of Fig. 2 have the same interest, showing the #,. 
variation with c, in the lycopodium suspension of water-ethyl alcohol and 
water-isopropyl alcohol. In the first (Fig. 2a) the effect fails between 
22.5% +2.5% and 38% + 4% of the ethyl alcohol concentration in water. 
In the second suspension (Fig. 2b)) the range of c without effect is 15% +2.5%, 
and 35% +-5%. 

Now, it is well known that such water-alcohol suspensions, miscible in all 
the e values, have the property of a maximal value of the ultrasonie absorption 


coefficient for a concentration characteristic of the liquid constituents of the 
mixture (9-11), 


The concentration value corresponding to the maximal absorption decreases 
in going from the simplest to the superior alcohols. Moreover, these binary 
liquid mixtures reach at the same concentration a maximum of the viscositv 
coefficient 7 and of the mixing heat (72). 

The explanation of this behaviour interested many researchers, suggesting 
the assumption that in those mixtures molecular associations are present, 
whose equilibrium depends strongly upon the temperature changes of the: 


(9) L. R. O. Storey: Proc. Phys. Soc., B 65, 943 (1952). 
(10) C. J. Burron: J.A.S.A., 20, 186 (1948). 
(1!) D. SETTE: Nuovo Cimento, 1, 800 (1955). 
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ultrasonic waves. Moreover, it seems plausible to establish that the maximum 
of the absorption coefficient is reached at the concentration of the maximal 
number of molecular associations (91914), 

Now, in our researches it is important to observe, from Fig. 1 and 2, 
that the values of the concentration corresponding to the maximums fall 
exactly in the concentration range where no diffracted line permanence effect 
is observed. Therefore, the dotted lines of Fig. 1 and 2a) show the be- 
haviour of the ultrasonic absorption coefficient in water-ethyl alcohol, with 
the maximum at about e = 30% and the dotted line of Fig. 2b) shows the 
ultrasonic absorption coefficient in water-isopropyl alcohol, with the max- 


imum at about ce = 20%. 

It seems also clear that the assumption accepted for explaining the existence 
of the maximum allows us to justifie the disappearance of the diffracted line 
permanence effect: in fact, as around this concentration the maximum mole- 
cular association is reached, the liquid becomes practically apolar, i.e. deprived 
of free dipoles, from whence the formation of the phase grating around the 
suspended particles, gathered in the nodal planes by the ultrasounds, is not 


possible. 


| 3) In order to the previous assumptions, it is also to be foreseen that 
the duration ¢, of the grating permanence effect depends upon the presence 


‘of ions in the suspension under examina- 
tion: these, in fact, can block up some 
‘dipoles of the liquid and consequently 
cause a decrease of the effect. 

In this aim, we are studying the effect 
‘in a suspension of particles in electrolytic 
solutions and at present the first results 
with starch in the aqueous solutions of 
NaCl, KCl and HgCl, are shown. Fig. 3 
shows the experimental curves of the du- 
ration t, of the diffracted lines against Fig. 3. 
‘the concentration of the electrolytic so- 
lutions, until saturation. The starch cone ‘entration is 0.075 g/l. 

These curves show, as was foreseen, a decrease of t, with the 


the salt concentration and, hence, with the increase of the number of the 
t proof that the studied effect depends 


inerease of 


ions in solution, giving the most direc 
upon the electric charges present in the suspensions. 


(12) International Critical Tables, vol. V, p. 22 (1928). 
(13) P. PASHAD: Ind. Journ. Phys. 15, 323 (1941); J.A.S. , 20, 66 (1948). 
(14) J. R. PARKINGTON: Adwanced Treatise on Physical cea 9, 115 (1951). 
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The decreasing behaviour of ¢, with the increasing of ¢ is explained with 
the fact that the number of the free dipoles disposable for the starch particles : 
becomes less with the presence of the ions. These also, in effect, attract some 
free dipoles and cause a decrease in the number of those which, around the 
particles in suspension, give the phase grating with the ultrasounds. 

The work is progressing with the aim of a quantitative examination of 
the contents of this paper. 


We wish to express many thanks to the Prof. ANTONIO CARRELLI for his 
precious suggestions and material help. 


RIASSUNTO 


Si mettono in evidenza alcuni fatti sperimentali che permettono di attribuire a 
cause di natura elettrostatica un ruolo importante nella formazione del reticolo di fase, 
che si forma nelle sospensioni attraversate dagli ultrasuoni e che persiste al cessare 
di questi. Si osserva, infatti, che l’effetto si ha nelle sospensioni di liquidi polari e manca 
in quelli apolari. Inoltre nelle sospensioni di miscele di liquidi, che da soli presentano 
l’effetto, questo viene a mancare nel range di concentrazione in cui si ha motivo suffi- 
ciente di ritenere che si formi il massimo numero di associazioni molecolari. Infine si 
dànno i primi risultati del tempo di permanenza delle righe diffratte, al cessare degli 
ultrasuoni, in sospensioni di amido in soluzioni elettrolitiche, che mostrano una dimi- 
nuzione dell’effetto al crescere della concentrazione degli ioni in soluzione. Im accordo 
con questi fatti sperimentali, ci sembra conseguente affermare che si ha l’effetto di 
permanenza quando le particelle in sospensione possono circondarsi di dipoli liberi 
del liquido, in modo da presentare nel proprio intorno una zona ad indice rifrangente 
diverso da quello proprio del liquido. In questo modo le particelle, ordinate dal regime 
di onde stazionarie ultrasonore in piani equidistanti di 7/2, generano un proprio reti- 
colo di fase, della stessa periodicità. 
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Investigations on the 8-Decay of **TI(ThC’). 
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Istituto di Fisica Sperimentale del Politecnico - Torino 


(ricevuto il 12 Dicembre 1955) 


Summary. — The &-spectrum of T1 has been investigated by the following 
experimental methods: the absorption method, the £-y coincidence 
technique and the grey wedge oscillographic method. The experimental 
results show the existence of a new f-transition with maximum energy 
2.37 MeV from the ground state of *°T] to the first excited state of "Pb. 
Its relative intensity (branching ratio) is ~ 1.5 % of the disintegrations 
of TL The 2.37 MeV B-transition is followed by a 2.62 MeV y-ray. 
Moreover our research finds the already known 8-transition of maximum 
energy 1.79 MeV and detects 8-transitions of maximum energy 1.28 MeV; 
1.52 MeV which were supposed by other authors, but hitherto not yet 
experimentally verified. At the same time, we notice the existence of a 
G-branch of maximum energy (2.15 + 0.11) MeV; it must be assigned 
to *?Bi (value already known: 2.25 MeV) which is present with #illin our 
radioactive source (4,RdTh in equilibrium with its decay products). 
In conclusion the degree of forbiddeness of the higher energy components 
(2.37 MeV; 2.25 MeV; 1.79 MeV) is discussed. 


1. — Introduction. 


This paper contains a further report on the experimental set of researches 
dealing with the decay schemes of some heavy naturally radioactive nuclei. 
In these pages we consider the @-decay of “STI. 

Several authors (:) have already investigated the @-disintegrations of 2 RATh 
decay products. However the experimental results are not numerous. 


(1) J. A. CHALMERS: Proc. Camb. Phil. Soc., 25, 331 (1929); W. J. HENDERSON: 
Proc. Roy. Soc., A 147, 572 (1934); R. ARNOULT: Ann. de Phys., 11, 12, 241 (1939); 
K. SiEGBAHN and A. JoHANSSON: Ark. Mat. Ast. Fys., 34 A, 10 (1946); D. G. E, MARTIN, 
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Among the **RATh decay products, *%,Bi(ThC) decays either by emitting ; 
B-particles to form 72Po(ThC’) (66%) or by emitting «-particles to form: 
2SDI(TRO") (34%). 

87] (half-life {, —3.1 min) decays by emitting f-particles to form: 
##Pb(ThD) in several excited states. 

The latter reaches the stable ground state by emitting y-rays. 


We are aware of the following experimental data about the decay of “TI: : 


1) a @-branch with an upper energy limit (maximum energy) ranging ’ 
between 1.72 and 1.82 MeV, according to the various authors (*?); the value: 
assumed up to date is 1.79 MeV. “TI by this 8 transition gives “Pb in the: 


second excited state; 


2) a 2.62 MeV y-ray from the first excited state to the ground state: 
of **Pb with 100% relative intensity (number of quanta per f-disintegration : 
of Tl) (*4); 


3) a y-y cascade (0.58 MeV —2.62 MeV) from the 3.2 MeV excited state: 
to the ground state of *Pb (*); 


4) other y-rays emitted in such a manner that the deeay scheme should 
assume the form of Fig. 1 (5). 


It follows from this and similar proposed decay schemes that, besides the 
B-transition 1), other ones are present from the *T1 ground state to the se- 
veral excited states of Pb. 

From Fig. 1, which includes the results of various authors (*5) we must 
deduce that the B-transitions to the excited levels having an energy higher 
than 3.2 MeV, are certainly existent, though not experimentally verified. These 
transitions are represented in Fig. 1 by dashed straight lines. 

Moreover, $-transitions to the levels having an energy lower than 3.2 MeV, 


H. O. W. RicHarpson and Y. K. Hsü»: Proc..Phys. Soc., 60, 466 (1948); H. O. W. 
RICHARDSON: Nature, 161, 516 (1948); D. G. E. MARTIN and H. 0. W. RICHARDSON: 
Proc. Roy. Soc., A 195, 287 (1948); N. FEATHER, J. KyLEs, and R. W. PRINGLE: 
Proc. Phys. Soc., 61, 466 (1948); L. G. ELLIOTT, L. G. GRAHAM, R. L. WALKER and 
J. L. WoLFSson: Phys. Rev., 93, 356 (1954). 

(2) J. SuRUGUE: Journ. de Phys. et le Rad., (8), 7, 146 (1946). 

(8) G. D. LATISHEV: Rev. Mod. Phys., 19, 132 (1947); D. G. E. MARTIN and H. 0. 
W. RICHARDSON: Proc. Phys. Soc., 62, 223 (1950). 

(4) H. O. W. RICHARDSON : Nature, 161, 516 (1948); H. E. Percu and N. W. JOHNS: 
Phys. Rev., 80, 478 (1950); L. G. ELLIOTT, L. G. GRAHAM, R. L. WALKER and J. L. 
WoLrson: Phys. Rev., 93, 356 (1954). 


(5) Nuclear Data National Bureau Standards; J. W. WEALE: Proc. Phys. Soc., 68, 
30 (1955). 
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if existent, should not have a relative intensity (branching ratio) higher than 
2% according to MARTIN, RICHARDSON and Hsù (?). 

According to WEALE (°) (private communication by J. WALKER), ELLIOTT 
and WoLFson should have detected a weak B-transition to the 2.62 MeV level 
of Pb. 

This transition is represented in Fig. 1 by a dotted and dashed straight line. 

The aim of our research is the experimental investigation of the “STI 
B-spectrum in order to verify the 
existence and to determine, if pos- 27, -5 MeV 
sible, the relative intensitj of the SEG 


B-transitions from the ground state suda Pet 
: 5 SE SS e 
of TI to the excited states of Pb. DEL ener ree 
. - À e 

Nu dr? -3 


Dii 252 Mev 

; 2 
Fig. 1.- Decay scheme of *3;Tl. The con- 
tinuous straight line indicates the 6-tran- 
sition already experimentally verified. 
Dashed lines indicate £-transitions sup- 208 pp af 
posed by the existence of the associated 

y-levels. Dashed and dotted line indicates the G-transition, whose existence was un- 
certain, This transition, as well as the other 8-transitions indicated in the scheme, have 

been experimentally determined as described in this paper. 


AAAAAANAAAN 


2. — Experimental methods. 


We have used a *RdTh source (about 10 microcurie) in equilibrium with 


all of the decay products. 
The very thin layer of radioactive deposit was enclosed between two lucite 


dises (0.1 mm thick). 
Our experiments were designed to investigate the f-spectrum and the 
8-y coincidences of the decay products of Rah. 


2°1. B-spectrum. — Two experimental methods have been used in order 
to determine the endpoint energy of the entire B-spectrum: the absorption and 
the grey wedge oscillographic methods. 


91.1. Absorption method. — First of all, we have measured the entire 
B-absorption curve by placing aluminium absorbers of various thicknesses, 
between the source and the f detector. | 

As 8 detector we used a stilbene crystal 
x 13 mm) and a 6291 DuMont photomultiplier. The output pulses, con- 
veniently amplified and thereafter shaped, are counted by a suitable scaler 


(thickness = 3mm, diameter 
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We took particular care to achieve those geometrical arrangements in order : 
to minimize scattering and other secondary effects (°). 

We have also measured, as necessary, the background absorption curve 
with the source covered by 9 mm beryllium corresponding to 1.63 g/cm? (all 
the 8-particles are absorbed) in order to identify with sufficient accuracy the 
absorption endpoint. Also the weak absorption of the y-rays in beryllium 
was taken into account. | 

The random fluctuations of the threshold of the pulse shaper do not ap- 
preciably influence the experimental results, because the output pulses, as 
indicated above, are conveniently amplified. The usual procedure has been 
used to get normalized experimental data. 


21.2. Grey-wedge method. — The maximum energy of the entire 
B-spectrum has been also determined by the grey wedge method. 

As B-detector we used a stilbene crystal (thickness ~ 13 mm, diameter 
= 13mm) and a 6291 DuMont photomultiplier. This detector is sketched 

in Fig. 2 and acts as a proportional 8 coun- 
AL window (~ 216 mg-cm°?) ter (7). 

The pulses from the photomultiplier are li- 
nearly amplified and lengthened, so that the pulse 
flat top lasts for & 5ys, and then are fed to 
the vertical deflection plates of a wide band 
oscillograph. 

The oscillographic screen is normally dark 
and the grid that drives the intensity of the ca- 
thode ray beam is triggered above the cut-off by 
an external pulse, that corresponds to each re- 
corded §-particle. 

On the oscillographic screen every pulse gives rise to a horizontal straight 
line as a spectral line whose height (distance from the straight line to the hori- 
zontal time axis) is proportional to f energy. 

A grey wedge (optical density 0.73) is placed on the screen in such a 
way that the isodensity lines are perpendicular to the spectral lines. 

The differential spectrum obtained is photographed for a time corresponding 
to a photographic action of x 100000 pulses. 

This technique is substantially similar to that already used for y spectro- 
scopy (°). 


(9) P. E. CAVANAGH: Progress in Nuclear Physics, Editor Friscu, I, 140 (London, 
1950); L. Katz and A. 8. PENFOLD: Rev. Mod. Phys., 24, 28 (1952). 

(7) D. MAEDER and P. STARHELIN: Helv. Phys. Acta, 28, 193 (1955). 

(*) F. DemicHELIS and R. MaLvano: Nuovo Cimento, 12, 358 (1954); B. CHINAGLIA 
and F. DeMICHELIS: Nuovo Cimento, 5, 51 (1956). 
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We have used a hard emulsion (Duplo Pan); the y pulses (background of 
the & detector) were not recorded by the film. 

The determination of the endpoint energy of the “{RdTh spectrum is made 
possible by comparing this spectrum with those obtained from {Co 
(E, = 0.32 MeV), "Tl (E, = 0.765 MeV), Ra, in equilibrium with its decay 
products (E, = 3.17 MeV), in the identical conditions of time exposure and 


number of pulses. 


2°2. B-y coincidences. — In order to identify the maximum energy of the 
8 transitions followed by y-rays, we used the f-y coincidence technique. The 
experimental apparatus is similar to that used in previous experiments (°). 


292.1. Absorption method. — First we measured the {-y coincidence 
absorption curve (the background coincidence curve is obtained by covering 
the source with the beryllium absorber). 

As ® detector we used the above indicated non proportional detector. AS 
y detector we used a Nal(Ti) crystal (thickness ~ 20 mm; diameter & 20 mm) 
and à 6292 DuMont photomultiplier. 

The resolving time of the coincidence circuit was: 7 = 3.25 1077 s. 


2:2.2. Grey wedge method. — Second, the grey wedge method was 
used with the proportional detector in order to photograph the coincidence 
differential B-spectrum. The £ pulses from the photomultiplier are fed to the 
oscillograph in the same manner as described above. The grid that drives 
the intensity of the cathode ray beam is triggered, in this case, by the pulses 
from the coincidence circuit. 


8. — Experimental results. 


Fig. 3. shows the 8 absorption curve. The number ng of recorded pulses 
is represented against the absorber thicknesses (mm of aluminium). The con- 
tinuous line represents the total number of pulses; the dashed line represents 
the background obtained as above stated. The margin of errors in the expe- 
riment is less than 2%. 

It can be seen that the absorption endpoint (intersection of the total curve 
with the background curve) is between 3.9 and 4,3 mm of aluminium corres- 
ponding to a maximum energy between 2.25 MeV and 2.40 MeV according 
to the FLAMMERSFELD relationship (!°). 


(*) R. A. Ricci and G. Trivero: Nuovo Cimento, 2, 745 (1955). 
(10) A. FLAMMERSFELD: Zeils. f. Naturforsch., 24, 370 (1947). 
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A better determination of the end point energy has been obtained making 
use of the KATZ-PENFOLD method (°). 

Fig. 4 shows (y/f)/" against the 6 energies for the two most energetic 
B-branches; y is the fractional transmission and f a correction factor. 
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For the highest energy component we have obtained as maximum energy 
the value (2.38 + 0.08) MeV; while the second component would have an 
energy (2.15 + 0.11) MeV. 


Fig. 5 shows the spectrograms obtained by means of the grey wedge method; 


these spectrograms represent the differential spectra of the 6 pulses against 
the energy. 


In Fig. 5a)b)c) respectively, are shown: the f-spectrum of ?4T] 


(HE, = 0.765 MeV); the @-spectrum of *{3Ra in equilibrium with its decay pro- 


ducts (E, = 3.17 MeV); and the 8-spectrum of the *$RdTh in equilibrium with 
its decay products. 


spa "no iq 73 204 È 
Comparing this spectrum with those of TI and of Ra, and assuming 


the linearity on the energy axis it can be seen that it should have an endpoint 


energy (2.38 +.011) MeV in agreement with the value found by the absorption 
method. i 
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Therefore, we may assume that the upper energy limit of the $ transitions 
relative to the decay products of **RATh has a value ~ 2.38 MeV. 


The wind Th decay products, which disintegrate by emitting @-particles are: 
*2Pb for which the maximum f energy, corresponding to the ground 


to ground transition, has a value 0.582 MeV (1); 
Bi (66%) with a maximum f-energy 2.25 MeV (transition from the 


ground state of *;;Bi to the ground state OR POI): 
and STI. 


| The f-transition with energy ~ 2.38 MeV must, therefore, be vresent in 


log N 


logn log N 


a) 
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the decay of the latter, and it is reasonable to assume that it corresponds to : 
the transition from the ground state of *#T1 to the first excited state of “Pb. 

A support of this assumption is the existence of 6-y coincidences between a 
2.38 MeV B-branch and a 2.62 MeV y-ray. 

This has been experimentally verified, as described below. 

From the decay scheme of Fig. 1 we can deduce that the 1.79 MeV f-trans- 
ition is followed by y-rays and consequently ~-y coincidences exist associated 
with this 6-transition. 

Since the B-transitions, having an energy higher than 1.79 MeV, are only 
the 2.25 MeV £-transition of *5Bi (not followed by y-rays) and the 2.38 MeV 
8-transition of *Tl, the determination of the 8-y coincidence endpoint via the 
absorption method, is sufficient to verify that the 2.38 MeV f-transition is 
followed by the 2.62 MeV y-ray. 


Ngy(counts/s) 
10! x 2.67-10"| 


9 
8 


7 


écris te ra na Eo= 2.37 MeV 
. È aL DA 


In Fig. 6 is plotted the -y coincidence absorption curve; the number Ney 
of the effective coincidence pulses is represented against the absorber thick- 
nesses (mm of aluminium). | 


In this diagram the experimental points are indicated with their probable 
errors. 

The continuous line represents the total absorption curve, dashed line 
represents the background curve. 

From Fig. 3 and Fig. 6 it can be seen that the coincidence endpoint is, 
within the margins of errors indicated, the same endpoint of the 8 absorption 
curve. 

The value found for the f}-y coincidence upper energy limit is (2.37 +0.16) MeV 


Assuming that the total disintegration energy (T1 > Pb) is 4.99 MeV 
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(see Fig. 1) and since the energy value of the y-ray from the first excited state 
to the ground state of “Pb has been definitively determined (2.62 MeV), 
we can deduce that the acceptable energy value of the identified 6-transition 
ig 2.37 MeV. 


The grey wedge method described in § 2.2 has also been used. 
Fig. 7 shows: 


logn log n logn 


a) b) c) d) 
iosa 


a) the differential f-spectrum of *RATh, which has been obtained in 


a similar manner as the spectrograms of Fig. 5 (single spectrum); 


b) the same 8-spectrum, when the grid which drives the cathode ray 
beam is triggered by the total coincidence pulses (total coincidence spectrum); 


c) the same spectrum obtained as in b) by adding the beryllium absorber 
on the source (background coincidence spectrum); we can immediately observe 
that the effect of the background coincidences is negligible; 


d) the 8-spectrum obtained when the grid is triggered by the accidental 
coincidence pulses (accidental coincidence spectrum). 


The accidental coincidences are obtained by using two independent sources, 
one placed above each of the two detectors, conveniently separated from one 
another, The number of the pulses detected by each counter was the same 
as in the case of Fig. 7 db). 

All of the spectrograms of Fig. 7 are obtained with the identical degree 
of brightness of the oscillographie patterns, using the same photographic 
diaphragm, and with the same exposure time corresponding to ~ 160000 pulses 
from the the coincidence circuit. 

Comparing Fig. 7-a and Fig. 7-b we can deduce that the total coincidence 
spectrum has the same endpoint energy (= 2.38 MeV) as the single f-spectrum. 

We can observe in Fig. 8-a the total coincidence spectrum, when a suitable 
aluminium thickness, which stops all the B-particles having an energy lower 
than 1.8 MeV, is placed between the source and the 6 detector. 
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Fig. 8-b shows the same spectrum as in Fig. 8-a when the source is covered 
with the beryllium absorber. 
In both cases the accidental coincidence pulses did not darken the film. 


log n 


a) b) 


Fig. 8-a and 8-b, although the films are only slightly darkened, confirm 
again the existence of B-y coincidences relative to 6-transitions having energy 
higher than 1.8 MeV. 


4. — Discussion. 


From the experimental results of $ 3, we may deduce that: 


1) either no transition or a very weak B-transition (< 1%) from the 


ground state of *T1 to the *Pb ground state is present; 


2) a 2.37 MeV f-transition to the first excited state of Pb certainly 
exists. This f-transition is followed by a 2.62 MeV y-ray. 


With a more complete analysis of the 8 absorption curve by the f— n-th 
power method it is possible to identify other @-branches and to determine 
the relative intensities (branching ratios) of the higher energy components. 

This analysis is reproduced in Fig. 9. The plot of (y/f)!!" against the energy 
is obtained from the £ absorption curve (the background curve was subtracted 
from the total absorption curve of Fig. 3) and from the fourth approximation 
used to determine the endpoint energy of the *° RATh 8-spectrum. 

The relative intensity of the 2.37 MeV £-transition should be ~ 1.50% 
of the “TI 6-disintegrations. 


The (2.15 + 0.11) MeV f-branch, corresponding with reasonable certainty 
to the 2.25 MeV f-transition from the ground state of *3Bi to **Po ground 
state, should have, according to our analysis, a relative intensity # 2.6% 


0 
(this intensity is referred to the “Bi 8-disintegrations). 
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The 1.79 MeV 8-branch of °%T1, suggested by the shape of the curve of 
Fig. 9, should have a relative intensity = 22% of the “STI (-disintegrations., 

The breaks in the (y/f)/" plot indicate the presence of other {-branchess 
having the following energies: 1.52 MeV; 1.25 MeV; 1.12 MeV; 0.91 MeV;; 
0.63 MeV; 0.34 MeV. 

These &-branches correspond to @-transitions of the nuclides “Pb, ie À 
A 

More specifically the B-branches 1.52 MeV, 1.25 MeV, 0.63 MeV, 0.34 MeV! 
agree with the values of the f-transition energies, already known from the: 
existence of the y-levels (1). 

These f}-transitions are: 


1.53 MeV (Bi); 1.51-MeV (TI); 
1.28 MeV (TI); 0.64 MeV (Bi); 
0.344 MeV (Pb). 


In conclusion if we take into account the values of the relative intensities, | 
as indicated above, of the 2.37 MeV and 1.79 MeV transitions of “TI, and| 
2.25 MeV of "Bi, we can deduce, according to Moszowski’s method (1), the. 
values of log ft and of log (Wì — 1)ft. 

The results are summarized in Table I. 


TABLE I. 
| Transition | Relative 4 3 Parity 
Energy Intensity| Nuclide log ft Ilog(Wi—1}ft| J Change Type 
D TIME ie 1.5 OF STO 9.1 O or yes | First forbidden 
| 1 or or 
| 2 unique first forb. 
MIO MeV) 22:06 1) 22 Te 519 aa 0 or yes | First forbidden 
1 
| 2.25 MeV | 2.6% (22 Bi aie 63 9.9 2 yes | Unique first for- 
| bidden 
* * * 


We should like to express our thanks to Prof. E. PERUCCA for his helpful 
interest. 


(4) S. A. Moszowski: Phys. Rev., 82, 35 (1951). 
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This research, as well as its previous developments, were made possible 
by the financial support of Consiglio Nazionale delle Ricerche. This valued 
aid enables us to make use in our researches of a first class oscilloscope. For 
this the authors wish to express their gratitude and appreciation. 


RIASSUNTO 


Lo spettro del e DI è stato studiato con il metodo dell’assorbimento, con la tecnica 


delle coincidenze 8-y, e con l’esame di spettrogrammi ottenuti all’oscillografo, facendo 
uso di un cuneo neutro. La sorgente radioattiva usata era #RdTh, in equilibrio con 
i suoi prodotti di decadimento. I risultati ottenuti mostrano l’esistenza di una transi- 
zione 8 di energia 2.37 MeV dallo stato fondamentale del T1 al primo stato eccitato 
del Pb; questa transizione avrebbe una intensità (branching ratio) di & 1.5 %, ed 
è seguita dal raggio y di 2.62 MeV. Si è confermata inoltre l’esistenza della transizione 
1.79 MeV (intensità ~ 22 %) e delle due transizioni 1.51 MeV, 1.28 MeV, queste ultime 
note dall'esistenza dei livelli y associati. Si è determinata una transizione è (2.15+0.11) MeV 
da ascriversi al decadimento del *33Bi, di intensità pari al 2.6 % delle disintegrazioni 
del "Bi. Il valore dell'energia trovato è in accordo con il valore 2.25 MeV determi. 
nato da altri autori. Si discute infine il tipo delle transizioni 1.79 MeV e 2.37 MeV del 
2087] e della transizione 2.25 MeV del (BI 
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A Simple Non-Local Quantum Electrodynamics. 


PASENSE) 
Dehra Dun, India 


(ricevuto il 12 Dicembre 1955) 


Summary. — The Dirac-Maxwell equations are modified, according to 
WATAGHIN, by displacing the fields at the point of their interaction by 
introducing displacement parameters. When these parameters, which 
are taken to be small, tend to zero the original Dirac-Maxwell equations 
are obtained. The original charge renormalization program, the theory 
of Feynman «cut-off» and Yukawa’s non-local theory of particles 
with internal structure and the consequent convergent quantum electro- 
dynamics can be considered as special cases of these modified Dirac- 
Maxwell equations. By combining the methods of these processes a con- 
vergent quantum electrodynamics, in which the original Feynman graph 
integrals are modified by the multiplication of a simple modifying factor, 
is obtained. This is illustrated by the calculations of second order Feyn- 
man graphs. It is then suggested that these equations can be considered 
to be free from the need of charge renormalization and the actual charge 
renormalization is due to the use of the Born approximation. 


1. — Introduction. 


The divergences of the Dirac-Maxwell equations have been eliminated in 
several independent ways. The most successful treatment which has given 
quantitative confirmation is that of mass and charge renormalization and 
has been extensively developed by SCHWINGER (1), FEYNMAN (2) and Dyson (3). 
Here all the divergences of the Dirac-Maxwell equations are shown to be 
contained in physically insignificant terms which ean be unambiguously re- 


(*) Now at Istituto di Fisica dell’ Universita, Torino. 


(1) J, SCHWINGER: Phys. Rev., 74, 1439 (1948); 75, 651 (1949); 76, 790 (1949). 
Proc. Nat. Acad. Sci., 37, 452, 455 (1951). 

(2) R. P. Feynman: Phys. Rev., 76, 749, 769 (1949). 

(*) F. J. Dyson: Phys. Rev., 75, 486, 1736 (1949). 
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moved and the remainder is found to be a finite physically significant contri- 
bution. However these seperations by means of mass and charge renormal- 
ization are complicated processes and there is always a wish to modify the 
Dirac-Maxwell equations so that the renormalization terms are removed in 
the beginning or the end and not at intermediate steps of the calculation. 
To do this FEYNMAN (24) proposed a «cut off » theory, which was generalized 
by PAULI and VILLARS (5). Here there are no divergences higher than the 
logarithmic, but the necessity for mass and charge renormalization remains. 
The finite physically significant contributions are found to be independent 
of the actual cut off and to have the same values as obtained by the first method. 
But the modified equations are very different from the original Dirac-Maxweil 
equations and these alterations do not appear to be justified due to their non 
physical and purely formal nature and when there is a lack of certainty in 
the method of approach, as in the meson theory, the original method of re- 
normalization of Schwinger, Feynman and Dyson seems to be preferred. 
Then YUKAWA (5) has suggested that a non-local theory, in which an ele- 
mentary particle has an internal structure, leads to a non divergent quantum 
electrodynamics. 

To obtain a convergent quantum electrodynamics, WATAGHIN (7) has sug- 
gested the use of modified Dirac-Maxwell equations obtained by displacing 
the fields at their point of interaction. Now let us consider such a set of Dirac- 
Maxwell equations, each of which are modified from the original one by the 
introduction of a vector parameter. When these parameters are put equal 
to zero, the original Dirac-Maxwell equations are obtained. Let these addi- 
tional parameters introduce modifying factors which eliminate all the di- 
vergences of quantum electrodynamics. The nature of the parameters is un- 
specified. They may be chosen within the coordinate field of the original 
Dirac-Maxwell equations and then they will correspond to a «eut off », or they 
may be considered to be vectors in an independent set of coordinates and 
then, in accordance with YUKAWA, they can be taken to represent the in- 
ternal structure of the electron and the photon. Furthermore let the con- 
tributions of the finite physically significant parts be independent of the 
vector parameters. Thus we obtain for them the values obtained by SCHWIN- 
GER, FEYNMAN and DYSON. 

Such a hypothesis is stated in § 3 and is illustrated with second order cal- 
culations in $ 4. This procedure has the advantage that, due to the unspecified 


(4) R. P. Feynman: Phys. Rev., 74, 1430 (1948). 

(5) W. Pauri and F. VILLARS: Rev. Mod. Phys., 21, 434 (1949). ; N 

(6) H. YUKAWA: Phys. Rev. 77, 219 (1950); 80, 1047 (1950); D. R. YENNIE: Phys. 
Rev., 80, 1053 (1950). | 

(7) G. Waracuin: Nuovo Cimento, 8, 592 (1951); Zeüts. f. Phys., 88, 92 (1934). 
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nature of the parameters, we can follow either of the three methods as a guide 
and check to our caleulations and can combine the advtanages of all of them 
into a single development. Thus if we put the parameters equal to zero we 
find ourselves dealing wtih the original Dirac-Maxwell equations and, for the 
second order Feynman graphs, with the calculations of KARPLUS and KROLL (8). 
But with small finite values of the vector parameters all the terms become 
finite and the renormalization can be deferred to the end of the calculations. 
By means of this we find that the infrared divergences of the KARPLUS and 
KRroLL calculations are due to the necessity of an early separation of the di- 
vergent terms and can easily be avoided. Then when working analogously 
to the «cut off» theory (45) we can adopt the auxiliary Yukawa conditions 
without referring to the internal coordinates and use them instead of the 
PAULI and VILLARS regularization scheme to obtain conservation of charge 
and gauge invariance. Thus the physical significance of these parameters 
remains undecided and this problem has been discussed by WATAGHIN (°). 

Of course in an ideal theory of the electromagnetic field there should be no 
use of the renormalization program. We will find that it is possible to take 
a step towards this because the absolute value of the vector parameters remains 
quite arbitrary in the statement of $ 4. Then we can choose these absolute 
values so that the second order vacuum charge renormalization and the charge 
renormalization due to the second order electron self energy Feynman graph 
are zero. Then there is only vertex charge renormalization for the second order 
graphs. Of course this is only implicit since the second order electron self 
energy and vacuum polarization charge renormalization expressions are actually 
found and then those values of the arbitrary parameters are chosen which 
make these expressions zero. Now we may choose those values for these 
constants which make the sum total of charge renormalization for all orders 
of electron self energy and vacuum polarization zero. Then utilizing Dyson’s 
conjecture (*!°), that the total charge renormalizations for the electron self 
energy and vertex graphs are Z, and 1/Z, respectively, the modified Dirac- 
Maxwell equations can be considered to be free of charge renormalization and 
the actual charge renormalization in the second order calculations can be 
considered to be due to the use of the Born approximation in them. 


2. — The General Propagation Operators. 


In this section we shall introduce the notation and state the results of 
FEYNMAN (?) and SCHWINGER (!), which will show how the Dirac-Maxwell 


(8) R. KaRrPLUS and N. M. KroLL: Phys. Rev., 77, 536 (1950). 
(9) G. WATAGHIN: Nuovo Cimento, 10, 1618 (1953); 12, 103 (1954). 
(10) J. C. WARD: Phys. Rev., 78, 182 (1950). 
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equations have been modified in the next section, and make more obvious 
the results obtained from them. Let 


| HG) = Yu orta Uh" (Ly) + x; LD (cv Sa + idda'(a.) — x, 
Hi Me 
H'°x Q Ss 1 Ty IC 0 ‘A1 

(du) Va ST ale tha (Hn) FA; H (& y) = De - 140 (&,) CLS 

(1) a 

C = lo) 
A(x,) = Jr STR TX) H(x,) Vu Aire ad ia 
ke wu 
= € MC Rise ri Fr. 
À = Ke? ie eis 4 (Lp) = YoAg(Up) - 


The barred operators H(x,), H'(x,) and H'.(#,) are arranged to operate towards 
the left. Whenever there is no ambiguity the notation (1) for the space time 
point &,(1) = (r, ict) (1) and (12) for the vector æ,(1) — æ,(2) is used. The 
real time coordinate x, = «,/i = ct is also used. Then the Dirac-Maxwell 
equations are 


{ H'G)y' (1) =o, Y'A)H'(1) =0 
H'e(1)y"(1) = 0, pe(l)H',(1) = 0 
H(1)y(1) =0, y(1)H(1) =0 
(2) x 
CR) 4,0) =— = (j,(1) + J'u(l)) » AO me 107 
dai 9 st 
a1, A)" =0, Al, AT 0 


and the Feynman Schwinger propagation operators are defined by 


| H'(1)K'(1,2) — iô(12), H(A)K(2)— iô(12) 
w | K'(1,2)H'(2) =—76(12), K(12)H(2) = —i9(12) 
(3) 5 è 

| H°(1)K'(, 2) = -idò(12), = H(1)K(12) =— iò(12) 

[PK (1, 2)H"(2) = 642), K(12)H(2) —  iòd(12) 
and 

| L,,(à, 2) == Ly, 2) 

D?(1)L/,(1, 2) = the d,(12) + ikea | (A, 3) L1,13,2) 48, 

(4) 


| D2(2) 0/1, 2) = thed,(12) + then? | jah BT old 2)d3, 


| ù 
| D2(1) Lyy(12) = thie dyo(12) = D*(2) Lu(12), 


26 - Il Nuovo Cimento. 


394 P. SEN 


where 


(5) HT,,(1,2) Try, K'(1, 2}y,Æ'(2, 1) 


and the integrations in (4) are over the whole x(3) space. 
Then the corresponding integral equations are 


(6) KU, 2) = R12) + 2] K(13)a'(3) K'(3, 2)d3, 

(7) K'(1, 2) = K(12) + | 113) a'(3) "8, 2)d3 , 

(8) Lig, 2) = Ly(12) + x) [2 03), 4) L;,(4, 2)d3 d4, 
4 7 Dec 5 cu 

(9) jul) = Try, (CE, 1) + K(1,2))} = 


= ie A (2) [Ty,(2, 1) 2 — ea Hy (1, 2) 4/2) d2 


These Green’s operator functions are related to the electron and photon fields : 
by the relations 


| 
| =={f 

(10) | Kya 2 vp (2)pe (1) for 2(1) > %9(2) 
| 


a) lites È 
Wy a Pp (2) for Lo(1) < do(2) 
ed he | A (1)4,(2) for (1) > %o(2) 


|: ::4/(2)4 (1) for Jaca) 


Then it is known that the expectation values of (12) and L,,(12) for the 
vacuum state Y/, of the free electron and photon fields are 


(11) (W,, K(12), Wa) = 48,(12) =— (4, K(12), Wa) 
- 
(12) (Po) Luo (12), VA) 2 0, D (12) 


Furthermore the transforms in momentum representation of the propagation 
functions K(x) and L(x) are defined by the relations 


uv 


(13) K(x) = —— | K(p) exp[— ip-æ]d#x, 
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ae nf 
(14) Dla) = — dur] LP) exp (— ip-a] d4a 
and when the expectation value for the vacuum state Y, of the free electron 
and photon fields is taken 


il 
5 rite 
(15) K(p) RE 
iL 
(16) L(p) == p? 5 


3. - The modified Feynman Propagation Operators. 


We shall begin the modifications of the Dirac-Maxwell equations by re- 
placing A/(1) in the Dirac equation by A,(1—b,) + 4,(1+,). The photon 
field in the interaction term is displaced by means of a four vector b,, which 
is assumed to be small. Then in the limit b,, +0 we obtain the original 


Dirac equation by letting A,(1) = 2A4,(1): The modified Dirac equations are: 


H(1)K"(1, 2) — iA(a"(1 — 6.) + a"(1 + DL 2) 0 (12) 


K"(1, 2)H(2) + i2H"(1, 2)(a"(2 — b.) + a"(2 + b,)) = — i0(12) 


H()K"(1, 2) + iA(a’(1 — b,) + a"(1 + b.))K'"(L, 2) = — id(12) 


| 
| 
(17) | 
Mr | | 
| K"(1, 2)H (2) —iAK" (1, 2)(a"(2 —b,.) + a"(2 + b.)) = 16(12) 


The modified electron propagation operators are represented by K"(1, 2) 
and replace K'(1, 2). Thus the integral equations corresponding to (6) and 
(7) are: 

(18) He (ligne EEA IZ à] K3)(a" -b,) + a"(3 + b,))K"(3, 2) 3, 


| 


M9) K'(1,2) 


I 


K(12) + afose _ b,) + a"(3 + b,))K"(3, 2) d3 


and when b,., is put equal to zero, they reduce to the original Feynman integral 


equations. 
In order to show the part that the displacements b,, play here, we obtain 
from (18), as for the Feynman integral equation: 


20) K"(1,2) = K(12) + a] K(13)(a"(3 _b) + a"(3 + b,))K(82) 43 + 


mn 2 | [asa — 0.) + 


+ a"(3 + b,)).K(34)(a"(4 — b.) + a"(4 + b.))K(42) 43 d4 +... 


È | 
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Here we are interested in the internal electron and photon lines only and: 
wish to obtain such an expression for them, that the divergences of quantum 
electrodynamics are eliminated without altering the physically significant | 
results. Indeed those K(a#) in (6), which represent external lines, have to be: 
replaced by (x) or y(x). In Feynman’s calculations the product A,(1)4'(2) | 
is replaced by the general propagation operator L, (1, 2). This operator obtains : 
its propagation character through simultaneous absorption and emission ati 
“o(1) = %(2). Now we shall replace this by the hypothesis that the absorption | 
and emission at %(1) = %(2) actually occur at DL) @, (2) Ue and | 
2 (1) + 0.45 (2) +5,,, respectively. Thus the product (4,(1— b,)+A,(1+0,)) : 
(AVA b.) + AI Lb.)) leads to the propagation operator E — b,24b,)+. 
EL, -Lb,,2—b.) and this replaces the Feynman-Schwinger function Loi 2) 
in our work. We note that when b,, is put equal to zero, IUT 2) = 21, (1; 2). 

We first displaced the photon field by means of a four vector b,, and have! 
then stated that when the electron and photon fields interact at the space: 
time point #,(1) the consequent absorption of the photon is in advance of! 
(1) or the emission is retarded from (1). While this suggests that the: 
electron has an internal structure whose extension is given by the four vector: 
b,,, it is not incompatible with a point electron where b,, is a function of the: 
momentum of the electron. We shall show that d,, does not appear in the! 
physical observables and its significance remains undecided here. 

Although we have stated our conclusions in the Feynman notation, perhaps} 
a simpler and more direct statement can be given by following the procedure: 
of Dyson (*) and constructing the S-operator from the interaction term 


1 Ji ant Sol; A > 
21) Æ(1)=— 233 (1)(a"(1-d) +a"(1 +b.) yp" (1) + pe )(a"(1—b,) + a"(1 +b.) yp"! 


The two terms in (21) are equivalent and we need to consider twice the first! 
term only. Then the S operator is: 


ee ee ES ICE 
(22) MSs) = > Ga |. Poe — ba) + a%(1 + b.))w(1), … 


nel n 5 


…, P(M)(aUn — b,) + an + b.))p(n)) AI … dn,: 


where .17(1) is the representation of A,(1) in the interaction representationi 
and we note that A,(1) = dA) We also note that the time ordering in 
the P product is not influenced by the displacement b,,, Since it is considered! 
to be a function of coordinates which are independent of the space configur- 
ation coordinates. Now we use the hypothesis that in the internal line! 
<P(Ax(1-—b,) + A4f(1+5,), 45(2—b.) + 4%2+d,)))» which consists of ab 
sorptions and emissions, the absorptions take place at Vy(1) — 6,,,, or C,(2) — De, 
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and the emissions at w,(1)+d,, or @,(2)-+, Then following the Dyson 
procedure we obtain the same results as obtained above in the Feynman for- 
mulation. 

We note that the interaction term (21) does not modify the internal electron 
lines and the results for closed electron loops will remain unaltered. To modity 
these also we shall introduce the other displacement parameter b,, to modify 
the current operator j,(1). Consider the vector 


fm) 4, b,) =— oe Den Hie = be db), 


where d. is the second vector parameter of our theory. Now 


Poll 


(24) ré, a RT) 
ni 
i — be = 0,)) REED, Tos) 


p 


and in order that the induced current vector be conserved we define it as 
(25) jdt) = FAL + Bp) + (eda) : 
Then we obtain 
0 


(26) an, ju(Lap= 0 - 


When the approximate values of 7,(1) are calculated, then in order to main- 
tain the conservation of the current vector it will be necessary to postulate, 
in the momentum representation, the auxiliary condition 

(27) b,: A°(p) = 0, bo pA(p) = 0. 

Then we have the Lorentz condition 

(28) p:A"(p) = 0. 

Analogously we can postulate the auxiliary condition 


(29) (b,-p)P,= 0 : 


for the electron field. 
; ; à: er DANS 
Such anxiliary conditions are included in Yukawa’s non local theory (°) and 


398 P, SEN | 


replace the regularization conditions of PAULI and VILLARS (5) in the « cut off »» 
theory. In the limit of 6,,, b, 0 they vanish and we note that no auxi-- 
liary conditions are used by SCHWINGER, FEYNMAN and Dyson. We have: 
determined the conditions (27) to obtain charge conservation and gauge in-- 


variance. We note the agreement with Ward’s relation (1) 


Fr 


(30) ZA ein 
4 “ 


DIAL 


Here > (W, p) is the contribution of a proper self energy graph W and) 
A,(V°, p, p) is the contribution of a vertex graph V° obtained by inserting a; 
photon line of zero energy and momentum in any of the electron lines. 
A,(V° p, p) is summed over all V*. It is shown in the next section that the: 
auxiliary conditions satisfy these requirements for the second order Feynman 
graphs. However the relation suggested by KARPLUS and KROLL between: 
the second order electron self energy charge renormalization and vertex charge; 
renormalization is found not to hold. 


Now 
Re Tr Pal Ril brio I 
iech , a e 
- TL "(1-+b,, 4)(a"(4—b,) + alla + 6) A A 0) ae 
di "( 
= eff as bo; 1-—by\yi,K "(1 D, 4 Eb, ad D, bse 
3 a"(4+b,+b,))+K"(4 cA be = Davie Al 05 a -b,)(a"(4 de b, 0) i 
+a"(4--b,+b,))} dd | 
Or 
>» n iecd [ 5 
(32) GAS Op) a = IT (1, 4, 65)(Aj(4—b.) + À,(4 + b.)) dd 
where 


D 


(33) 11,0, 4, b,) = Tr{K'(4+b,, 1—b,)y K'(1+b,, 445.) + 
+K'(4—},, 1—by)y, K'(1+b,, 4b), 


on account of (26). This leads us to postulate 


(34) DADA a) + ARAL +6) = Lg) 
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and 


e- 


De(1)2L/,(1,2) = ikcd, (12) + ined? |IT, (1, 4)2L",(4,2)d4, 


ua 


(1, 4) IT: (4, 2)d4 ; 


ua 


C2(2)27/,(1,2) = He Dy d(12)+ilcd® | 21, 


Dhiere 11, (1, 4) — 17 


pa 


podl, 4, By) + IT,,,d1, 4, — by). The factor 2 appears in 
these equations as each of the two constituents of A(1),), A,(1--b,) and 
A,(1 + 6.) can combine with A.(2+5,) and DA; ap) of A\(2) respectively to 
form a L’,(1, 2) in the limit when b,, tends to zero. The modified L,(1, 2) 
is defined as one half of the photon propagation operator of § 2. Then 


I Ï " Nv 
(36) Li,(1, 2) = > Lur(12) + x | [Lux(13) 1,(3, 4, By) Ei (4, 2) A3d4.. 


The integral equations (18), (19) and (36) for the modified general propa- 
gation operators are our final results and replace the Feynman-Schwinger 
integral equations (6), (7) and (8). The overlapping of singularities which 
introduces the ultraviolet divergences has now been removed by means of 
displacing them through a distance b,,, or bu and this is the only alteration 
that has been made in the modified Dirac-Maxwell equations (17) and (34) 
or in the modified Feynman-Schwinger equations (18) and (36). Indeed they 
revert back to the original equations when 6,’s are put equal to zero. This 
provides a constant check with the results of FEYNMAN, SCHWINGER and KAR- 
PLUS and KRroLL. When these integrals are evaluated, as is usual, in the mo- 
mentum space the modifying factor introduced by means of the displacements b, 
appears as a Fourier rearrangement factor for the energy and momentum of 
the internal lines. The high energy oscillations, which are the cause of the 
ultraviolet divergences when the calculations are performed in the momentum 
space, no longer have their contributions added up, and their signs get so 
arranged that these contributions cancel each other. But the finite low energy 
parts are not affected and remain the same as before. We shall illustrate these 
remarks by repeating the second order calculations of KARPLUS and KROLL, 
but we shall obtain some results which are significantly different from theirs, 
apart from the convergence of the integrals. 


4, The Second Order Functions. 


(ji ‘ ! . ‘ n rortox 

We shall now evaluate the values of A'(1, 2), L(A; 2) and the vertex 
operator A,(1, 2) up to the second power in Z. Some of the integrals that 
occur have been solved in the Appendix. These second order calculations have 


+ 
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been done repeatedly and we can follow the old procedures very closely and: 
obtain the usual results. However these results will be a little different since : 
the auxiliary conditions lead to different boundary conditions. But it is simpler : 
to make the evaluations directly as all the integrals are convergent now. This | 
permits a later separation of the renormalization terms and we shall find that 
this procedure eliminates the infrared divergences which appear to have been 
caused due to manipulation of infinite integrals. Of course the values of the : 
physically significant contributions remain unaltered and it is seen that these : 
values are independent of the value of b, as long as bx is taken to be < 1. 
In this section the steps of KARPLUS and KROLL (°) are closely followed. 

The expression for K'(1, 2) up to the second power of A, when no external | 
electromagnetic fields are present, is 


(37) K©(1,2) + K@(1, 2) = 


| | K(13)y,,K(34)y,K(42)(Ljo(3 — 2b, —4)+L,,(8 + 2b, — 4)) 43 d4 


2 
= ru) + È 


and in the momentum representation it becomes 


= i 3 DI ee dean È o ; (04 ] : ES A È 
nil p? +x? exp E PA, (12)]+ An ren [asp ath exp a ipe(12)]- 


re] iy: (p— k)— x cee PE 
p? +2 Vu (p dr ky)? Lx? Vu k2 p? Lx? di 
We note that 


un Wi(p—k)—x cos 2b,-k 
(33) arty, È AT, ape à = 


1 


PPT (ip -p+x)(1— u)—iy-k + x(1+u) | 
= — 2 | are [a (ep cos 2b,-(k + pu) = 


0 


= — 2 au ((iyp + #)(1— u) + x(1 +u))i272K,(2b,A.), 


2 


where 
(39) Ab = nut (pit x2)u(l — 4). 


Here the integrals over k, have been evaluated in the Appendix. The 
surface integral that appears when the variables of integration are changed 
is zero. Here we have used (29) and (A. 8). Let us now assume that b,x< 1. 
Then using the relation (A.5) the « integration ean be easily done and we 
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È aa : ee iyp— x 
(40) ES) er dip exp [— ip: (12)] ve : 
dr (2x7), : PS as ets 


FR om =| 
p° x? 


2 + 2 Inyb.x + 


] n2 2 2 x? 2 #2 
— - = + In ybex +: (Pome + e in LT? |! 
2 2(x2— (p?+ x2)) 24 x? 


"2 2 me — #2 
+ (iy-p + | -2 +2 In yb. + ss mn? LS | 


p HE 
(—5 + my ae Pa - + ee a EE A : 
2 2(x2— (p?+ x?)) 2p* x J | p?+x? 
Then the mass renormalization term is 
19) 


| 
— 


vy an XK 7 
(41) dm A (3 In yb,x — 5 
and the charge renormalization term is 
9) @)(7 x 1 
(42) §2(Z) = =m vb 5) 


To make the charge renormalization zero we must take 


i 
(43) pregato 
Me 


The remaining part of K®(12), which only is physically significant, is seen 
to be independent of b,,, as long as b,x is taken to be much smaller than 1. 
This feature of the theory is repeated in the other second order calculations 
and is similar to the results obtained by the use of the «cut off » procedures, 
for there also the physically significant quantities are found to be independent 
of the actual cut off. 

Next, the expressions for Dia di 2) up to the second power of À, when no 
external electron lines are present, is 


2 Re € 
(44) L (12) +4 | [2,05 Tr (K(4 — 2b, —-3)y.K(34)y; 


K(48)y.K(3-+2b, ~4)yp) La (42) 48 dd 
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and in the momentum representation it becomes 


| ihe Di xp 012) ee ( -ihc\? 
pee. dus] es 


p? 2 
| fama exp [= ip: (12)] mr (En iy: (p +k) 4 
Lago p° | 


free TF ++ LE y» exp [ 200, k]+ 


BEI STA AE i 
Da a eee a a exp [— 2%b,- Al). 


(46) Tr (ty: k —x)y (ty (D +k) — yy = 


= Tr (—iy-(p +k) = #)y,(— wk — yy, = 
= AE k, Ep, + kypp— Oglk? + kop + %?)) 


and the second term of the expression (45) is equal to 


‘7 che [fau ay, OXP [— tp: (12)] 
(4 { ) Cr | dip atk RE pa pn . 


Zkyky LE kyDy a kyPu— On (kh? + k-p + x?) 
(k2 + 22)((p + k)?-+ 2?) 


cos 2b,-k = 
1 


ZANE "_. exp (— ip-(12)]: 
= omy | [ava au n e : 


: 
2Ruho + kuPy + kybu - Ouo(k®+ kop + x?) cos 2b,-k = 
(+ pu+ Ae)? So 
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where 
(48) A = x2+p'u(l — 4). 
We note that on account of the Yukawa auxiliary relation (27), Li (12) i 


gauge invariant, and the photon self energy becomes zero. Indeed the CR 
auxiliary conditions were determined by these requirements. 
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lo evaluate the vacuum polarization term, we find that for b,x< 1 


al 
(49) 3fau u(U == ) K,(20,A,) = 
0 


$ dx? m2\k pil (4x2 + 2\3\ 
esa Dh 


P p° 2 
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Then the charge renormalization due to the second order vacuum polarization 


term is 
{A 2)(7 = a de A 10 
po) DONS aa ey 


and to make it zero we must put 


(51) b, — 1-66 Les 
me 
Finally the zero and second order contributions of the vertex operator 
(52) A1) =|Ka, 3)y, K(3, 2)43 , 
which describes the scattering of an electron by an external potential are 


453) APA, 2) + APG, 2) = [ 113)», K (32) a3 + 
+ À? [|| kana — b,) + a%(4 + b.)) K(43)yu K(35)(a°5 — bd.) + a%(5 + b,)): 
ki - K(52) d3 d4 d5 . 
In the momentum representation we obtain 
(54) AMA, 2) + APU, 2) = 
x oop fava exp[—ip'-(1)— ip"(2)] 
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where 


(55) Lyp',p')= — | waw {anf ass cos 2b,- (k + u(p'v + p"(1 — »)))- 
290 


Yok Bp 481 — ue (08/2) + 2,9 Di 


(ke + A3) 


vy 


and 
; | (56) A} = u{x2+ (p’ — p")? v(1— ©)) 4 


+ u(1 — u)((p'2+ 22)0 + (p'2+ x2)(1 — v)) 


and Æ,(p', p", u,v) is the same as defined by SCHWINGER (!), KARPLUS andi 
KROLL (8). 

From (54) we obtain Schwinger’s value for the anomalous magnetic momenti 
of the electron and the calculations of BETHE (*) and FEYNMAN (?) of the 
Lamb-Retherford shift remain uanltered. So among the second order cal- 
culations only the charge renormalization due to the vertex Ad 2) still 
remains to be calculated. As before we can avoid the infrared divergence of! 

the Karplus and Kroll calculations by carrying out, in the relevant integrals,. 
Ps the integration with respect to « first, and then separating the normalization 
Er: terms. All the normalization terms of A{?(1, 2) are contained in the integrali 


È 1 1 
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(7) H. A. Berne: Phys. Rev., 72, 339 (1947). See also M. BARANGER. H. A. Bevui 
and R. P. Feynman: Phys. Rev., 92, 482 (1953). 
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Thus the charge renormalization term is 


(2) SE. = 5 
(59) 627) = on In yb. Ab 
It differs from the second order charge renormalization due to the self 
energy Feynman graph (42). This difference is accounted for by considering 
the ferm 


((iy:p + x)? — 2x(iy- p+ x)) In DOLO ; 
4 


a+ x, pria I 
Reale  —- 
x? DCE x 
from the contribution to the electron self energy graph. We note that it does 
not contribute to charge renormalization, Now differentiating it with respect 
to p, we obtain 
0 p2+ x? m2 1 2 
i Pat In ee 
Op, #° 


(61) 


% ; 4 2 | x? 
(Gy D + Yat YaltyP + 4) = 2x9) (1 ain =) 


‘and we obtain a vertex charge renormalization which is just equal to the dif- 
ference between the electron self energy and the vertex charge renormalization. 


5. — Conclusion. 


We have been able to show that from the modified Dirac-Maxwell equa- 
tions (17) and (34) we obtain a finite quantum electrodynamics. The Feynman 
graphs of the original Dirac-Maxwell equations are altered by multiplying 
the internal photon line or one of the electron lines in a closed loop by a 
modifying factor. The modifying factor, by displacing the over-lapping diver- 
gences in the coordinate space and rearranging the high energy oscillations 
in the momentum space, leads to finite results for all processes. The second 
order physically significant results obtained from them are the same as those 
obtained from the original Dirac-Maxwell equations. They are obtained more 
directly and the infrared divergences of the latter equations are explicitly 
avoided. Furthermore the arbitrary parameters b,,, and b,,, Can be so chosen 
that second order charge renormalizations due to electron self energy graph 
and the vacuum polarization are. zero. ad TE 

The Feynman «eut off» theory can be considered to be a generalization 
of the original Dirac-Maxwell equations and in the limit of no cut off it reverts 
back to them. Yukawa non-local theory in which the elementary particles 


Pa 
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have an internal structure can be considered to be a generalization of the 
«eut off» theory where the cut off vector of the usual coordinate system is 
replaced by a vector of an independent set of coordinates. This generalization 
permits us to introduce the auxiliary Yukawa conditions in a simple manner, 
A synthesis of these three approaches has been attempted here so that with 
suitable limiting processes we can use either of the three methods. But as 
the work has progressed we have moved towards the more general basis in order 
to account for larger data, so that finally it has become necessary to choose 
the most general theory. In another paper it is shown that we can obtain a 
reasonable spectrum of the masses of the elementary particles from the internal 
structure of the elementary particles and thus we have obtained additional 
evidence in favour of Yukawa’s theory. 

The electron and photon structure factors b,, and b,, appear only in the 
non-significant quantities and we are unable to obtain a physical picture of 
their structures. Only when it is postulated that charge renormalization does 
not, occur for the modified Dirac-Maxwell equations, we obtain a partial phy- 
sieal magnitude for them. While charge renormalization can be eliminated 
from the second order Feynman electron self energy and vacuum polarization 
graphs, it is not possible to do so simultaneously for the second order vertex 
graph also. However the charge renormalization term for it is independent 
of the structure factors and, as suggested in § 1, it is possible that the use of 
Born approximation is responsible for the actual charge renormalization. The 
simplest physical magnitude for a particle is the radius of a sphere and from 
the second order calculations we obtain a reasonable value for b,, which is 
~h/me, but the corresponding value of b,, which is also & #/me, does not 
appear to have a physical significance. 


+ % os 
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APPENDIX 


Some integrals that appear in the text are evaluated here. Utilizing the 
results (12) 
(A) bl (3)K,(b) __{ cos Doky 
Dy + 522) (kaze) 


0 


(2) G. N. Watson: Theory of Bessel Functions (Cambridge, 1952). 
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Here b-k=— bolo + bik, + b,k, + bsk3. We note that the integrand is sym- 


netric in k, and all the terms in the expansion of its numerator which have a 
in b,k, factor become zero. We can check that in the limit b, > 0, we obtain 


¢ 1 ist? 
AA) i dk (e+ A) = 34? 


since for 0<y<1 


(A.D) K (y) + In 
yy 
(A.6) Rely ae Lo RE menta 
4 Y 


where y = 1.781. This is in agreement with Feynman’s result and we note 
that for small b, it is independent of b,. We obtain from (A.3) 


È cos bk i 
(A.7) [are Ge A2)? = K,(bA) 


and the integral is seen to be finite and has the expected logarithmic diver- 
gence in the limit b, +0. 


Furthermore 
È cos dk | 
A. kl, = = 0 
(A.8) fatele garan 


due to the oddness of the integrand. Utilizing the results 


0 Db, Da r 
| ay Kalb) = eee KA) — 3 Ky(bA) , 
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Si modificano, secondo WATAGHIN, le equazioni di Dirac-Maxwell spostando i campi | 
nel punto della loro interazione per mezzo dell’introduzione di parametri di spostamento. ; 
Quando tali parametri, che debbono risultare piccoli, tendono a zero, si ottengono le è 
equazioni originali di Dirac-Maxwell. Il programma originale di rinormalizzazione * 
della carica, la teoria del « taglio » di Feynman e la teoria non locale di Yukawa delle è 
particelle a struttura interna e l’elettrodinamica quantistica convergente che ne con-! 
segue possono considerarsi come casi speciali di queste equazioni di Dirac-Maxwell | 
modificate. Combinando i metodi di questi procedimenti si ottiene una elettrodinamica | 
quantistica convergente in cui i grafici di Feynman originali sono modificati per la! 
moltiplicazione con un semplice fattore di modificazione. Di ciò si dà un’illustrazione ! 
calcolando alcuni grafici di Feynman del secondo ordine. Si argomenta poi che si può | 
considerare che queste equazioni non richiedano la rinormalizzazione della carica e | 
che la rinormalizzazione della carica che si esegue sia dovuta esclusivamente all’im-. 
piego dell’approssimazione di Born. i ; 


(*) Traduzione « cura della Redazione. 
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Summary. — The main conclusions of this paper are: (1) The energy 
spectrum of the charged z-mesons emerging from K° captures at rest 
indicates, together with other evidence, that K capture occurs only 
well within nuclear matter, not at the nuclear surface. A very tentative 
hypothesis is suggested as an explanation, which can be tested by studying 
interactions in flight of K~-mesons passing through hydrogen. (2) A low 
energy (= 20 MeV) A® has a long mean free path in nuclear matter, at 
least of the order of the radius of one of the heavy nuclei in nuclear emul- 
sions. This excludes strong A®nucleon forces of any kind, be they 
attractive or repulsive. (3) If a hyper-deuteron exists, it cannot be 
interpreted as a compound of a A9 and a proton; if it emerges from a 
K_ capture at rest, it can also not be a compound of a K-particle and 
a nucleon. The only remaining reasonable interpretation, a compound 
of a © and a nucleon, violates conservation of strangeness. We therefore 
urge experimentalists to measure up carefully any event suspected to 
be of this type. (4) Measurement of the K*/K ratio in neutron bom- 
bardment of nuclei would provide a direct test of the strangeness se- 
lection rule, as distinguished from the less specific. «law of associated 


production ». 


41. — Introduction. 


The purpose of this paper is to give some theoretical observations in con- 
nection with the experimental findings on stopped K--particles by the Sydney 


(*) Also supported by the Nuclear Research Foundation within the University 


of Sydney. 
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group (1) and by WEBB et al. in Berkeley (?). At the time of writing, the Ber-- 
keley data are more extensive (132 events compared to the 52 events from: 
Sydney) but we have only preliminary information about them. We shall 
therefore concern ourselves primarily with the Sydney data, using the Ber-- 
keley data whenever more statistics are required for the conclusion. 

The most interesting feature of these observations, in our opinion, is the 
energy spectrum of the emergent 7-mesons. In reference (*) it was shown 
that the data are consistent with the following fundamental reaction fort 
K--capture: 


(ll) K~ + nucleon = hyperon + x 


provided other nucleons share some of the available energy and momentum | 
from this reaction. The complete absence of emergent 7-mesons of energies: 
above 120 MeV indicates that such sharing of energy and momentum must | 
occur in every capture event, and we shall see that this aspect of the capture+ 
mechanism is very hard to understand, and indicates that the K -nucleon | 
interaction has peculiar features. In section 2 we discuss the slowing down) 
of K~-mesons and their cascading down from higher into lower Bohr orbits; 
around the nucleus, by emission of electromagnetic radiation. Section 3 is: 
devoted to the nuclear capture process itself. In section 4 we show that the: 
mean free path of a low energy A° hyperon in nuclear matter must be at least: 
comparable with the nuclear radius. This indicates a weak A°®-nucleon foree.. 
It is already known from hyper-fragment evidence that any attractive A®- 
nucleon force must be weak, but the present evidence also rules out a very 
strong repulsive A°-nucleon force. 

Another aspect of the experimental observations on which we present some 
comments is the possible existence of a hyper-deuteron, i.e., an unstable frag- 
ment of mass 2. Unfortunately it has proved impossible to remove all doubt 
from this interpretation of the event, from the experimental point of view. 
However, we hope that the discussion of the consequences of the existence 
of hyper-deuterons, given in section 5, will stimulate experimentalists to carry 
out detailed measurements on any event which might fall into this class. 

Finally, section 6 is devoted to a suggested experiment for testing the 
strangeness selection rule which has been suggested recently (*). The exper- 
iment would discriminate between mere «associated production » of strange 
particles and the more detailed « strangeness selection rule ». 


(1) E. P. GEORGE, A. J. Herz, J. H. Noon and N. SOLNTSEFF: 
3, 94 (1956). | 

(2) Wess, W. W. Cnupr, G. GOLDHABER and S. GOLDHABER: Private commun: 
ication. We are very grateful to these authors for sending us preliminary informatior 
about their observations before publication. 


(5) K. NISHIJIMA: Prog. Theor. Phys., 13, 285 (1955); M. GELL-MANN: Report 0 
the Pisa Conference (to be published). 
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2. — Slowing down of K particles and capture into Bohr orbits. 


The slowing down of the K~ is very similar to the correspinding process 
for x--mesons, which has been discussed in the literature (*). 7--mesons event- 
ually are captured into Bohr orbits around the nuclei of the material. Expe- 
rimentally, it has been found that roughly 45 percent of the 7 -mesons come 
to rest near one of the light nuclei. in photographie emulsion (C, N, O), the 
remaining 55 percent near one of the heavy nuclei (Ag, Br). The slowing 
down and capture into outer Bohr orbits occurs through the interaction of 
the meson with the electrons. in the medium, not with the atomic nuclei. 
Since the mass of the meson is much larger than the mass of an electron, the 
precise mass ratio is of little importance, and we ean therefore take over the 
experimental results for z-mesons in the discussion of K -captures. We shall 
see that the conclusions of interest to us are not strongly dependent on the 
precise proportion of capture in light and heavy nuclei, provided at least halt 
of the captures occur in the heavy nuclei. 

We shall now show that, if the cascading down process occurs predominantly 
via the emission of electromagnetic radiation, and if the nuclear capture of 
the K~ is a «strong » interaction in the sense of GeELL-MANN (*), then nuclear 
eapture occurs from one of the Bohr orbits lying predominantly outside the 
nuclear volume. Bohr orbits lying predominantly inside the nuclear volume 
are Never reached under these conditions. 

Once a K= is captured into one of the outlying Bohr orbits, it cascades 
down to lower-lying orbits with emission of electromagnetic radiation. The 
transition probability per unit time is given by (?) 


à A 6474 e773 | 
(2.1) Ann! — 3 he? Tan! 


tess 


where r,,, is the matrix element of the vector operator r between the states + 
and n'. In order to discuss this formula qualitatively, we rewrite it in the 


form 


(2.2) Ann rive ve 


where #,, is the energy available in the transition from n to n’. For order- 
of-magnitude estimates, it is sufficient to replace the matrix element r,,, by 
the radius of the lower one of the two orbits involved. 


(4) E. Fermi and E. TELLER: Phys. Rev., 72, 399 (1947); H. MuirHEAD and 0. 


Rocnar: Phil. Mag., 41, 583 (1950). 
(5) H. Berne: Handbuch der Physik, vol. 24, no. 1, chapter 3. 
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We consider K~-mesons in orbits around heavy nuclei in the emulsion. 
If one computes the radius of the 1s orbit on the basis of a point charges 
Coulomb potential, the radius turns out to be 1.3-10-1% cm, well inside ther 
nucleus itself. But inside the nucleus the effective Coulomb force acting on} 
the K= is proportional to the distance from the centre of the nucleus, not to: 
the inverse square of that distance. Hence inside the nucleus we have a har- 
monie oscillator potential. Computing on this basis, the 1s wave function! 
has a maximum ar r = 3.9-10-1%em, which is still appreciably less than the: 
nuclear radius, R = 5.5-10-1* em. Hence the correction to the wave function | 
due to the different potential outside the nucleus is small. If we assume no) 
specifically nuclear attraction of the K7, the binding energy of the 1s | 
is of the order of 8 MeV; a specifically nuclear interaction would contributes 
an approximately constant «optical model» potential, which would add to 
the binding energy if the interaction is attractive. Since the orbit is already; 
inside the nucleus, the radius of the orbit would not be affected appreciably. . 

The next higher Bohr orbits, 2s and 2p, are already outside the nucleus, , 
predominantly, although an appreciable probability remains of finding the K 7 
inside the nucleus. We can ignore the 2s orbit in a rough consideration, since € 
any state which can decay to the 2s orbit can also decay to the 1s orbit; thes 
factor (Z,,:)° in (2.2) easily outweighs the adverse change in the radius, soi 
that most transitions would occur to the 1s rather than the 2s orbits. 

In the case of m-mesons stopped near heavy nuclei, it has been found | 
experimentally (5) that nuclear absorption of the x- takes place from one of! 
the outer orbits (2p or 3d) before the mesons has time to cascade down into! 
the 1s orbit. Indeed, the data show that already in iron, Z = 26, there is! 
very appreciable competition between nuclear capture from the 3d state and | 
electromagnetic transition 3d + 2p; in silver or bromine, most of the cap-. 
tures would occur from the 3d or higher orbits. 

In the absence of certain knowledge about the nuclear interactions of 
K~-mesons, it is not clear whether these x--meson results can be applied to: 
K°-mesons as well. Indeed, we shall see from the experimental data (12) that 
this is almost surely not possible. We shail interpret the competition between 
nuclear capture and electromagnetic transitions in terms of a hypothetical 
« lifetime of a K -meson in nuciear matter », which we shall call T. This time 
is defined as follows: assume that a K~ is placed inside nuclear matter, in such 
a way that its wave function is zero outside the nucleus; then T is the time 
the K lives before it undergoes nuclear absorption. For example, if a K° 


(6) M. Camac, A. D. McGuire, J. B. PLATT and H. J. ScHULTE: Phys. Rev., 99, 
897 (1955). 
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should be able to reach the Is orbit (7) inside a heavy nucleus, then 7 is the 
mean time before nuclear absorption takes place. If the nuclear absorption 
is a «strong » interaction in the sense of GELL-MANN (*) the time 7 is expected 
to be of the order of 10-228. 

If the capture occurs from an orbit «n» not entirely within the nucleus, 
the mean time taken for nuclear absorption is longer. Let P, be the proba- 
bility of finding the K~ particle within the nuclear volume (i.e., the integral 
of the square of the wave function of the K~ taken over the nuclear volume). 
Then we estimate the transition probability for nuclear absorption to be of 
the order of 


(2.3) BI Pale. 


This is the quantity which should be compared with (2.2) to determine whether 
direct nuclear capture or electromagnetic transitions to lower orbits are most 
effective in depleting the population of the orbit ». 

Let us now estimate the electromagnetic transition probability for the 
transition np — 1s, which is the last step of a cascade leading to the Is orbit: 
n here is any principal quantum number consistent with a p-state, i.€.,, > 2. 
Since our estimate of the matrix element r,, is determined by the radius of 
the lower orbit, the principal quantum number of the p-orbit does not enter 
except through the energy difference. For the latter we shall make an over- 
estimate, so as to favour the electromagnetic transitions, naniely, we shall 
assume that £,,. is equal to the binding energy of the Is state, which we have 
estimated above. Using 8 MeV for this binding energy and 4-107 em for 
the valve of ran, equation (2.2) gives the estimate 


(2.4) Eee CTI for np —> ls. 


In order to compare this with (2.3), we must make some assumption about 
the probability P, of finding the K~ inside the nuclear volume when the K7 
occupies the np orbit. Most of the transitions are expected to take place from 
the 2p orbit, for the same reason that few transitions are expected to go to 
the 2s orbit if the 1s orbit is available. In the 2p state, the probability 1’, 
is certainly more than 1/10, and we shall used this value to get a lower limit 


(7) Of course, this orbit makes sense only if 7 is itself long compared to a « period 
of revolution », that is T >>h/E, where E is the level spacing. This condition can also 
be stated as follows: the mean free path for nuclear absorption of the K in nuclear 
matter must be long compared to the radius of the orbit, at kinetic energies corres- 
ponding to the mean kinetie energy in the orbit. Since the concept of a mean free 
path in bound states is difficult to make quantitative, we prefer to state our estimates 
in terms of a «mean free time» 7. 
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for (2.3). If 7 in (2.3) is taken as. a typical « nuclear » time, of order 10-2? §, 
then we get B, — 102! s-!, very much larger than the electromagnetic trans- 
ition probatility (2.4). Thus, on such an estimate, direct capture from the 2p 
state is very much more likely than an electromagnetic transition to the: 
is state, and a similar estimate for 77 rather than K~-mesons is of course in 
accordance with experimental facts about the x captures in heavy nuclei (f). 

Conversely, if we have reason to suspect that the nuclear capture occurs 
only from the 1s orbit, the comparison of (2.3) and (2.4) gives a lower limit 1 
for the time 7 that a KT can live inside nuclear matter, of order 7 >>3-10-* 8; 2 
the «much larger » sign here is to be taken literally, as indicating at least a À 
factor 10, since all our estimates so far have been weighted in the opposite 
direction. A lifetime of this order would certainly indicate a « weak » nuclear! 
interaction. 

The estimate (2.4) of the electromagnetic transition probability is subject ! 
to some doubt beeause we have used the binding energy in the 1s state com- - 
puted on the basis of the Coulomb force alone, with no nuclear attraction or! 
repulsion between the K~ and nuclear matter, Let us now compute what: 
the energy difference £,,, would have to be in order to make the electro- - 
magnetic transition 2p — 1s compete with direct capture, assuming 7 — 1072? s., 
This turns out to be E,,, > 50 MeV, which is a thorougly unreasonable figure: | 
if the attraction of the K~ to nuclear matter really were that high, then the. 
2p orbit itself would be drawn into the nucleus; to see whether capture occurs | 
primarily from an orbit inside the nuclear volume, the relevant transitions 
would be of tvpe 3d — 2p, for which the energy difference would again be 
smaller than 50 MeV. 

Thus, if the cascading down process occurs predominantly via emission 
of photons, and if the nuclear capture process is a «strong » interaction, our 
estimates show that nuclear capture occurs from one of the Bohr orbits lying 
predominantly outside the nuclear volume itself. Bohr orbits lying predo- 
minantly inside the nuclear volume are never reached, under these conditions. 


3. — Nuclear Capture of the K. 


In reference (') it was shown that the experimental data are consistent 
with the basic capture process (1.1), provided other nucleons share some of 
the available energy and momentum from the capture process in all events. 
It was furthermore shown that most of the captures go via the reaction : 


(3.1) KT + nucleon = A° + x, 
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rather than the alternative reaction 
(3.2) K- + nucleon = 2 + ©, 


the branching ratio between (3.1) and (3.2) being of order 10:1. Combining 
the Sydney (1) data (10 mesons) and the Berkeley (?) preliminary data (32 me- 
sons), we have 42 charged mesons, presumably all z-mesons, not a single 
one of which has an energy in excess of 120 MeV, and only one with an energy 
in excess of 100 MeV. The maximum in the energy distribution is around 
50 MeV. This must be compared with the energy the z-meson would receive 
if the capture process (3.1) occurred at rest with no other particles around 
to take up energy and momentum, namely about 150 MeV. We conclude 
that there are always other particles about to share the energy and mo- 
mentum, whenever a capture precess (3.1) takes place, i.e., in the vast majority 
of all capture events. 

The crucial word here is «always». It is easy enough to understand that 
other nucleons will occasionally share the available energy and momentum, 
even that they will frequently do so. But it is very hard to understand w hy 
they should always do so. To see the difficulty, we recall the result of the 
last section: nuclear capture is expected to occur from one of the Bohr orbits 
lying predominantly outside the nuclear volume. In that case, the capture 
should occur quite frequently by a «surface » nucleon, one which is in the 
exponential « tail » of the nuclear distribution, and hence has no other nucleons 
close by to take up energy and momentum. Roughly half of the time that 
the capture occurs with a surface nucleon, the x-meson direction points away 
from the nuclear volume, and hence the x-meson should emerge with the full 
150 MeV kinetic energy acquired at the point of production. The relative 
motion between surface nucleon and captured K™ tends to spread out this 
sharp energy into a distribution of energies around 150 MeV, but has no 
appreciable effect on the mean of the distribution, since the effect is as likely 
to raise the energy of the x as to decrease it. The experimental data force 
us to the conclusion that capture by surface nucleons occurs extremely rarely, 
if at all, and yet our estimates regarding the cascading down from higher to 
lower Bohr orbits (as well as experimental data concerning this same process 
for x capture) would lead us to expect surface capture rather frequently. 

Let us now investigate possible mechanisms which might explain this 
discrepancy. The first, and simplest, explanation would be that the time 7 
in (2.3) is much longer than 10-22 s, of the order of 107!* 8 at least; i.e., we 
assume that the K~ nuclear capture reaction (1.1) is much slower than a 
typical « strong.» interaction. Then the cascading down process would proceed 
down to the 1s state; this latter state has the wave function of the K~-particle 
concentrated inside the nucleus, so that surface capture is excluded. However, 
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there are two objections against this explanation: (1) in light nuclei, which. 
represent an appreciable fraction of the capture, the 1s orbit lies outside the : 
nucleus, and (2) the mean free path of K~ mesons in flight (*) indicates a 
geometric cross-section, i.e., a « strong » interaction. The first objection is not 
too serious, since it is well known that there are strong momentum correlations 
in light nuclei (a partial x-partiele structure), but the second objection excludes 
this explanation. The kinetic energies of the K~ in its Bohr orbit and of the 
K= in the interactions in flight are different, but not so different as te make 
it at all likely that 7 — 10-22 s for KT particles in flight, but T > 10-18 s for 
K -particles in Bohr orbits. 

A second explanation might be giver along the following lines: there is 
a hyperon created in every capture event, according to our basic reaction (1.1); 
let us assume this hyperon has a long-range interaction with nuclear matter, 
the range being longer than that of ordinary nuclear forces. Then momentum 
can be transferred to other nucleons in the nucleus by means of the hyperon- 
nucleon interaction, even if the capture itself took place with a surface nucleon. 
However, this explanation is inconsistent with the data on the hyperon-nucleon 
interactions available from the study of hyper-fragmerts (°). The hyper- 
fragment data show that a hyperon, when bound to a light nucleus, decays 
almost as if it were a free particle, i.e., there is very little momentum: transfer 
between the hyperon and the nucleus to which it has been bound. In addition, 
one would expect on general theoretical grounds (°) that the range of the 
hyperon-nucleon interaction is, if anything, less than the range of ordinary 
nuclear forces, not more. 

A third conceivable explanation runs as follows: let us assume that there 
is a strong K -nueleon interaction, but that this interaction preserves the K’, 
i.e., leads to K -nucleon scattering rather than absorption of the K~. A con- 
ceivable reaction might be the exchange of a virtual z-meson between the 
K7 and the nucleon. The capture reaction (1.1) would still be possible, but 
be much less likely than the scattering. In this case, the scattering reaction 
will speed up the cascading down process enormously, the more so the higher 
the probability of finding the K~ in nuclear matter, i.e., the more so the lower 
the Bohr orbit. Thus our estimate of the transition probability for cascading 
down, (2.2), fails because another process takes over; the K~ is uow able to 
reach the 1s orbit, and thence be captured somewhere well inside the nucleus. 
This explanation, however, also runs afoul of the experimental data: the inter- 
actions in flight (*) indicate frequent occurrence of capture of K° in flight: 


(*) G. GOLDHABER: Private communication; see also, Proceedings of the Pisa Con- 
ference, to be published. 

(9) R. Levi-SETTI: Suppl. Nuovo Cimento, 1, 263 (1955); R. H. Darirz: Phys 
Rev., 99, 1475 (1955), and literature quoted in those papers. 
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.e., the capture reaction (1.1) is itself «fast », and competes appreciably with 
nere scattering or charge exchange scattering of the K7. Our proposed ex- 
janation has assumed that (1.1) is much slower than the scattering reaction, 
ind fails if the two are of comparable speed. 

We conclude that there must be something specific about the reaction (1.1) 
which favours its occurrence inside nuclear matter, but works against it when 
x K- encounters an isolated (e.g., surface) nucleon. Such a specific effect 
discriminating between the nuclear volume and nuclear surface is not unknown: 
the photo-production of x-mesons in heavy nuclei occurs primarily on the 
nuclear surface (°). A y-ray interacting inside the main nuclear volume ap- 
parently does not produce m-mesons, whereas y-rays interacting near the nuclear 
surface do so. The reason for this difference is not well understood at present, 
but the fact is there. 

At the moment, the following hypothesis seems most likely to us: when 
a K7-meson interacts with isolated, surface nucleons, events in which the Ko 
preserves its identity (scattering events) dominate strongly over absorption via 
a reaction such as (1.1); but when a K™ interacts inside the main nuclear 
volume, reaction (1.1) competes effectively with mere scattering. In that case 
the data on interactions of K~ in flight are consistent with the energy distri- 
bution of the x-mesons emerging from capture at rest. It must be realized, 
of course, that this hypothesis is very much ad hoc, and we know of no theo- 
retical reason why a K~ should behave in such a way. However, the experience 
with (y, ©) reactions makes it slightly more plausible that such an ad hoc 
explanation may actually be correct. 

There is an experimental way of testing this hypothesis: if K™ mesons 
interact in flight with isolated nucleons (i.e., in hydrogen gas or liquid), scat- 
tering ought to dominate over reactions in which the K7 is absorbed, to a 
much greater extent than for K° interactions in flight with complex nuclei. 
Surface nucleons are similar to isolated nucleons in this sense. Of course, 
after the K~ has come to rest it will go into a Bohr orbit around some proton, 
and eventually disappéar via a reaction (1.1). The energy of the emitted 7-meson 
in that case is uniquely determined, and this fact provides a second test of 
the assumption of (1.1) as the basic capture reaction. 

The main purpose of this section has been to show that there is appreciable 
difficulty in understanding the data on K--captures at rest, and that the more 
obvious attempts at explanation run afoul of experimental facts about inter- 
actions of K~-megsons in flight. The final explanation suggested here is only 


one possibility which may turn out to be quite wrong, its main virtue being 


(10) S. T. Burner: Phys. Rev. 87, 1117 (1952); E. P. GrorGE: Proc. Phys. Soc. 
(London), to be published. 
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that it allows a straightforward experimental test, which will be of interest, 
wheter or not it confirms our hypothesis. 


4, — The mean free path of /\° hyperons in nuclear matter. 


It has been shown (:) that most of the capture events have considerably |; 
less visible energy than the rest mass energy of the K~. This can be under: 
stood qualitatively by assuming that either the hyperon or the r-meson from) 
reaction (1.1), or both, escape from the nucleus as neutral particles. 

Since we have seen that practically all the captures occur well inside thet 
nuclear volume, and since most of them produce A°-hyperons, we can conclude‘ 
that the mean free path of a A°hyperon in nuclear matter must be at least 
comparable to the nuclear radius; otherwise the hyperon would frequently, 
be retained inside the nucleus together with the 7-meson, in which case the: 
full rest mass energy of the K~ would show up as nuclear excitation, contrary \ 
to experiment. 

This mean free path argument is essentially classical, whereas the low! 
energy (around 20 MeV) hyperon created in the capture process should be: 
treated wave mechanically. However, the wave mechanical effects in general | 
tend to inhibit emission from the nucleus (11) so that our mean free path esti- 
mate is all right as a lower limit, which is all we intended to get. 

Unlike nucleons, whose long mean free path in nuclear matter can be 
understood on the basis of the Pauli exclusion principle (77), a long mean free 
path for the A° indicates a weak A°-nucleon force. This conclusion is of course 
in full agreement with the small binding energies of A° hyperons in hyper- 
fragments (°), but it is a somewhat stronger conclusion, since we can also rule 
out strong repulsive A°nucleon forces, whereas the hyperfragment evidence 
allows us to rule out only strong attractive forces, and says nothing about 
repulsive forces. 

It should be possible in principle to make similar inferences about X hyper- 
ons, but the Sydney data (*) is not extensive enough for this purpose, and we 
do not have the final Berkeley data available to us at this time. 


5. — Hyper-deuterons and strangeness. 


One of the events described in reference (1) is an unstable fragment of 
measured mass (2.0 + 0.5)M_., and charge +1. The only visible decay 
product is a proton of energy 26 MeV. From the experimental point of view, 


(') J. M. Buarr and V. F. WrIssKopr: Theoretical Nuclear Physics (New York 
1952). 
(2) H. FESHBACH, ( 


+ 


. E. PORTER and V. F. WeEIssKoPr: Phys. Rev., 96, 448 (1954) 


re 
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this is most likely to be a fragment consisting of one nucleon and one hyperon, 
i.e., a «hyperdeuteron », but it could also be a + hyperon decaying just before 
coming to rest (residual range < 50 ym). Another possible hyper-deuteron 
has been reported by ALEXANDER et al. (1) but this event could also be a hyper- 
triton (fragment of mass 3). A third event, reported by ANDERSON et al. (14), 
could also be a hyper-deuteron but is more likely to be a hyper-triton. 
Although the experimental evidence is thus quite uncertain, we would like 
to make a few remarks about the interpretation of a hyper-deuteron, if it 
could be established experimentally with certainty. The main point is that 
we do not believe that such a particle could be interpreted as a compound 


of a A° and a proton. The binding energy of a A° to nuclear matter is known 


to be small (°), much smaller than the binding energy of the « last » nucleon 
in the corresponding ordinary nucleus. Ordinary nuclear forces are just barely 


strong enough to make the deuteron a stable system (11). Hence, the much 


weaker, A°nucleon force cannot produce a stable hyper-deuteron. | 

Although this argument has been mentioned in the literature (#15), it is 
usually dismissed rather quickly because « possible many-body effects and a 
possible strong spin dependence of the A®-nucleon force would easily invalidate 


such conclusions ». We would like to point out here that it is rather difficult 
to construct a A°-nucleon force law which would be in agreement with a stable 


hyper-deuteron and yet account for the weak binding of the A° to other light 


nuclei, unless the range of the A®nucleon force is assunied to be extremely 


large (> 5-10-!5 cm). 
A simple spin-dependence will not do; even if we assume that there is an 


infinitely strong repulsion between A° and nucleon in one spin state, this will 


not prevent a hyper-triton from having a large binding energy, contrary to 


observation (*'4). The A° does not obey the Pauli principle with respect to 


nucleons, hence it can form the same spin state with the proton and the neutron 
in a hyper-triton. It will form the favourable (attractive) spin siate, of course, 


and the infinite repulsion will not come into play at all. 


Many-body forces are possible, of course, put again would have to be rather 
queer. In general, we expect many-body forces to have a shorter range than 
two-body forces; and the A°-nucleon force is already expected to have a short 
range itself (9). A very short-range many-body force, even if repulsive, will 
have little influence on the binding energy of a hyper-triton or a hyper-o 


(13) G. ALEXANDER, C. BALLARIO, R. Bizzarri, B. BRUNELLI, A. DE MARCO, A. 
MicHELINI, G. C. MoNETI, A. ZAVATTINI, A. Zicurcur and J. P. ASTBURY: Nuovo 


Oimento, 2, 365 (1955). 


(14) F. ANDERSON, G. LAWLOR and T. E. Nevin: Nuovo Cimento, 2, 605 (1955). 
We thank Dr. Nevix for some helpful communi ation regarding this event. 
(15) R. Gatto: Nuovo Cimento, 2. 373 (1955). 
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particle, since the nucleons themselves cannot come close together as a result 
of the Jastrow-Levy repulsive core (7°). 

Furthermore, the argument of section 4 has shown that a strongly repuls- 
ive A°-nucleon force is excluded as much as a strongly attractive one. In 
other words, it is not possible to assume that the small binding energy of 
hyper-fragments is due to a cancellation between strong attractive and re- 
pulsive forces, the strong attractive force being then responsible for a stable : 
hyper-deuteron. 

We conclude that either the A°nucleon force law is very queer indeed 
or a hyper-deuteron cannot be a A°-proton compound. In this connection it : 
is of interest that there exist unstable fragments in which the observed energy 
release is larger than the energy available from A°-decay (17). Thus not all 
fragments are A° fragments, and a hyper-deuteron, if it exists, need not be a 
A° fragment either. 

In the literature these other fragments have been interpreted as bound 
states of a light nucleus and a K-meson. We point out that such an interpret- 
ation cannot be used for a fragment emerging from the capture of a K7 at 
rest, because there is not enough energy available. The only way the fragment 
can get the kinetic energy with which it is ejected (some 40 MeV if the Sydeny 
event is a hyper-deuteron) is through a difference in binding energy of the 
K-particle to the heavy nucleus and to the single nucleen, the binding being 
stronger to the single nucleon by an amount equal to this kinetic energy plus 
the original heavy-nucleus binding energy. This is clearly most unlikely and 
need not be considered as a serious possibility. 

Thus the only remaining reasonable interpretation of the Sydney event, 
on the assumption that the mass is 2, is in terms of a bound state of a X and 
a nucleon, most likely a X* and a neutron rather than a X° and a proton. It 
is well known that the theory of Gell-Mann (3) is inconsistent with such an 
interpretation, and it is easy to see that there is no simple way in which 
strangeness quantum numbers can be reassigned so as to allow such a com- 
pound and yet preserve conservation of strangeness as a significant selection 
rule».(38). 

In view of the general success of the strangeness concept, it is tempting to 
conclude that the Sydney event is a Y*-decay in flight rather than a. hyper- 
deuteron, in spite of the result of the mass measurement. The main purpose 


) R. Jasrrow: Phys. Rev., 81, 165 (1951); M. M. Levy: Phys. Rev., 88,72 
725 (1952). 

(7) W. F. Fry, J. ScHNEPs and M. S. Swamr: Phys. Rev., 99, 1561 (1955). 

(8) It is of course always possible to relax Gell-Mann’s requirement of « compul- 


sory strong interactions », but then the strangeness selection rule loses much of its 
usefulness. 
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of our discussion has been to convince experimentalists to make the, admittedly 
very tedious, measurements necessary to narrow down the error on the mass 
determination in any event suspected to be a hyper-deuteron. 


6. — A Test of the Strangeness Conservation Law. 


Although the evidence for «associated production » of strange particles is 
quite strong, the evidence for the more detailed « conservation of strangeness » 
is less conclusive. In the following we propose an experimental test of the 
latter. 

When nuclei are bombarded by high energy protons, many more K*-mesons 
are produced than K~ mesons (7°), the branching ratio being of the order of 
100:1. This is usually explained in terms of conservation of strangeness, by 
assigning different strangeness quantum numbers to the K+ and the K-. In 
that case, one would expect a very similar K*:K™ ratio in the bombardment 
of nuclei by high energy neutrons. On the other hand, if the K+:K™ ratio is 
due to some other cause, then neutron bombardment may be expected to give 
a very different K*:K7 ratio. 

We now show that the K*:K7 ratio in proton bombardment can be 
understood on the basis of conservation of charge together with « associated 
production », without invoking the more specific conservation of strangeness. 
The associated production reaction is taken to be 


(6.1) Nucleon + nucleon = nucleon + hyperon + K. 


We use the experimental indication (2°) that many more A° hyperons are pro- 

duced in these reactions than charged hyperons of any kind, the ratio being 

at least 10:1 and more likely around 100:1. Thus we can gain a first rough 

view of the situation by assuming that the hyperon in (5.1) is a A® hyperon. 
In proton bombardment, the reactions of type (5.1) then are 


(5.2) P+P=P +4 A°+ Kt 
(5.3) PEN] PA + K 
(5.4) Pier Ne A ee KT : 


(19) G. GOLDHABER: Private communication. 

(20) In cloud chamber observations on cosmic rays, the ratio of V°: V+ is of order 
10:1 (G. D. James and R. A. SALMERON: Phil. Mag., 46, 571 (1955)). Roughly half 
of the Vo events are hyperons (J. A. NEWTH and G. D. James: Bagnères Conference 
Report, 1953) whereas no hyperons have been found among the charged V’s (IS 
BUCHANAN, W. A. LOPER, D. D. MILLAR and J. A. Newrux: Phil. Mag., 45, 1025 (1954)). 
Since charged and neutral hyperons have very similar lifetimes (AmaLpI et al.: Nuovo 
Cimento, 12, 668 (1954)), the experimental number ratio is close to the branching ratio 


at production. 
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None of these leads to production of K~-mesons, and hence a high K*/K= 
ratio can be understood as a consequence of charge conservation plus asso-— 
ciated production plus dominance of A° production, without invoking stran- 
geness as such. 

If we now consider neutron bombardment, reaction (5.2) is excluded, re- 
actions (5.3) and (5.4) can occur, but we also have the additional reactions. . 


(5.5) ; +N= = AO se K° 


Be) N+N=P + A°+ K- 


Unless reaction (5.6) is forbidden by a special selection rule (such as con- 

servation of strangeness), its presence should lead to copious production of : 
K~-mesons in neutron bombardment. The precise branching ratio is hard to 

predict, because one of the neutrons in (5.6) has to become a proton during ! 
the reaction, and the probability of this « charge-exchange » process at these : 
energies is not well known. However, charge- -exchange is by no means al, 
infrequent event, and it is at least extremely likely that the K+/K ratio 

in neutron bombardment is no higher than 10:1 if reaction (5.6) is allowed. 

' These considerations lead us to suggest the measurement of the K+/K7 

ratio in neutron bombardment as a test of the strangeness selection rule. 


7. — Conciusions. 


The main conclusions of this paper are: 


(1) The energy spectrum of the charged z-mesons emerging from KT 
captures at rest indicates, together with other evidence, that K~ capture occurs 
only well within nuclear matter, not at the nuclear surface. A very tentative 
hypothesis 1s suggested as an explanation, which can be tested by studying 
interactions in flight of K--mesons passing through hydrogen. 


(2) A low energy (< 20 MeV) A° has a long mean free path in nuclear 
matter, at least of the order of the radius of one of the heavy nuelei in nuclear 
emulsions. This excludes strong A°-nucleon forces of any kind, be they at- 
tractive or repulsive. ; 


(3) If a hyper-deuteron exists, it cannot be interpreted as a compound 
of a A° and a proton; if it emerges from a K~ capture at rest, it can also not 
be a compound of a K-particle and a nucleon. The only remaining reasonable 
interpretation, a compound of a X and a nucleon, violates conservation of 
strangeness. We therefore urge experimentalists to measure up carefully any 
event suspected to be of this type. 


SOME COMMENTS ON K~ INTERACTIONS AT REST 428 


(4) Measurement of the K*/KT ratio in neutron bombardment of nuclei 
vould provide a direct test of the strangeness selection rule, as distinguished 
rom the less specific «law of associated production ». 


We are grateful to Drs. E. P. GEORGE, A. J. HERZ, J. H. Noon, and Mr. N. 
SOLNTSEFF for making their data available to us prior to publication, and to 
all of them for valuable discussions. We thank Dr. G. GOLDHABER for some 
extremely helpful correspondence including a very much appreciated preli- 
minary summary of the Berkeley data. Dr. T. E. NEVIN has responded im- 
mediately and in a most helpful manner to our request for information. Last 
but not least, we would like to record our appreciation for the many stimulating 
discussions we have had with Professor H. MesseL, Dr. D. D. MILLAR, and 
Mr. D. A. TIDMAN. 


RILASSATO (65); 


Le principali conclusioni del presente lavoro sono: 1) Lo spettro d’energia dei me- 
soni x carichi emergenti dalle catture di K a riposo indica, assieme ad altre prove. 
che la cattura dei K avviene solo ad una certa profondità nell'interno della materia 
nucleare, non alla superficie dei nuclei. Per tentare di spiegare lo svolgimento del feno- 
meno si formula un’ipotesi che può essere saggiata studiando le interazioni in volo dei 
K= che attraversino idrogeno. 2) Un A° di bassa energia (= 20 MeV) ha un lungo cam- 
‘mino libero medio nella materia nucleare, almeno dell'ordine del diametro di uno dei 
nuelei pesanti delle emulsioni nucleari. Questo esclude intense forze nucleari di qual- 
siasi specie agenti sui A°, sia attrattive che repulsive. 3) Se esiste un iperdeutone, questo 
non può essere interpretato come la combinazione di un A® con un protone: se emerge 
dalla cattura di un K° a riposo, non può neanche essere la combinazione di un K con 
‘un nucleone. L'unica interpretazione ragionevole che resta, la combinazione di un A 
‘eon un nucleone, viola la conservazione dell’estraneità. Invitiamo pertanto gli speri. 
mentali a misurare accuratamente ogni evento che possa interpretarsi come apparte- 
nente a questa categoria. 4) La misurazione del rapporto K+/K™ risultante dal bom- 
bardamento di nuclei per mezzo di neutroni fornirebbe una verifica diretta della regola. 
di selezione dell’estraneità, in quanto distinta dalla meno specifica «legge della pro- 
duzione associata ». 


(*) Traduzione a cura della Redazione. 
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On Generalised Dispersion Relations. 
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(ricevuto il 15 Dicembre 1955) 


Summary. — À relation is derived which connects the real part of the 
non forward meson-nucleon scattering amplitude, to its imaginary part. 


1.- A number of investigations (1) have recently appeared in which rela-: 
tions have been obtained connecting essentially the real part of the forward 
scattering amplitude to its imaginary part. More recent investigations are: 
those of KARPLUS and RUDERMAN (?) and GOLDBERGER (3) who have shown 
the great utility of such relations for the problem of meson-nucleon scattering. 

Attempts to obtain more general relations, connecting for example the 
real part of the scattering amplitude at an arbitrary angle in the centre of 
mass system, to its imaginary part at the same angle, have in general not 
succeeded. In this paper we shall show that relations of the required type 
do exist for the meson-nucleon system, though indeed they do not connect 
the real and the imaginary parts of the amplitude at precisely the same angle 
in the centre of mass system. For the proof we need the concept of micro- 
causality, as interpreted in ref. (1) viz: the commutator of the field operators 
at two points vanishes if these points have a space-like separation. Our main 
result is eq. (27) of this paper. 


2. — Consider a field theory describing neutral mesons of mass 4, inter- 
acting with nucleons of mass x. The interaction Lagrangian is j(x)p(x), while 


(!) GELL-MANN, GOLDBERGER and THIRRING: Phys. Rev., 95, 1612 (1954). 
(?) R. KarPpLUS and M. RUDERMAN: Phys. Rev., 98, 771 (1955). 
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(3) M. L. GOLDBERGER: Phys. Rev., 99, 979 (1955). 
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he causality condition demands that (4) 
1) Fae); 24) | == 0 when (#— y)?< 0 


et k, k! be the initial and the final meson and p, p’ () the corresponding 
ucleon 4-momenta. The Feynman matrix element for scattering is given by 


2) Mk, k'; p, p') = 4 fata d'y exp [ik'æ — iky](p'|[i(e)i(y) lp): 
JOLDBERGER (*) has shown that the retarded matrix element 
3) M(k, k'; p, p') =i | ave diy exp [ik'a — iky] O(a — y)(p' [J(a), Hy) ]|P) 


oincides with M, for kh >0 and contains precisely the same information, 
Define 


4) Mlk: p, p') = à Ate -0)(p'|L5(0); fle] |p) exp Fit 
5) Mk; pp) = à | dB 2)(p"I[4(0), ia) |p) exp [— ike] 
6) Dk; Ps p') = HM, mn 

I il j 
7) A(k; p, D ) = si Ma sa M ,) . 


| 
| ; ‘ 
{ M,, M,, D and A are considered as functions of k, p and p', the energy 
hell specifies the following conditions on these three vectors: 


È i Bapipt= p=, 

| | o j 

9) (ii) Der Dee 3 ko, Potko— Po > 0 - 
10) (iii)  k-(p—p') = pp —*?. 


We now note from the definitions, that 


11) M* (k; p, p') = Mak; BP), 
12) d*(k-+p—p'—k') M,(k; p, p') =— (hk +p — p'— k') M,(—k'; Pp, p'). 
(4) We use the metric ot 5 — x2. | 

(5) In this paper we consider only the no spin-slip ¢ 
he nucleons will be omitted. 


ase, So that spin suffixes for 


28 - Il Nuovo Cimento, 


Ho De E IE TAN. . PPS 


426 A. SALAM 


The last relation holds since both sides equal (27)~* M(k, k'; p, p') (°)- 
Further 


(13) k-(p+p')=k'-(p +p'), since p? =p? = #?, 
(14) k-(p—p') =k’: (p' —p), since KE? =k? =p. 
Write 


MEI ‘Vee + ivkM, sup 


) ; 

L' and M' depend invariantly only on k:(p+p') k-(p —p'), pp", yk. Thut 
(15) M, (6; D, D) = M,,(k'; p', p) ete. 

Combining (11), (12) and (15), 

(16) (+ p—k— p')(M,(k; p, p’) + Mk; p, p')) = 0 ete. 


Write D=u {L, +ivkM, } u. From (6), (15) and (16), Ly and M, are reala 
In the next section we choose a frame, where uu, viyku are also real. BF 
we prove the important result that both D(k; p, p') and A(k; p, p’) are real (© 
on the energy shell and are respectively the real and the imaginary parts ok 
Mk; p, p'). It is crucial for the above proof that relations (13) and (14 
should hold and this is only true if the same particles participate in the initia 
and the final states. 


3. — The «natural» frame of reference appears to be the frame in whiet 
the nucleons are at rest. In this frame, without loss of generality, choose 


(17) p = (P?-+-x?)?, 0, 0, 12 
(18) DCR A) SONORE DA 
Since p-p'— x2 = 2P?, we obtain but one condition on the vector, k fror 


the energy-shell relations; in fact 


(19) k => ko , ki, k. 


nel 


(5) This is proved by using j(x) = exp LiPæ]j(0) éxp [— iPel. 


(€) The author is indehted to Mr. W. GILBERT who first pointed this result 
him. 
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bo 
~I 


Also 
uu = Polk, wiyku = ky. 


Thus M, really depends only on k, and P. 

Considering the integral expression for M, (eq. (4)), it is also clear that 
ts Lo a ae arises quite trivially from the factor exp [— ikæ]. This is 
yecause (p'|[j(0), j(x)]|p) depends only on P in our frame of reference, through 
he invariants (p te etc. If we hold P fixed (or invariantly p:p' (8) fixed) 
he mathematical problem reduces to the same as presents itself for the for- 
ward scattering case and precisely the same steps as GOLDBERGER (3), can be 
ollowed to obtain generalized dispersion relations. 


Write 

20) JP, x) = (p|[5(0), j(2)]|p) — @'|[(0), i@)]|p) 

21) JP, x) = i{(P|[(0), iI] p) + (' |G), i(0)1|p)} 

from Mk; DD MAK’; p', p) and the evenness of Ü(æ) (p'1[j(0), j(2)]{p) 


mea, and x, in the new frame, (x =, 4, Ve, a); 


(22) M ky, E. 7, p') = UM (ky, —k; 9’, p) . 
Thus 
(23) Mee sl (ks. k: D, p) + M,(ko, —k; D, DI 


— + | O(a) exp [— tka) {d,(P, 2) sin kx + J,(P, x) cos kx} d‘æ 


dI DI, P) = ife x) cos ka, x) sin Px, + JP, a) cos Pag: 


- cos (k, a, + km) d*x 


(25) AM AEN a 4 | A) sin toi, (P, x) sin Pa, + J(P, x) cos Pas}: 


- Cos (Lx, 4h) dt. 


Using (24) and (25) we now verify directly that 
D(a, P)- D(BP) _ 1 lp ; ee AE 
— pa 


26) ri 


(A2 — a?) (ke — pe) 


— © 


(5) In the centre of mass system, p:p'— #?— 2a? sin? 0/2 where a is the magnitude 
thé 3-momentum in the problem. 
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rae aire DIRO: kyA(ko, P)dko 
(27) ; pi = + — = de e) — fi) ° 


0 


The proof follows by interchanging the order of x and ky integrations and 
performing a simple contour integration in the ky plane. Here, for the first 
time, the causality relation (1) is used. This part of the work is subject. to 
the same limitations as noted by GOLDBERGER (*). 

To see significance of the relation (27), consider the case of scalar nucleons. 
Here the k, dependence of D and A arises only from k-(p+p'), In the labor- 
atory system p= x, 000, k-(p+p’) = 2k, + «(Dy x) and p'p'= xp,. A 
variation of k-(p+p') while p-p' is held fixed is the same as the variation 
of the incoming meson energy ky, while Po) the final nucleon energy is fixed. 
Thus in the laboratory system, for scalar nucleons, 


Re M (ko, Po) — Re M(ko, Po) _ 
(ks — ko)(ko + Ko + po— x) 


(28) 


cing es I Ì (2ko+ po — x) Im Al Po) dk 
ge} (Ky — kg) (Ko — ke) (Ko + kG + Ps — x) k2 + ee = Za 


4. — Returning to eq. (27), the imaginary part of the amplitude can, in 
principle, be determined from experiment for %, > (u2+P2)*. In order to use 
relation (27) we have to determine the correct analytic continuation of A(k,, P) 
in the (unphysical) range 0 < k,< (y? + P?)}. From eq. (7), 


(29): A(k) = sf I[(0) (2) 1 |p) exp [— tha] as» 
MA É 
(0) = ES (p'|j0)}n)(n130)1p) 04 — p — by — 
F4 (2x)* 


xe > (p' |7(0) | 2) (m|9(0) |p) dim — p'+ k). 


In the second term in (30), n = p'—k, and therefore the masses of the 
(physical) intermediate state are given by (x?-+ 2—2p'-k)*. The only pos- 
sible state which can contribute is the single nucleon state corresponding to 
pe— 2p'-k =. Its contribution to A(k,, P) for the no spin-flip case, with 
renormalized g properly defined, is 


hope 
(31) — Fe (4k, )6(2poko— pw? —2P?). (+) 


Beenie a, Mi ee for, : 
(*) Considerations on this and the spin-flip case will be given in a second paper. 
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Now consider the first term in eq. (30). This term does not contribute 
at all for the forward scattering case. In the present case, however, for ky 
in the range (xu — P?)/(P2+x2)}, (w2+P2)*, we find n° = (k+p)? > (xt), 
and meson-nucleon states may make a contribution. Indeed this is the price 
one really pays for a generalized dispersion relation, and it has not been pos- 
sible to find a satisfactory method for the evaluation of this contribution. 
It is of course possible to make a perturbation approximation to A(k,, P) 
just for this range. 

A relation similar to eq. (27) has previously been derived by BETHE and 
ROHRLICH (1°) and applied to the case of small angle scattering of light by 
Coulomb field. The quantity held fixed in their case is b, an impact parameter. 


+ KK 


The author is indebted to Dr. F. SMITHIES, Mr. W. GILBERT, Professor 
HA. Berne, and Dr. P. MARTIN for discussions. CE 


n 


(10) H. A. Berne and F. RoHRLICH: Phys. Rev,, 86, 10 (1952). 


> 


RIASSUNTO (*) 


Si deriva una relazione che connette la parte reale dell’ampiezza dello scattering 
mesone-nucleone non diretto in avanti alla sua parte immaginaria. 


Du 


(*) Traduzione a cura della Redazione. 
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On the Inelastic Scattering of Electrons from °C. 


G. MORPURGO 


Scuola di Perfezionamento in Fisica Nucleare dell’ Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 16 Dicembre 1955) 


Summary. -— The theoretical interpretation of FREGEAU and HOFSTADTER’S 
experiment on the elastic and inelastic scattering of high energy electrons 
from 1?C is discussed; the excitation of the 4.43 MeV level is particularly 
considered, and the increase of the ratio do;neastic/dOerastie With the energy 
is explained as well as the constancy of dome in the interval 
80+187 MeV. Calculations are performed with the use of an oscillator 
shell model both in LS and JJ coupling. The quantitative agreement is 
satisfactory and better (by a factor of three) with DS than with JJ coupling. 


FREGEAU and HOFSTADTER (') have recently investigated the elastic and 
inelastic scattering of electrons by '2C; their most complete set of results for 
the inelastic scattering refer to the excitation of the 4.43 MeV level, other 
less complete sets of data referring to the 7.68 and 9.61 MeV levels. In this 
note we shall only consider the 4.43 MeV level which is known (2) to have 
spin 2 and parity +. 

Calling do,,(0) the differential cross-section for excitation of such level and 
scattering into the angle 0, and do_,(0) the differential cross-section for elastic 
scattering, there are two points, which on examining the experimental material, 
are rather striking, and deserve an explanation: the first is the enormous increase 
for a given angle Ÿ of the ratio do, /do, with the energy p, of the incident 


(1) H. FreGEAU and R. HOrSTADTER: Phys. Rev., 99, 1503 (1955). In this paper 
is mentioned a work by Dr. RAVENHALL, to be published; we hope not to duplicate 
too much Dr. RAVENHALL’s analysis, as yet not entirely finished (private communi- 
cation from Dr. RAVENHALL). 


(?) F. ASZENBERG and T. LAURITSEN: Rev. Mod. Phys., 27, 76 (1955). 


ON THE INELASTIC SCATTERING OF ELECTRONS FROM 120 431 


electron: at 90° the above ratio increases by a factor ~ 50 when po is varied 
from 80 to 150 MeV and by a factor ~6 when p, is varied from 150 to 
187 MeV, as shown in Fig. 1 and in the first line of Table I; the second fact 
is the independence of do,, at 90° from the energy Po in the interval 80 to 
llS7 MeV (Fig. 2). 


400 Carbon, | | 
150 MeV 
90° su Carbon 
300! 0 
Ken 90° | 
elica 200 
200} &:—-—+ - - 
SI 1 do) 
5S Sale ie 
ice =) > | 
Si S | 
Ko | 100 I 
4 Ue I I Ie I | 
ni fil i 
| } 
Come: bea L sacral ett FI 
72 74 76 78 80 136 140 44. 148 b2 174 178 182 186 
Energy in MeV Energy in MeV Energy in MeV 


Wie. 1. The elastic and inelastic peaks at 80, 150, 187 MeV and 90° (from ref. (*)). 


A II TABLE I. 
Po (Mev) | 80 | À 150 | | a a snes 
3 il 
(don /A a)? |. 2.5 + 2-10 | 1.4-10-1 9 -107 
(do, (dog) PS 3.6-10— | | 0.9-1071 PR 3.6-10-1 +, 
LE - (Aoin/Ao,1)90° spe 1.2-10-# | ne... ui 12-102 12 


We shall now give the results of à very simple calculation through which 
the above facts and the essential features of the inelastic scattering may be 
understood; use will be made of the Born approximation which in this Z region 
is a good one. 

In the Born approximation the differential cross-section for elastic scat- 
tering of an electron from a nucleus, may be written, disregarding the recoil 
of the nucleus, in the extremely relativistic case: 


0 
cos? 5 | Fide 5 


VAT 
(1) do = aie 


where q = Po Ps (Pr = final momentum of the electron), 4 = 2p, sin 0/2 
and F is the nuelear form factor defined as: 


{2) P= Fy = [om expliq:ridr, 
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a,(r) being the charge density of the nucleus in the ground state norma agi 


to unity. A 
The same expression (1) is valid in the inelastic case provided that the: 
excitation energy is small with respect to p,, 9 is not too near to 0° or 1800: 
and F is replaced by: 


(3) == Joon) exp [iq:r]dt, 


where 0,,(r) is the transition charge density; this last quantity is defined as: 


(4) Oa tah Si | | ve Wor AT... ATi, ATi4, AT, ; 
Teli 

-28 

10 


where the sum is extended to the 
protons, y, is the ground state 
is wave function and y; the wave 
function of the excited state 
A zie under consideration. For g ->0, 
F,>1 and FP, > 0. 
We shall now assume an in- 
dependent particle model for the 


O ELASTIC 


$ 9.61 Mev 


9 

È nucleus; in the simplest case 
n o(r) and @;(r) may then be 
CE written : 


(10 


231 
10 


Fig. 2. — The cross-sections for the 
elastic and inelastic peaks at 90° as 
a function of the energy (from 
-32 ~ UE 4 
Na ref. (1); the two lowest curves refer 

È Ge ha Si °°° to the excitation of levels not con- 

80 187 . . . 
sidered in this paper). 


150 
ENERGY IN MeV 


(*) The J=1 state is energetically higher, (D, R. InGLIS: Rev. Mod. Phys., 25. 
390 (1953)). 


oué 
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Here In, are the individual wave functions for the protons and n, is schema- 
tically the quantum number which is changed to n, in the excitation of the 
nucleus; we have written down explicitely the expressions (5) and (6) to re- 
mark that the ratio |00/00] looks as being of order Z7?; apparently this would 
imply a ratio 7-2 between do,, and do,, contrary to the fact that at 90° and 
187 MeV the ratio is about one. The above argument is however not correct 
because of interference effects; for sufficiently large values of q they will be 
shown to reduce considerably the value of I, giving rise to a ratio do,,/do., 
in substantial agreement with the experiment. 

To be more definite, and at the same time as simple as possible let’s assume, 
oscillator functions for the nucleus; just one free parameter will thus appear 
in the formulas; it characterizes the radial part of the wave functions: 


Jv 19042 
Val 3e (Ie D 


(7) Ry = IN, exp |. - rn ? N°: = 


It will later be adjusted to give the best agreement with the elastic scattering. 

We now proceed to perform the calculation of F,, and F,, both in jj and 
LS coupling. 

In jj coupling the state y, belongs of course to the configuration (1s,) (1p3)°; 
the state y,, at 4.43 MeV, has clearly to be associated to the configuration 
(1s,)*(1p,)"Ap4); more precisely it is the state with J= 2, T—0 which may 
be formed from this configuration (*); in a concise notation the substate with 
M,=2 may be written: 


(8) == (py? s DRE ] fg 1py.4). 


The first term of expression (8) means that a hole (as indicated by the upper 
dash) is created in the proton (+) state J= 3, m, = — 3, and that the proton 
is transferred to the J= 3, m, = 3 State, all the other nucleons retaining 
their places; the second term of expression (8) has the same meaning for the 
neutrons. It is easy to check that the wave function (8) belongs to a zero 
value of the isotopic spin (*). 

In LS coupling the construction of the wave functions is slightly more 
complicated; from the paper of FEENBERG and PHILLIPS (°) we get that Wo 
and y, are respectively a 19 and a ‘D state; to construct such wave functions 
it is of course convenient to use the fact that ‘Be and 120 differ only through 


(4) Only the values T'=0, T=1 are present in the above configuration: the first 
corresponds to charge parity +, the second to charge parity —: the wave function (8) 


which clearly has charge parity +. must then have T—0. ia, 
‘ (5) E. Feenpere and M. Pris: Phys. Rev. 51, 597 (1937). 
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the change of holes and particles; we may therefore construct the wave func- 
tions for $Be and derive easily the results for !*2C. In writing down the wave 
functions we omit the s nucleon part and call 1, 2, 3, 4 the p nucleons; we 
shall also call pt, p°, p_ the three normalized components of a p state; more- 
over a, b, ¢, d, are symbols for «u, xv, Bu, Bv, where x and f are the spin 
functions, « and v the isotopic spin functions; S will denote the operation 
of complete symmetrization, A the operation of antisymmetrization; the 


normalized wave functions are then: 


Spe Fedi x on BE 
(9) 18 = = Aabiod, = = S(— 4pi pi pop’ + API pi ps pi + Press) 
VII VII 1120 
I Di 
(10) HD, = n Aaybyesd, aa S(pi pi[2ps pa — PIPA) 


where the M= 2 component of the D state has been written; the nucleon 
coordinates are written as indices. That the wave functions (9) and (10) have 
the correct transformation character will be shown in an Appendix. 

The calculation of 00, Qo, is now straightforward; 0, is the same in 7) and 
LS coupling, oo, differs in the two cases by a numerical factor: 


1 /v 4 
(11) elt) = eee exp [97] (1 +57), 
1 2 , 
(12) doris — A= gar ve ale exp [— vr?](a@ + ty)? , 


VICE : 14-3 a 
CSN = 1 efor 47 coupling ; ca | Te 4/3 for LS coupling. 


Inserting in (2), (3) performing the integrations and squaring we get: 


/ | ARI di q° 
14 oi ace ne 
(14) (Ba (1 oF exp Dale 
= | Ao gi qe GE] 
\ (H;=2) JF l2 CHENE NT > = 
oe PF ga gi ci 


As the notation suggests (15) gives the square of the form factor for inelastic 
scattering to the M, = 2 substate; in order to obtain |Y,,|® we have to cal- 
culate |“, | for each value of M and to sum over the five substates. This 
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can be done quite simply and the result is: 


, 4 jee Ge ne 
16) Ta e. () ules 
{ 18 Z\> exp | >|" 


We are now in a position to calculate do,,/do,. Making use of (16) and (14) 
we get: 


017) OA 
dote 


9 | © 
SIENS 
Li] bo 
a 
A 
Ske 
ì no 
Patto 
—_ 
en 
| 
i 
een 0 
r 


with the usual meaning of A. 

This expression explains qualitatively the fact illustrated in Table I; in 
fact, for small values of q (q?/9v < 1) do, is very much less than do, both 
because the numerator is small with respect to one and because there is a big 
factor Z? (— 36 in this case) in the denominator; when q?/9v approaches one 
the ratio increases; it becomes one for q?/9v ~ 0.6 (in the case of LS coupling), 
and infinite (if the model has to be taken literally) for q?/9v = 1; for q?/9v > 0.6 
the excitation cross-section is larger than the elastic one, though of course, 
both are small due to the exponential factor. 

It is interesting at this point to examine how the agreement is quanti- 
tative; we must then determine the value of v; this we do by comparing the 
theoretical elastic form factor with the experimental one, defined as 
do,,(9)/40,(9),cint craze ANA given at 187 MeV in the paper by FREGEAU and 
HOFSTADTER (compare their Fig. 11). 

Putting for convenience » = m?/y*, where m — 150 MeV is a convenient 
energy unit (m= == 1. 2510-! em), we determine y? to be about ts (9) 
Inserting this value in (17) we get for the ratio do, [do at 900 the values 
reported in the second line of Table I for DS coupling and in the third for 
jj coupling; such values clearly have the correct energy dependence showing 
the large increase with the energy, and, in the case of LS coupling are also 
sufficiently close, in absolute value, to the experimental values: there is agree- 
ment within a factor of 2.5, in the case of LS coupling, which is quite reason- 
able. Also the comparison of the theory with a larger set of experimental 
data (contained in the Table IIT and Fig. 9 of (*)) confirms the above conc- 
lusions. 

We now turn to the constancy of do,,(90°) when the energy is varied from 


(6) With the charge density (11) this corresponds to a root mean square radius 
= (fr2oo(r) dr)t—((13/6)(y2/m?))t—2.23 10%; in obtaining this value, as well as im all the 
previous calculations we have neglected all recoil effects, as for example the difference 
between the center of mass and laboratory scattering angle. 
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80 to 187 MeV. According to (1) and (13) the energy dependence ‘of do,,(900) is 
4 2 i 
(18) ~ Po EXP Pe 2 


From (18) the ratio between do,,(90°) at 80 and at 187 MeV turns out to be 
exactly one, due to the fact that the variation in the exponential factor is, 
by chance, compensated by the variation of pj. We may conclude that this 
simple calculation explains in a satisfactory way the main features of the 
inelastic scattering in 12C to the 4.43 MeV level. The angle and energy va- 
riation of do,,(0) is given correctly (though the variation of do, with energy 
is somewhat too slow); in LS coupling, also the order of magnitude of do,,(0) is 
completely reasonable, being too small by a factor 2.5, which, most probably (7), 
depends on the neglect of all kind of correlation implied by the shell model. 
It may be finally remarked that this calculation strongly favours an LS coupling 
for #C in agreement with other indications (8). 


APPENDIX 


It will now be shown that the wave functions (9) and (10) have the correct 
transformation character. As their space part is completely symmetrical it 
is first obvious that these functions are spin and isotopic spin singlets. We 
now show that they have also respectively L = 0 and L = 2. Putting 


one has identically: 


(ALL) = = SC Apt pa pipi + Apt pipi ps + PIPPI) = 


1 
x VAE LCP1° P»)(Ps* Pi + (Pr Ps)(Ps* Pa) + (P1° Ps)( Ps" Ps) | 


and the right hand side is obviously rotation invariant. Similarly one 


(7) Of course the choice of wave functions different from oscillator ones might 
improve the results; this topic (private communication from Dr. RAVENHALL) will be 
discussed in RAVENHALL’s paper, but it appears that oscillator wave functions vive 
the best fit among many others. 

(3) DCR. Inaris Retin?) 
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6 L 1 ii D ‘ = j I ie I 
(A.2) Ai vas Sp. pst (2pépi — Ppa) | = Vag Pi Pe (Ps Pa + 


+ ppt (po: Ps) + pps (ps Ps) + PIP (Pr Pa) + Ps Ps (Pr Ps) > p Ds (P.' Pa) | 


which transforms as a D, state. 

It has been in fact by first writing the expressions on the right hand side 
of (A.1) (A.2) that the more convenient expressions (9) (10) in the text were 
written down. 


RIASSUNTO 


Vengono discusse le esperienze di FREGRAU e HorsraDTER sullo scattering elastico 
e inelastico di elettroni di alta energia dal 120, con particolare riferimento all’eccita- 
zione!del livello 2+ a 4.43 MeV e all’aumento del rapporto do;rerastico/ DO castico CON 
l’energia. Anche l'indipendenza dall’energia di @AGinetastico nell'intervallo 80—187 MeV 
viene spiegata. I calcoli sono eseguiti con un modello a shell sia nell’accoppiamento LS 
che nel JJ; l'accordo quantitativo è soddisfacente e migliore di un fattore tre nel- 
l'accoppiamento LS che nel JJ. 
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RAR STORIES 


Istituto di Fisica dell Università - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 21 Dicembre 1955) 


Summary. —- Hamilton’s equations are written for a classical field by 
using the momenta conjugate to the field variables, with respect to all 
the directions of the time space frame of reference. The hamiltonian 
funetion becomes the spur of the canonical tensor and the equations 
become covariant ones. One can write Jacobi’s equations in an invariant 
form and it can be shown that Jacobi’s function is to be considered as 
the generator of a canonical transformation. With the introduction of 
convenient funetionals one can study the evolution of the system when 
a certain space-like surface is made to vary. 


Introduction. 


The recent developments of electrodynamics are based on a covariant 
lagrangian formulation of quantum field theory. The lack of a corresponding 
classical method in a covariant hamiltonian form, makes one wonder whether 
such a type of theory could not be formulated, which could be useful in order 
to interpret field theory in terms of dynamical variables and their conjugate 
momenta. 

In the present work we formulate in a covariant form the Hamilton equa- 
tious and the Hamilton-Jacobi equation for a classical field. Our procedure 
is a generalization of the familiar methods which lead to the corresponding 
equations for a finite number of degrees of freedom. 

In the above mentioned procedure the use of derivatives with respect to 
the time and space field coordinates leads automatically to functional deri- 
vatives of entities which are defined on certain space-like surfaces. In such 
a way one has the advantage of a covariant hamiltonian formulation which 
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involves dynamical quantities depending on a parameter (space-like surface) 
which allows one to follow the evolution of the system in «one» direction. 


1. — Hamilton equations. 


Let 2, = (a1, £25 U3, Ly = det) denote a general point in a time-space frame 
of reference; let A ,a),02,... por L,.) (UD, WO, ..., = 1, ...,4) be a tensor of n-th 
order which is a regular function of #, in a certain region. 

Without reducing the generality of the argument we can suppose that 
the tensor be one of first order A,(z). In the following we shall suppress the 
symbol of summation according to the usual procedure. 

The Lagrange equations for a system with an infinite number of degrees. 


of freedom represented by a tensor A,(x), are given by 
i, © OL OL 3 
() da, OA Jr), dA, 


where the lagrangian differential function L is of the type 


CA 
L=L(4,, +) 
(2) I, 04, 
and may also be dependent on the x explicitly. In general it is a quadratic 
form of A, and 0A,/éx and is relativistically invariant. | 


Let 
| OL 
—— x = Pay è 
4 CTP Se 
It follows from (2) that 
0A, 
Fo — Pig| Ay, AE 


which can be solved with respect to the 0A,/0æ,: 


CA 
(4) a TE Uns(An: Pio) 2 


The lagrangian function L will then be a function of A, and Pv. Using (1) 
and (3) we can write 


OP is 4 OL(An, Puy) 


d dr, 0A, 
Putting 
oA OA, 
(6) H = Pur Da, = dl 3 ls da, 4L, 
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where 6 indicates some arbitrary variations of A, and P,,: keeping « constant, 


we get, 
A CL oH 
7 == EG L a ue av 
(7) OH dA, dA, Ri 
and from (6) and (3) 
ra aria 
(8) 6H =— 4 aA, vA, ni OE 


Subtracting (7) from (8), 6A, and ÔP,, being arbitrary increments, we obtain 
considering also (5), 


Me 

Pere 

9) SAN WOH 
Here 


which are the generalization of the Hamilton equation for a system of an in- 
finite number of degrees of freedom. 

The simultaneous equations (9) have a higher number of dynamical varia- 
bles, as compared with a normal canonical system; but this does not involve 
any inconvenience since the number of the equations is also higher. On the 
other hand, even if the conjugate momenta are four times as many as the 
field variables, in fact only a certain combination of them will appear in the 
equations which describe the dynamical evolution of the system. 

We remark that the new hamiltonian function is not a positive defined 
one and that it is not to be interpreted as the energy of the system which in 
such case is given by the component 7, of the canonical tensor, 

The canonical tensor is defined by 


0A 4 


(10) Le = Vaio GK 


ot a 


It follows that 
HSE, Ue, 


H being relativistically invariant, and equations (9) are then covariant. 
In the case of the electromagnetic field, putting 


L= 1 04, 04, 
2 02, Oa,’ 
one obtains 
1 0A 
H=- Pym, DE mi o 
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and equations (9) become 


oP 
(11) Si N) 
0%, 
dA 1 
12 HAE Tee 
2) On, ri i, 
Introducing (12) into (11) we get 
eel esi 
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So that (12) can be considered as the equation which defines the momenta 


conjugate to the A, and (11) the equation of motion. With this 
lagrangian the Lorentz condition is to be introduced separately. 
For the real scalar meson field, putting 


we get 


oP, Op x 
È” Rond MT: 

ê aP, 1 
Des) = eee Ac 


choice of 


Tf one substitutes equation (14) which defines the momenta conjugate to the 


field variables y, into (13), one gets the Klein-Gordon equation. 


2.— On a different form of Hamilton’s equations and their integration. 


Jacobi’s equation — In the left side of equations (9) the derivatives of the 
dynamical variables with respect to all the four coordinates æ, are involved. 
Usually in canonical equations only the derivatives with respect to time appear. 
That means that to study the evolution of a system one usually has to con- 


sider a family 


of surfaces t = const of the time space reference (which is not 


covariant for a Lorentz transformation), and the derivatives with respect to 
time are the derivatives referred to the perpendicular to these surfaces. 


29 — Il Nuovo Cimento. 
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In order to study the evolution of equations (10), maintaining the covariance 
of our representation, we introduce a family of space-like surfaces o which covers . 
entirely the chronotopus by varying only one parameter in such a way that 
given one point x, it belongs to one and only one surface o(x). One can see 
then that the scheme considered in the present paper is formally analogous 
to the usual hamiltonian scheme. In the present case it is convenient to 
introduce some other dynamical variables, which are some functions of A, 
and P,,, defined on a generic surface o, and to consider their functional 
derivatives with respect to o. 

To this effect we define a differential quadrivector 


do, = (dx, dx, do de dx dr, de de, dx, de, de, dez/i) , 


ix, = %, and we assume it as defining the direction perpendicular to a surface o. 
Then this vector is necessarily a time-like vector and its length is 


do, < 0. 
Let 
(15) Ra) = LE (das 
(16) Suy(0) = fis) a0, 


o being an arbitrary portion of a surface containing the point x. It follows 
that 


(17) ORs x ÔR, (0) 
dx, da(x) ’ 


aE dA,  d8,»(0) 


or, dela) 


where the symbols 6 indicate functional derivatives (1). 
Remembering (17) and (18), the Hamilton equations (10) can be written 


| dR,(0) A CH 

(19) | dol) ode 
dSw(0) CH 
da(x) OP 


uv 


where the terms on the right hand sides are supposed to be expressed in terms 


(1) See f. 1 ScHWINGER: Phys. Rev., 74, 1439 (1948). 
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of R, and S,,. The solutions of equations (19) will be of the type 


(20) R, = R{(R,, Sy 0) 

(21) Dig = Dors) 

being 

(22) ; PS ACTE Do (0) 


assuming that o° is the particular surface o starting from which the motion of 
our system is being studied. 

Because of (17) and (18) in elose analogy with the usual procedure followed 
when canonical system are considered, we shall write the solutions of our 
system (10) making use of the functionals 


(23) AP ae A (Ag, Sey da); 
(24) ESITA Ne erat 
A® and Pig being the values taken by the dynamical variables A, and P,; on 


the surface o, while 7, belong to an generic surface o (2): 
We shall consider next the functional 


(25) ViVi Aga) eo). 

Putting 

| OV, 

(26) dA, a Eas), 

we write the Jacobi equation making use of V,: 
op avs 

(27) da, +H (An ir) =:0, 


where the 0/2%x, are derivatives with respect to the x explicitly and the 
function H is the same which appears in the hamiltonian equations (9) when 


one takes into account (26). 
We intend to show now that if an integral of (27) exists, which is of type 


(28) V3 = V,(4,; Ae a), 


; Ry ceed ela , 
(2) We would like to remark that, as seen above, P,, represents OA y/0%y apart from 
a constant factor (the hamiltonian function is in fact quadratic in A, and 0A ,/0xy). 
Therefore, when on a given surface o the A, are known, the derivatives of A, on the 
| 5 . . à + 
surface are automatically known, and the P,, are only used to indicate the behaviour 
of the derivatives of A, on the perpendicular to the 0. 
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we can then obtain the integral of equations (9) putting 


ov, 

(29) à À. = Ei AS x) ’ 
sa 
CV, 

(30) ago = PalAus Au ©) - 
Lu 


Solving equations (30) with respect to À, we obtain, 


(31) ASA E) 

and considering (29) 

(32) VE PBI a 

i.e. (31) and (32) are formally similar to (23) and (24). We can easily show 
that they are also solutions of the equations of motion. Performing the deri- 


vatives of P,, with respect to x, keeping AL constant, and then summing 
with respect to x, we obtain, remembering the equations (9), 


0 (ov 
7+ H)=0 
Get )=9, 
which is certainly verified since (28) is a solution of the Jacobi equation (27). 
In a similar way, calculating the derivatives of (30) with respect to the a, 
(A; = cost) and summing with respect to », we get 


0 (0V 
St AL ET pes 

SA es 2 | a 

an equation which is certainly verified for the same reasons as before. 
Also equation (27) can be put in a form which is more suitable for 

physical interpretation. We only need to introduce the functional V(o) de- 

fined as follows 


(33) ose | V,(2") do, . 
We get immediately 
NIE 
do(a) da, 


so that Jacobi’s equation can be written 


(34) o O+E(A De =o. 


(x) LAON 
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3. — Canonical transformations. 


The condition discussed above allows one to write the necessary conditions 
to ensure that a transformation be a canonical one. This will be done fol- 
lowing, in close analogy, the procedure followed in analytical mechanics for 
systems having a finite number of degrees of freedom. 

Clearly one defines as canonical a transformation of variables A,, Pus, 
into some other variables a,, pu which can be inverted and depends on the 
x, and transforms the canonical equations (9) into 


[ Opus ___©H 

Or, da, 

(35) È Pai 
do, _ CH 

| On, OP ny 


where H = H(a,, Puy) is a new hamiltonian function which is not necessarily 
equal to the transform of tek 

From equation (6) we have 
OA, — 
On, 


(36) Mpa see H 


and from the new variable we can define a lagrangian function L such that 


À VA PÈRES 
AL = pei TI 


Since Lagrange equations can be deduced from the variational equation (*) 


9 | Law 0; 


Q 
it follows that 


7 CA 
à floor) = 0 [rw Le — ae 


Q Q 
where 6 indicates some arbitrary infinitesimal variation of the dynamical 
variables at any point inside the volume © which however vanishes on the 


| boundary surface of 2. 


Therefore, if V, is a function of the dynamical variables and in some cases 


(3) G. WENTZEL: Quantum Theory of Fields (New York, 1949). 
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of the 2, the variations dV,, on the surface of Q (x, being constant) will vanish; 
remembering Gauss’ theorem, from the preceding equation we get 


dA, da, >, av, 


dall AA] 
+ Baio) DE 


Pia uv 


y 
and if we assume V, to be of the form 


Ss =a HEAT, An) æ), 


we see that it must follow that 


av, av, 
Le dA, ) Puy da, ’ 
av 87 (0) 
Ha Diet ira 
0%, ta) Ôo(x) | 


These equations show that Jacobi functions V, given by (28) can be considered 
as the generator of a canonical transform in which the transformed hamil- 
tonian function is given by the left side of the Jacobi equation (27). 


* * * 


Further developments will be published later in a subsequent paper. I wish 
to express my gratitude to Prof. B. FERRETTI for useful discussions and helpful 
advice. 


RIASSUNTO (*) 


Si serivono le equazioni di Hamilton per un campo classico usando i momenti 
coniugati alle variabili di campo, rispetto a turte le direzioni del sistema di riferimento 
spazio-temporale. La funzione hamiltoniana diventa la traccia del tensore canonico e le 
equazioni diventano covarianti a vista. Si serive l'equazione di Jacobi in forma in- 
variante e si dimostra che la funzione di Jacobi si può considerare come la generatrice 
di una trasformazione canonica. Con l’introduzione di convenienti funzionali si può 
studiare l'evoluzione del sistema al variare una determinata superficie spaziale. 
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Summary. — In connection with the antiproton investigation at the 
Bevatron several stacks of nuclear emulsions have been exposed in a 
magnetically selected beam of negative particles. The selected particles 
were produced in a copper target, bombarded with protons of 6.3 GeV, and 
had a momentum of 1.09 GeV/c. The experiments were designed to observe 
the annihilation process undergone by an antiproton brought to rest inside 
the emulsion. The details of the investigation are given in Section 2. 
Section 3 contains an estimate of the number of expected annihilation 
stars as obtained from previous measurements with counter experiments 
reported by CHAMBERLAIN, SEGRD, WIEGAND and YPSILANTIS. Section 4 
contains the description of the only event found so far. The mass of 
the primary particle responsible for it, as obtained from a weighted average 
using several independent methods is (1824+51)m,. The star pro- 
duced by it, is associated with a minimun release of « visible » energy of 
= 826 MeV while the corresponding unbalanced « visible» momentum 
amounts to ~ 520 MeV/c. 


1. — Introduction. 


Among the major research plans for the Bevatron was the investigation 
of the possible production of antiprotons and their study. This problem has 
been attacked in several ways and the first success has been the identification 
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of particles of protonie mass and charge equal to that of the electron by CHAM- 
BERLAIN, SEGRE, WIEGAND and YPSILANTIS (1). Stability againts spontaneous 
decay and the excitation function for production were also investigated as 
much as possible. 

Another aspect of the problem is the study of the terminal process of the 
antiproton, especially the demonstration of the large energy release upon 
annihilation. Some information on the energy released by the particles se- 
lected in the experiment of reference (1) was obtained by BRABANT, CORK, 
Horwitz, MOYER, MURRAY, WALLACE and WENZEL (?). 

A few months ago the authors of this paper started to collaborate in the 
search for stars produced by antiprotons that annihilated in nuclear emulsions 
exposed at the Bevatron. Several events in cosmic rays that could very pos- 
sibly be interpreted as due to antiprotons had been found by HAYWARD (°), 
Cowax (4) and BRIDGE, COURANT, DESTAEBLER and Rossi (5). Most pertinent 
of these was the peculiar event found in a photographic emulsion exposed 
to the cosmic rays in the upper atmosphere by AMALDI, CASTAGNOLI, CORTINI, 
FRANZINETTI and MANFREDINI (°) consisting of two stars connected by a black 
track. , 

The probability that such an event (*) be due to an accidental coincidence 
in space, although not negligible, was sufficiently small to justify the consid- 
eration of an interpretation in terms of a physical process. From a detailed 
study of the two stars (energy released in the primary star greater than 5 GeV 
and greater than or equal to 1.5 GeV in the secondary star) it was concluded 
that the more plausible interpretation was that of an annihilation process of 
a heavy particle, possibly that of an antiproton. However, the short range 
of the connecting particle dit not allow a determination of its mass. 

The search for other events of the same or of a similar type fitted in a 
natural way into the program in progress at the Radiation Laboratory and led 
to the combined effort by the present authors. 

The experiments on which we report here were designed to observe the 


annihilation process undergone by an antiproton of given momentum brought 
to rest inside the emulsion. 


(1) O. CHAMBERLAIN, E. SEGRE, C. WIEGAND and T. YPSILANTIS: Phys. Rev., 100 
947 (1955). 


(2) J. M. papers: B. Cork, N. Horwitz, B. I. Moyen, J. J. Murray, R. WAL- 
LACE and W. A. WENZEL: Phys. Rev. (in press). 
SH ee Phys. Rev., 72, 937 (1947). 

(4) E. W. Cowan: Phys. Rev., 94, 161 (1954). 

(5) H. S. BRIDGE, H. Courant, H. DESTAEBLER and B. Rossi: Phys. Rev., 95, 
1101 (1954). 


(8) E. AMALDI, C. CASTAGNOLI, G. CORTINI, C. FRANZINETTI and A. MANFREDINI: 
Nuovo Cimento, 1, 492 (1955). 
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The energy released in the elementary process of annihilation of a pair 
of nucleons (2 M,c? =1876 MeV) can be taken away by annihilation products 
such as two or more pions whose states (charge, parity, angular momentum) 
must satisfy the selection rules imposed by conservation theorems (7). The 
phenomenon is further complicated if the annihilation process takes place in 


a nucleus as we expect will normally be the case if it happens in nuclear 


emulsion. 

Two types of exposures (called respectively plan A and plan B) have been 
made. They are described in Section 2. Section 3 describes the scanning 
methods employed and estimates the 
number of antiprotons stopped in the 
stacks. Section 4 gives the details of 
the first event found in the laboratory 
of Rome (). 


Bevotron beam 
' 


10 feet 
Le Thin window 


2. — Experimental Procedure. 


A schematic diagram of the exper- 
imental arrangement is shown in Fig. 1. 
The 6.3 GeV proton beam impinged on 
a 1-inch-thick copper target. Negative 
particles produced in the forward di- 
rection were deflected outward through Soy 
a thin window of effective thickness el St 
equal to 1.8 g em? Al. These particles 


Shielding 


Absorber position 


were accepted by the bending magnet Momentum 1.09 Gev/, 
M, and deflected an additional 32° Fig. 1. — Plan view of the magnetic se- 
into a strong-focusing lens Q1. In the lection and focusing magnets. 


two experiments, to be called plan A | 
and plan B, the lens Q1 focussed the particles at the points ANandebere 
spectively, just outside the Bevatron shielding wall. 

A copper absorber located at either position À or B (Fig. 1) decreased 
the energy of antiprotons à sufficient amount to permit them to stop in emul- 
sion stacks placed after the absorber. 

All emulsion stacks used in these experiments were of a uniform size and 
shape. Hach stack consisted of 60 pellicles 600 um thick of Ilford G-5 emulsion 
4x7 sqinch in area. The beam entered normal to the 4-inch dimension and 
the plane of the emulsion was horizontal. 


(7) D. Amati and B. ‘Virate: Nuovo Cimento, 2, 719 (1955). 
(8) A preliminary report has been submitted for publication at the Phys. Rev. and 
has also been presented at the Accademia Nazionale dei Lincei on Decembre 10th, 1955. 
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The momentum dispersion of the magnetic focusing system, measured at 
the focus, was Ap/p = 0.007 per inch lateral displacement. The overall un: 
certainty in momentum at any point in the image plane was estimated to 
be Ap/p = 0.02. 

In the choice of the momentum adopted in the actual experimental con- 
ditions (p = 1.09 GeV/c corresponding to protons of 7 = 500 MeV, K-particles 
of T=700 MeV and pions of T— 960 MeV kinetic energy), we have been 
guided by considerations of feasibility and by the considerations presented in 
the Appendix where an estimate is given of the spectrum of the emitted anti- 
protons based only on statistical factors, Lorentz transformations, and the mo- 
vement of the nucleons in the target. 

The first detection method, called plan A, involved putting the emulsion 
stack directly in the momentum analyzed beam, behind a copper absorber. 
Two exposures were carried out using this plan. 

In the first exposure, we placed two emulsion stacks (63 and 64) directly 
behind the copper absorber which was located at the position A indicated in 
Fig. 1. This absorber was wedge-shaped (Fig. 2) and oriented in such a way as to 


PLAN A 


Z Copper [3 Emulsion 


E Region where antiprotons 
are expected to stop 


— 
lunch 


SIDE OF IRON COLLIMATOR 


Fig. 2. — Arrangement of absorbers and emulsions in plan A. 


double the momentum dispersion. The purpose of increasing the dispersion 
was to diminish the danger that a slight misalignment might cause the end 
point of the antiprotons to fall completely out of the stack. This arrangement 
gave an expected region for antiprotons stopping as shown in Fig. 2. The 
total width of the band in which antiprotons were expected to stop was about 


T cm. This width was determined from the combined effects of range straggling, 
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momentum dispersion and multiple scattering. Stacks 63 and 64 were exposed 
‘to the flux of particles produced by 1.7-10!* and 3-10" protons on the target, 
respectively. A -meson count gave a flux of 5.3-10* and 1.3-105 pions 
per cm2, respectively, at the entrance of the stack. The wedge absorber used 
in the way described above makes acceptable a momentum uncertainty 
corresponding to a variation in total range of + 30 g cm? Cu equivalent. \ 


LS COPPER IRON 


Fig. 3. — Arrangement of plan bs 


Later we became more confident of the absolute value of the momentum 
of the beam, so the second exposure (stack 66) was carried out with the wedge 
reversed. The wedge in this case cancelled the momentum dispersion, so that 
the average energy of antiprotons entering the emulsion was the same over 
the whole face-of the stack, and the volume of the emulsion to be scanned 
was reduced. The antiprotons were expected to stop in à band parallel to the 
short dimension of the plates and 3.5 cm wide. In this exposure the stack 
received a particle flux resulting from 1-102 protons on the bevatron target. 
A r-meson count gave a flux of 3.3-104 pions per cm? entering the stack. 

| An overall check of this arrangement was made using protons. 

In the second detection method, called plan B, the copper absorber (sur- 
face density = 132 g em?) was located at position B, indicated in Fig. 1. 
Note that antiprotons and pions entering the copper absorber with the same 


momentum emerge with different momenta. A deflecting magnet was placed 
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immediately behind the absorber to provide a further deflection of particles 
transmitted by the absorber as shown in Fig. 3. Because antiprotons and 
pions now have a different momentum a partial separation is obtained. The 
magnet pole tips were cut in the shape of a 90° wedge focusing sector. The 
gap was 13 inches and the field intensity was 18750 gauss. At the exit boun- 
dary of the field, two stacks (62 and 65) of emulsion were placed. 

Ahead of the copper absorber, the beam was defined to a width of 3 inches 
by a lead collimating slot. This defined a momentum channel centered at 
1.09 GeV/e and varying from 1.08 to 1.10 GeV/c. At the point of exit from 
the absorber the mean momentum of pions was 867 MeV/c and the mean 
momentum of expected antiprotons was 652 MeV/c. A horizontal separation 
of 2 inches between the central pion and antiproton momenta was achieved 
at the stack position. Antiprotons of 652 MeV/c were expected to have a 
range of 10.4 em in the stacks. The magnetic wedge sector, besides increasing 
the relative abundance of antiprotons in the beam, also had other favorable 
effects: namely it provided a clearing field for positive particles produced by 
pion interactions in the absorber thereby reducing the number of spurious 
tracks in the emulsion and facilitating the scanning; and it also resulted in the 
restriction of the angles of incidence of antiprotons to a narrow angular range 
slightly different from that of the pions. 

The angular restrictions which were thus placed on particles entering the 
emulsion, together with a grain density criterion, have been adopted as neces- 
sary conditions that an antiproton must satisfy. These conditions make the 
possibility of a chance coincidence between the end point of a selected stopped 
particle and a neutron star negligibly small. 

Stacks 62 and 65 were exposed in this experimental arrangement with a 
total flux of 4.7-101* protons on the target. 


3. — Yield Estimates and Scanning Methods. 


The ratio p_/m7 = 1/44000 obtained in the counter experiments (1) was 
measured at a momentum of 1.19 GeV/c and at a distance of 80 feet from the 
target. In the emulsion experiments, the stacks were approximately 40 feet 
distant from the target and the momentum was 1.09 GeV/c. The ratio p-/x- 
in the beam incident at the absorber position in these experiments becomes 
p-/x == 1/52000 if we correct for the pion decay in flight and assume that 
the production ratio is not affected by the change in momentum. 

The calculation of the number of antiprotons expected in plan A expo- 
sures is straightforward except for the fact that the absorption cross-section 
in copper for antiprotons is unknown. In the planning of the present exper- 
iments we assumed that the attenuation of antiprotons in the absorber would 
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be about the same as that for pions. Recently, DUERR and TELLER (°) have 
proposed a model which predicts that the cross-section of antiprotons may be as 
large as twice geometric in a medium weight element such as copper. We 


have therefore calculated upper and lower limits for the expected number 


of antiprotons in the stacks based on the assumption of o,- = 0,- vo (ge0- 
metric) for the upper limit and o,- = 20,- for the lower limit. 
The expected number of antiprotons in the exposure of plan B can be 


estimated as follows: we use the measured value of the total pion flux in- 
cident on stacks 62 and 65. This number is 105 pions. The effect of multiple 
scattering in the copper absorber is different for the pions and antiprotons, 
and this produces an impoverishment of antiprotons in the beam by a factor 0.7. 
The usable front edges of the stacks receive 75 percent of the antiproton flux. 
Therefore we expect 10%-0.7-0.75/52 000 = 10 antiprotons if the antiprotons 
and pions have the same attenuation. It the antiprotons have a nuclear 
cross-section twice the pion cross-section, their number is reduced to 4. 
In scanning the emulsions three general methods were adopted. 


a) Area Scanning. — Area scanning was carried out principally on stack 64, 
in the region where negative protons were expected to end (Fig. 2). The flux, 
which is 1.3-105r/cm? at the leading edge of stack 64, is reduced, due to the ad- 
ditional attenuation in passing through 15 em of emulsion, to 8.4:104 r/cm° 
at the scanning position. As the width of the region in which the negative 
protons are expected to end is 7 em, the scanning of 1 em? (600 um emulsion) 
corresponds to 7.6°10? 7-mesons. If we use o,- = 0,- an area of 1 em? would 
correspond to 1.5-107? pr. If we use o,- = 20,-, the scanning of 1 em? would 
yield 4-10-* p_. In Berkeley 59 em? and in Rome 131 cm? have been scanned 
in stack 64 by this method with à scanning efficiency that is difficult to estimate. 


b) Along-the-track scanning from the leading edge of the stack. — This 
method was used for parts of stacks 62 and 65 of plan B. Here tracks entering 
the stack at the proper angle and grain density were picked up by scanning 
along the leading edge. These tracks were then followed to the end of their 
range and checked for interactions at rest or in flight. 

The amount of scanning done by this method is best expressed in terms 
of the number of linear em scanned in each 600 um thick plate at the usable 
front edge of the stack. In each of the two stacks 62 and 65 there are 60 emul- 
sions of 9 cm usable front edge and hence 2 x60x9 em = 1080 em that can 
be scanned along the leading edge of all the plates. In Section 2 above we 
have computed the total number of antiprotons expected in stacks 62 and 65 
to be 10 for o,- = 0,- and 4 for o,- = 20,-- This gives 9-10-* p~ per linear 
cm and 3.8-10-*p- per linear cm respectively. In Berkeley 290 linear em of 


(9) P. DUERR and E. TELLER: Phys. Rev (in press). 
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stacks 62 and 65 have been scanned by this method, with a scanning efficiency 
not fully determined. 


c) Along-the-track scanning from a region inside the emulsion stack. — In 
this method all grey and black tracks going in a forward cone of + 30° are 
picked up at a position 7 em from the leading edge and followed. It is clear 
that if this method is used in each plate of the stack, all antiprotons that have 
not undergone a nuclear interaction will be picked up and followed to the 
end of their range. This method was also used for parts of stacks 62 and 65. 

The expected yield of antiprotons using this method of scanning can also 
be expressed in terms of number of antiprotons per linear em. Due to the ad- 
ditional attenuation in the 7 cm of emulsion that an antiproton has to traverse 
before being picked up, the expected number of antiprotons is 8:10-* p per 
linear cm for o,- = 0,- and 3.1:10-*p per linear em for o,- = 20,-. 

In Rome 50 linear em of stack 62 have been scanned by this method with 
a scanning efficiency that is difficult to evaluate. The one star described below 
was found by this method. 

For stack number 66 where this method was also applied the expected 
number of p_ is 3.4-10-? per linear em and 1.1-10-? per linear cm respectively. 
In Berkeley 46 linear em of stack 66 have been scanned by this method. 

Following the procedures described above we estimate 7 antiprotons (as- 
suming o,- =o,-) or 2.5 antiprotons (assuming o,- = 20,-) should have been 
found whereas we have found only one. This might indicate a high value 
sfioro. 


4. — Description of the event. 


In the scanning of plan B with method c), we observed a particle of pro- 
tonic mass which came to rest and produced a large star. 


The primary particle. - The track of the primary particle indicated in the 
following discussion by the letter L, enters emulsion number 62-12 from its 
front edge at a distance of 19 mm from the left hand corner. At this point 
the track forms an angle of 2° with the horizontal plane and is directed from 
emulsion 12 to emulsion 11 (i.e. downward). In the horizontal plane it makes 
an angle of 3° (from right to left) with the normal to the front edge of the 
emulsions. 

These data permit us to determine that the trajectory of the particle re- 
mained inside the gap of the wedge magnet (see Fig. 3) when the particle was 
moving from the Cu absorber to the stack of emulsions. It is thus clear that 
the particle was not scattered on the magnet pole faces. 

Proceeding from its entrance into the stack, track L goes to emulsion 
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umber 62-4 and then comes back to emulsion 62-9 where the star was pro- 
uced. The total range traversed by the primary particle from the entrance 


oint to the star is 


R= (9.31 2 0.09) em 


‘here the indicated error represents the standard deviation due to straggling. 
it a distance of 2.10 cm from the end of the range (7= 80 MeV) L under- 
oes an 8° scattering which does not show any recoil. 


TABLE I. — Mass measurements on the primary track. 
Range Interval 
Method from the end Mm. MM, 
(mm) 
Tonization-scattering . . . . . - 82.0-66.0 1840 + 250 1.00 + 0.14 
Tonization (mean gap length)-range 79.4-19.0 1810+100 | 0.99 + 0.06 
Gap length-range . . 5-0 1740 +130 | 0.95 +0.07 
Péatbering-range . . . . . + - : 10-0 1635 +280 | 0.89 + 0.15 
Residual range-momentum (from 
orbit) 93.14 plus 1865 + 70 | 1.02 + 0.04 
132 g em? copper 
_ 1824+ 51 | 0.99 + 0.03 


Weighted average 


The determination of the 
particles mass has been made 
by various methods whose re- 
sults have been collected in 
Table I. 

The scattering-grain density 
etermination is based on the 
ollowing experimental results: 


pp = (305 + 30) MeV/c 
g/go = 2.14 + 0.06, 


which represent the coordinates 
of the center of the black rect- 
angle marked as L in Fig. 4. 
Here g/g, is the ratio between 
the grain density and its plateau 
value. The open rectangles given 


VA 
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Fig. 4. — Plot of 
sity to plateau V 
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in the same figure represent the results of measurements on a few protons and | 
pions used for calibration. The indicated curves represent the best fit (by: 
means of the least square method) to the calibration points. 

Some of the mass measurements are based on specific ionization and range » 
determinations. The specific ionization has been determined either by grain 
count or by gap length measurement, depending upon which method was , 
considered the more reliable in the velocity interval being studied (!°). 
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Fig. 5. - Plot of mean gap length versus R/M. R is the range in mm and M is the 
mass in units of the proton mass. 


The calibration points of the mean gap length obtained by measuring a 
few pions in the same emulsions traversed by track L are shown in Fig. 5 
where the straight line represents the best fit by means of the least square 
method. The two points relative to track L have been plotted in this figure 
under the assumption of a protonic mass, whereas in order to determine the 
value of the mass given in Table I, we have compared the measured value 
of E, with the values of R/M deduced from the measured mean gap length 
and the straight line of Fig. 5. 

The actual measurements were made in the following intervals of residual 


(1) C. CASrAGNOLI, G. CoRTINI and A. MANFREDINI: Nuovo Cimento, 2, 301 (1955). 
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L indicates the incoming antiproton track. 
The remaining tracks could be protons or a-particles. 


Fig. 6. — The star. 
are pions, and € is a proton. 
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range: 7.94 to 7.46 cm; 6.91 to 6.59 em; 2.35 to 2.15 em and 2.10 to 1.90 em. 
The value given in Table I represents a weighted average. 

Two determinations of the mass have been made near the end of the range. 
The first one by the gap-length-range method and the second by the scat- 
tering-range (constant sagitta) method. 

Finally another determination of the mass was made by combining the 
total residual range in the Cu absorber and the emulsion with the magnetic 
rigidity of this particle as it is known from its trajectory. 

The momentum of the particle has been measured on the trajectory of the 
particle by stretching a current carrying wire under known tension. Taking 
into account the absorption of the media traversed before entering the Cu 
absorber of Fig. 1 we find that at the entrance of this block the momentum 
was (1.090 + 0.020) GeV/c. The particle traversed 132 g em”? of Cu and 
9.31 em of emulsion before coming to rest. Using standard range-energy re- 
lations we find from these data that its mass was (1865-70) mo. The un- 
certainty arises mainly from the momentum measurement. 

In the foregoing discussion we have tacitly assumed that the particle did 
not suffer a nuclear inelastic collision. This assumption is very likely correct 
because the angle of entrance into the emulsion is within the limits to be ex- 
pected under such a hypothesis. Any inelastic collision would produce an 
apparent mass heavier than the true one. 

From Table I one can conclude that the various measurements made with 
different methods are in satisfactory agreement and give a mass very close 
to the proton mass. Furthermore the agreement of the various mass measu- 
rements indicates that this particle came to rest before producing the star. 


p = angle of dip. 
6= angle in the plane of the emulsion. 


30 - 11 Nuovo Cimento. 


TABLE II. — Individual measurements on the tracks of the star. 

| ‘Number of 
rack DIE | emulsions JU, pb LE Le, cos @ 0 

| (um) a MeV/c | tity | (MeV) | 

| 

23960 observed 8 0.90+0.06 | 430470 | x 332 0.985 | 2380 26’ 

| in em. | 
b | 19500 observed 8 1.29+0.09 | 98+9 | x 57.5 | 0.972 | 99°35' 

| in em. | | | 
e | 4250 | total 3 i = p | 32.3 | 0.961 | 2949.40! | 
| 1100 | total | 2 ce ae p(?)| 15.0 | 0.860 | 350° 5! 
e 340 | total | 1 = Pe ena) Guy 0,027 SES 
j 202 | total | 1 - — p(t)| 5.5 | 0.800 | 124° 3° 
g 4050 | total 6 — — | p(?)| 31.4 | 0.466 | 153022 
h | 206 | total eee ee Cf pt) | 5.5 | 0.208.) 12990 ae 
i 100 | total | 1 | _ ee o (1) 3.6 | 0.141 | 212044! 


458  O.CHAMBERLAIN, W. W. CHUPP, G. GOLDHABER, E. SEGRE, C. WIEGAND, E. AMALDI ETC.! 


The star. — Fig. 6 is a microphotograph of the star and Table II shows the 
pertinent data relative to its various prongs. Only tracks a and b go out of. 
the stack. 

The results of the measurements of the ionization and scattering of these 
two tracks are shown in Fig. 4 from which one can conclude with certainty 
that b is due to a pion whereas a had a mass certainly much smaller than that 
of a proton and most probably is due to a pion; this will be assumed in the 
following discussion. 

Track e has been identified as a proton by means of gap measurements. 
The total energy release associated with these three identified particles am- 
ounts to 709 MeV as it is shown in Table III. 

The tracks of all other particles, from d through 7, are much too steep to 
allow an estimate of their masses. 

The energy and momentum balance depends, of course, on the identifi- 
cation of all these tracks. 

Various assumptions have been made on the nature of these particles; if 
we assume that they are all protons we obtain the minimum value of the 
visible energy (826 MeV) while if we assume that they are all alphas we get 
what we take as an upper limit since we consider it unlikely that any of these 


TABLE III. — Visible energy and momentum estimated under 


A) Identified particles 


| Track d 
track a b e 
EE 4 Ue 1% assumed identity Pp 
T, (MeV) 332 58 32 : = 
T, (MeV) 15.0 | 
Kinetic energy of the two pions a) and b) 390 MeV 
nu Snare y of the two pions a) and b) . . 279 » | assumed identity p 
Kinetic energy of the proton €) . . . . . 32,» | 
Binding energy of the proton . . . . . . . Sn T'; (MeV) 15.0 | 
709 MeV 


assumed identity | « 


T; (MeV) 59.2 
assumed identity x 
T; (MeV) 59.2 


(*) The separation energy of the protons has been tak: 
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tracks are due to particles heavier than an «-particle. Both these assumptions 
re probably too extreme. By tentative attributions of masses 1, 2, 3 and 4 
to the particles d),...7), we found that the minimum unbalanced momentum 
s obtained when tracks d) and 7) are assumed to be alphas while all the others 
re protons (Table III). 

But also such an assignment of masses seems rather unlikely because it 
mplies the emission of an «-particle (track d) with an energy of 59 MeV, a 
ircumstance which happens in less than 1 percent of the cases of «-emis- 
ion. 

The case that appears most likely to us is that given in the second line 
of Table III. There it is assumed that the four shortest tracks (e, f, h, è) are 
ue to alphas while the others are due to protons. Such an assignment is made 
lausible by a comparison of the range spectra of both protons and alphas 
mitted in disintegrations of comparable excitation energy. 

The visible energy is so high that independently of the determination of 
he mass of the primary, we can exclude the possibility that the observed star 
e due to any known particle except the antiproton. 

On the other hand the determination of the mass of the primary confines 
ts value to a rather narrow interval around the mass of the proton. There- 


regarding the nature of the unidentified particles. 


identified particles 
: C) Total | 
h a Total Wubalanced Separation visible energy | 
kinetic Breen energy 709+ 2 T,+8N, | 
energy of protons (*) (MeV) | 
> (MeV/c) x | 
P p (> T, in MeV) (8N, in MeV) | 
5.5 3.6 69 520 48 826 | 
a œ 
22 14.4 135 820 16 860 
p x | 
5.5 14.4 124 470 32 865 
% x x 
| ini — 
6 22 14.4 274 982 _ | 983 
ion energy of the «’s has been neglected. 
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fore one can try to interpret the observed event as due either to the annihi : 
lation of an antiproton, or to the absorption of a new kind of particle whose + 
mass is not far from that of the proton. This last assumption is clearly un- 
likely because it would imply that about 90 percent of the energy released is | 
visible and it is very hard to balance the momentum with such a small energy 
margin. 

Making use of the concept of strangeness (1!) one can develop the two fol- 
lowing arguments, kindly suggested to us by R. GATTO, which make the : 
interpretation in terms of a boson of about protonic mass extremely unlikely, 
if the Gell-Mann scheme is correct and complete. 

The first is based on the assumption that bosons with charge + 2e do 
not exist in nature. From such an assumption it follows that a possible, yet 
undiscovered, negative meson X must have strangeness S = — 2 and mass 
smaller than that of two K-mesons (i.e. m,- < 986 MeV) in order to be meta- 
stable; from the time of flight under the actual conditions of the experiment 
(3.5-10-8s proper time) we know that the incident particle has a lifetime 
longer than 10-#s. But such an X” would rapidly be absorbed by nucleons 
with emission of any combination, allowed by conservation of energy, of new 
particles, which gives a total strangeness S =—2. The maximum energy 
release would be obtained in the reaction 


xX +p+n-— A° + A? 
and, considering the upper limit for m,-, the Q would be 


Q = m,-— 353 < 986 — 353 = 633 MeV 


a value definitely lower than that observed in the present star. 

The second argument avoids the assumption of the non-existence of part- 
icles of charge + 2e, and is based on the rule AS = + 1 for weak inter- 
actions. A hypothetical negative boson X~ of mass close to that of the proton 
can not have strangeness S = 0, because it would decay into pions and/or | 
gammas, nor strangeness S = +1, because it would decay into K-mesons 
and/or pions and/or gammas. When X° interacts with nucleons it is absorbed | 
either rapidly or slowly. In the first case heavy mesons or hyperons must 
be emitted. The same will happen in the second case because of the assumption 
AS — +1. Therefore in all possible cases the Q-value would be definitely 


(41) M. GELL-MANN: Proceedings of the Pisa Conference, June 1955, in press in 
Suppl. Nuovo Cimento. 
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smaller than the visible energy observed in the star. Only in the very unlikely 
ease that all the emitted particles with S different from zero were reabsorbed 
in the same nucleus could a boson as described above account for the ob- 
served star. 

While no discussion has been given here of a possible fermion different 
from the antiproton but with mass very close to the proton mass, we consider 
it far more likely that the observed particle is a genuine antiproton. 


Comparison with other events observerd in cosmic rays. — Finally it seems to 
us worthwhile to compare the event presented in this paper with those pre- 
viously observed in cosmic rays and thoroughly discussed (5). 

The comparison is straightforward in the case of the secondary star (star B) 
of the event observed a few months ago in the Rome Laboratory, also with 
emulsion technique (*). From Table IV, where a few data relative to these 
two stars have been collected, it is clear that there is a remarkable similarity 
of their general features. Therefore one is strongly inclined to attribute both 
of them to the same type of primary and to interpret the differences between 
the two as due to accidental peculiarities and to statistical fluctuations inherent 
in phenomena involving the emission of many particles. 


Tage IV. — Comparison between the main features of two stars, from which it is con- 
cluded that both stars were very likely caused by the same type of particle. 


Pions Protons | Tritons de FN es ae: 

Nr eae Ny mi DI ol ui de om ree 

Ro (cosmic rays) | 2 |>574) 4 331 1 | Ae) ee |> 1050 | 1500 
Bk-Ro, 2 | 669 | 3 78 Prina 89 860 | 820 | 


In the case of the event observed in cosmic rays, it was concluded that, 
the probability of an accidental coincidence cannot be disregarded although 
it is rather small. If one excludes this possibility, the more likely interpre- 
tation seems to be that of an annihilation process of a heavy particle (°). 

In the case of the star presented in this paper, the interpretation in terms 
of an accidental coincidence in space can be disregarded. 

If the two events are to be interpreted as due to the same particle, the 
attribution of both stars to antiprotons is very strongly supported. All their 


s are well consistent with the unique value of energy release 


general feature 
a negative proton, In looking 


which one has to assume for the annibilation of 


for this type of star one has te bear in mind that even larger fluctuations have 
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to be expected owing to the possibility of emission of neutral pions which . 
would most probably escape detection. 

A comparison with the event observed in cosmic rays by the Massachusetts | 
Institute of Technology group (5), by means of a cloud chamber, is more dif- 
ficult. The multiplate cloud chamber may fail to show short prongs that 
are easily seen in an emulsion. Conversely, the emulsion may fail to show 
neutral mesons, which are observed in the cloud chamber through the electron 


showers they produce. 
* OK * 
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APPENDIX 


In order to be able to choose the more convenient experimental conditions 
it would be necessary to know the momentum and angular distribution of the 
antiprotons in the laboratory frame of reference (L.S.) produced in a nucleon- 
nucleon collision. 

These are unknown and therefore we have to content ourselves with esti- 
mates made by considering statistical factors, and the movement of the 
nucleons inside the target nucleus. 

For this last we have adopted the simplest model, namely a completely 
degenerated Fermi gas with a maximum kinetic energy T,=25 MeV, correspon- 
ding to the rather conservative value 1.38-10-!* em for the constant ry appea- 
ring in the radius formula of nuclei. 

The probability P(w,)dw, that the total energy w, in the center of mass 
system of the incident nucleon and one nucleon of the target nucleus, lie 
between w, and w+dw,, is given by the expression 


30 B ERA Re vi 2 
(A.1) PU) = È | (3) x a 


A+C—B<w<A+C4+B 


OBSERVATION OF AN ANTIPROTON STAR IN EMULSION EXPOSED AT THE BEVATRON 463 


where 
| A0, +4) = 5.33.10 +1) 

(A.2) B—2VIT,.(T'+9T),t = 0.46(T? +27)? 
| O2 (TELL) 


Fig. 7. — Probability distribution P(w,) as a function of wy. Here wo is the total energy 
in the center-of-mass system of two nucleons divided by the proton rest energy. 
The beam energy is taken to be 6.1 GeV. 


In these equations as well as in all the following, all energies (Wé% = total 
energy in the C.M.S.; © kinetic energy of the incident proton in the L.S.; 
C, maximum kinetic energy of the nucleons in the target nucleus) and all 
momenta pe are expressed in units of m,c?= 938 MeV. 

Fig. 7 shows P(w) as a function of w for © = 6.5 corresponding to 
WI 6.1 GeV. 

We will now assume that the direct production of nucleon-antinucleon 
pairs in proton-nucleon collisions prevails, at the Bevatron energy, over the pro- 
cess going through the intermediary production of pions (12). In fact we know 
too little about the pion production at 6-7 GeV, to be able to consider quan- 


titatively this last process. 


(12) G. FELDMAN: Phys. Rev., 95, 1697 (1954). 
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Then the threshold for production of a pair of nucleons is determined by 
the condition w, = 

The cross-section for production of pairs of nucleons can be written in 
the form 


- (A.3) O(Wo) = Gr (Wy — 4), 
; i HE È al È im 
Fai Re ease a Co if 
=] A pren 
+ Di i È 
o | HH ina iz HEH 
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Fig. 8. — The functions fr(w,) and fop(w,) as functions of Wo. 


where o, is the reaction cross-section corresponding to all possible processes 
with exception of the elastic scattering and G(w, — 4) is a kind of branching 
ratio which is zero below the threshold w, = 4. o, is known, at 1.4 GeV 
from the measurement made at the Cosmotron (1?) (for copper, 670 mb) and at 


(4) T. Coor, D. A. Hrtx, W. F. Hornyax. L W. SMITH and G. SN 
i ; oie ace x ow: Phys. è 
98, 1369 (1955). W ys. Rev., 


(4) See for a collection of data R. W. WILLIAMS: Phys. Rev., 98, 1387 (1955). 
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cosmic rays energies from T 

penetrating shower inve- | LI am 
stigations (4) (for copper LI LI i 
~ 800 mb) and therefore da 
can be easily interpolated 


) x10 


al 

at the Bevatron energies. fe 
È iL 

G(w, — 4) is unknown; XS 


we will assume in a ra- 
ther arbitrary way thatits 
dependence on the energy 
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ig. 9. — Calculated labora- 
ory-system momentum di- 
scributions of antiprotons 
rom p-n collisions inside the 
ucleus at various angles of 
observation at the target. 0 1 2 3 4 


is determined by ;the statistical factor only. In other words we assume, 
ear threshold 


(A.4) G(w— 4) = A(— 4)" (A = constant) 


for the process 


(A.5) p+tn->p+n4+Pp+P 


and 


(A.6) G(w, — 4) = B(w— 4)??? (B = constant) 
for the process 


(A.7) p+p—p+p+p+p 


having introduced an extra factor (w, — 4) in this second case in order to take 


into account the fact that, because of the Pauli principle, one of the three 
protons present in the final 


state must be in a state with 
p= il 


Fig. 10. — Calculated laboratory- 

system momentum distributions 

of antiprotons from p-p collisions 

inside the nucleus at Various an- 
gles of observation. 
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Fig. 8 shows the quantities 


è 
I 
ro] -a 
rio 


(A.8) fn(wo) = P(Wwo)(W — 4)" 


calculated for T = 6.5. 
From these figures we see that for the Bevatron conditions the most pro-. 
bable value for the energy available in the C.M.S. in the final states of the 
processes (A.5) and (A.7) is 
between 300 and 500 MeV. 


T 

| ! We do not know how this s 
ae H ea energy is distributed between 

mel the 4 particles present in the: 

x final state: nor do we know how! 

Se frequently they are produced 

es 


all four, free or bound in 
groups of two or possibly 
three. In order to estimate 
these probabilities we had to: 
introduce some very uncer- 
tain assumptions. We prefer ! 
to assume, in a rather arbi- - 
trary way, that the 4 part- - 
icles are all produced free and | 
that the available kinetic : 
energy w,— 4 is distributed 
among them according to the 
Fig. 11. — Caleulated laboratory-system kinetic- statistical factors. 


200 


DA 


100 


energy distributions of antiprotons from p-n col- From the non-relativistic 

lisions inside the nucleus at various angles of ob- expression of these factors 

servations. ©’, is the antiproton kinetic energy one obtains the normalized di- 

divided by the proton rest energy. stribution function of the mo- 
mentum of the antinucleon in 
the C.M.S. 
7 “1108 
(A.9) S(p*) dp* = T6 (dti: duzdoà 
where 
Di 
(A.10) ii pe ; p* = cos GF. 


The maximum value pè, of the momentum can be obtained immediately 


from the following relativistic expression of the corresponding maximum total 
energy 


1 mecs M 
(ATL) He (i Dei a 2 p+ — VOLI ile 
‘0 


di 


Finally one has to perform the Lorentz transformation of the distribution 
function (A.9) in the C.M,S. to the L.S. The relative velocity of the two systems 


m 
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is given, with excellent approximation, 
by the expression 


(A.12) (ge {1 — (3 a3 


while in the substitution of the varia- 
bles p*, u* (in the O.M.S.), with the va- 
riables p, u (in the L.S.) one has the re- 
lation 


(A 13) SIE *du* = 
CAR Es 
p? Fig. 12. — Calculated laboratory-system 
= (+1 dp du. kinetic-energy distributions ofantiproton 


from p-p collisions inside the nucleus 


In conclusion the distribution function at various angles of observation. Cons 
with respect to p andy is given by the the antiproton kinetic energy divided 
expression by the proton rest energy. 


[ce] 


105 (DE P(u)(—4) 7 
A.14 Sa = 0) (Wo 
( ae EP a (p? + io? du | px Vp*? + 1 du. 


max 
4 


Figs. 9 to 12 show the momenta and energy spectra obtained from this equa- 
bon for C= 6.5. 

The thickness of the copper absorber adopted in the experiment was 
chosen in such a way to make the number of antiprotons stopping in the 
emulsion stack maximum, assuming that their attenuation cross-section was 


geometric. 


RIASSUNTO 


In relazione con il piano di ricerca dell’antiprotone al Bevatrone, alcuni pacchi di 
emulsioni nucleari sono stati esposti ad un fascio di particelle negative separate 
magneticamente. Le particelle selezionate sono state prodotte in una targhetta di rame, 
bombardata da protoni di 6.3 GeV, ed avevano un momento di 1.09 GeV/c. L’espe- 
rimento è stato progettato allo scopo di osservare il processo di annichilazione provo- 
cato da un protone negativo che si arresti dentro l’emulsione. I dettagli della ricerca 


sono dati nel $ 2. Il $ 3 contiene una stima del numero delle stelle dovute a processi 


di annichilazione che ci si doveva aspettare in base a precedenti misure eseguire con 
PSILANTIS. Il $ 4 contiene la deseri- 


contatori da CHAMBERLAIN, SEGRÈ, WIEGAND e Y 
zione del solo evento trovato finora. La massa della particella primaria che lo produce, 
calcolata da una media pesata su risultati ottenuta con diversi metodi indipendenti, è 
(1824 +51) m,. La stella prodotta è associata con una energia minima « visibile » di 
~ 826 MeV mentre il corrispondente momento « visibile » è sbilanciato di — 520 MeV/c. 
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About the Capture and Annihilation of Antiprotons. 


R. GATTO 


Istituto di Fisica dell Università - Roma 


Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 5 Gennaio 1956) 


Summary. — The mechanism of annihilation of antiprotons is discussed. 
It is shown that large multiplicities for the number of pions emitted should 
be infrequent and some considerations are reported concerning the aver- 
age number of neutral pions to be expected. It is suggested that a K-K 
pair could also be emitted. An event recently found and interpreted as 
due to the annihilation of an antiproton is discussed, and it is shown that, 
using Gell-Mann’s model, arguments, can be given against its interpre- 
tation in terms of a new long-lived heavy boson. 


Recent results obtained at Berkeley (1) have shown the existence of nega- 
tive particles of protonic mass, which have been interpreted as antiprotons. 
Previously, examples had been reported of cosmic ray events which could 
be attributed to antiprotons (2) although the interpretation was not so de- 
finite. Recently (5), in an emulsion stack exposed at the bevatron, a star has 
been found which is due to a negative particle of protonic mass interacting 


sy 


(*)-O. CHAMBERLAIN, E. SEGRÈ, C. WIEGAND and T. YPSILANTIS: University of 
California, Radiation Laboratory UCRL-3172 (1955). 

(2) E. Haywarp: Phys. Rev., 72, 937 (1947). 

(5) A. S. BRIDGE, H. Courant, H. DE STAEBLER and B. Rossi: Phys. Rev., 95, 
1101 (1954). | 

(4) E. AMALDI, C. CASTAGNOLI, G. CORTINI, C. FRANZINETTI and A. MANFREDINI: 
Nuovo Cimento, 1, 492 (1955). 

(5) O. CHAMBERLAIN, W. W. Cuupp, G. GOLDHABER, E. SEGRÈ, C. WIEGAND, 


E. AMALDI, G. BARONI, C. CASTAGNOLI, C. FRANZINETTI and A. MANFREDINI: Nuovo 
Cimento, 3, 318 (1956). 


ABOUT THE CAPTURE AND ANNIHILATION OF ANTIPROTONS 469 


at rest and producing a visible energy release — 860 MeV. The star has been 
interpreted as due to the capture by an emulsion nucleus and subsequent 
annihilation of an antiproton produced by the bevatron. Two theoretical 
arguments have been given (5), which immediately follow from Gell-Mann’s 
model (*), in order to exclude the interpretation of the event as due to the 
absorption of some new long-lived negative heavy boson (to be called x°). 
For the first argument it is assumed that no particles with charge + 2e exist 
— therefore x- must have strangeness S = — 2, and, when absorbed by nuc- 
leons, the maximum energy release would be ~ 630 MeV. The second argument 
uses the rule AS = +1 for weak interactions—because of the condition of 
metastability x- can not have S=0 or +1, and, therefore, even if absorption 
is slow, new hyperons or heavy mesons must be emitted, what definitely re- 


duces the energy release. 
One of the simplest mechanisms of annihilation of an antinucleon interacting 


with matter would be 


(1) . N + N—n pions, 


where only one of the constituent nucleons is taken to partecipate to the 
reaction. In a statistical theory the total probability of (1) will be propor- 


tional to 
(2) oat ln) (ab, ae. dE, (SE) 1 — Ye); 
n 622k? e : 1 PO n : Ou Ja i) 9 
where w, is a numerical factor which accounts for conservation of total iso- 


topic spin and for the impossibility to distinguish among the n final pions; 
e is the total energy; k is the inverse length of the interaction region; my is 
the nucleon mass; and €; = + &, with 7 = m,/e. To evaluate w, one has 
to distinguish two cases: (i) the two nucleons are one the charge conjugate 
of the other, and (ii), they are not. Case (i) (p+p, n+n) involves an equal 
admixture of 1 — 1 and I=0; case (ii) (p+n, n+p) only involves I = 1. 


One easily finds 


à IL 1 3 A 

£ . ue (== Di Os == = 

case (1): Os = 5 : Ds au ETS 80 
da it 1 1 Hi: 

case (11): D = 5) Ws = 5) dj? 037° 


In the case of annihilation at rest the total energy e will be = 2my. Let 
us call r the radius of the interaction region expressed in nucleon wavelengths 


(9) M. GELL-MANN: Proceedings of the Pisa Conference, 1955. 
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The relative probabilities for the emission of 2, 3, 4, 5 pions are found to be 


case (i): 
| 2 pions == PI 


3 pions HALO 
(3) 4 pions 10 002107 
5 pions 0:60 LO Ze 


case (ii): 
| 2 pions SU 
| 3 pions Edo CMOS 
(8) 4 pions 1037410579 
| 5 pions <= 0861057" 


From (3) and (3') we see that multiple pion emission is very rare if the 
radius of the interaction region is of the order of the nucleon Compton wave- 
length (r =1). If the radius of the interaction region is taken of the order 
of + of the Compton wave length of the pion (r = 3.35), one gets from (3) 


case (i): 
2 pions AL 
3 pions ~ 0.6 
4 pions SS 0.79 -10-4 
5 pions a 0.52105" 
case (ii): 
2 pions = 1 
3 pions ~ 0.9 
4 pions LO: ent 
5 pions S 0.46-10-2 . 


No valid arguments can be given to fix the value of r. However, from the 
figures reported one would conclude that the most frequent cases are the 
emission of two pions and of three pions, and large multiplicities should be 
infrequent. 

The pions emitted in the primary annihilation act may suffer interaction 
with the remaining nucleons before escaping from the nucleus: Scattering 
and reproduction processes by colliding against single nucleons, and absorption 
by pairs of nucleons. These various possibilities may give different aspects 
to the resulting stars. Either in the primary annihilation act, or in the pos- 
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sible successive interactions, charge independence will be satisfied. Therefore 


_ Watson's relation 


(4) Ne +n = 2%) 


| between the average numbers of pions produced of the various signs, 18 ex- 
| pected to hold. The relation (4) is rigorously satisfied for the sum of the mean 
numbers produced in annihilation against a proton and of the mean numbers 


produced in annihilation against a neutron. The validity of relation (4) may 
be only an approximate one owing to the slight neutron excess and to other 
causes. However, for the case of annihilation of p against n, one easily de- 


rives the general restriction 


(5) Ni +n SN. 


Both (4) and (5) do not depend on the pion multiplicity. For the case of 
annihilation of p against an hydrogen nucleus leading to the emission of two 
pions the probability that the two pions are charged is at least a factor 2 
larger than the probability that they are neutrals. In conclusion we may say 
that the probability that the annihilation event escapes detection due to the 
emission of neutral pions will not be very large. 

From the occurrence of the reaction (?) 


CENNI STAI, 


one would also suggest the possibility of annihilation processes of the kind 


(6) p+p>Kt+k 
(6') > Ko + R° 
(7) Do KO KG, 


Consider, for instance, the first of the above reactions, p + p > Kt+K. 
One could assume the existence of a strong (NKA°) interaction as the simplest 
trilinear charge-independent interaction to account for the strong A°-N force. 
With such an interaction one can imagine the sequence of virtual processes 


Deep ATER Koa KR, 


10ld for p +n >K° +K. The statistical 


A similar consideration would also | 
is only 0.85 times smaller than that for 


weigth in both (6) and (6’), and (7) 
annihilation into two pions: however, one should consider, from the viewpoint 


(7) M. CECCARELLI, M. GRILLI, M. MERLIN, G. SALANDIN 
Cimento, 2, 828 (1955). 


and B. SecHI: Nuovo 
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of a statistical theory, that the radius of the interaction region is not neces- 
sarily the same in this case. 

One could assume that more nucleons partecipate to the primary annihi- 
lation act, for instance, annihilation against a deuteron subunit, or an «-sub- 
unit of the capturing nucleus. Such a mechanism would in particular lead 
to the possibility of annihilations with emission of only one meson, and to the 
possibility of heavy very energetic secondaries in the annihilation star (*). 
However, as shown by ASHKIN, AVERBACH and MARSHAK (8), this mechanism 
should be improbable due to the smallness of the Fourier transform of the 
nuclear wavefunction for the large values of the momentum transfer to the 
nucleons. 

As a general feature one would expect that slow antiprotons are captured 
at rest by the emulsion nuclei and then annihilated. As compared to the 
analogous case of 7- capture, the absorption from higher orbits would be more 
favoured in this case, due, at least partly, to the larger mass, although the 
calculation of such an effect would be very difficult at present. Similarly one 
would expect—on qualitative grounds—that an effect similar to the Panofsky 
effect for 7-mesons does not occur in the case of antiprotons. 

Antihyperons can only be produced in association with other new part- 
icles, what makes the thresholds for their production still higher. In collision 
between ordinary one the lowest thresholds are for production of A+A, 
Dee See SA ENT uy Z+N+K7, E+, etc. Antihyperons should 
have RN de corresponding to those of their charge conjugates 
A°>p + n°, ete.). An interesting feature of their interaction with nucleons 
is that a K° or a K* (bound or free) should always emerge from the annihi- 
lation star. 


OR 


I would like to thank Prof. E. AMALDI for many stimulating discussions on 
the sublects 


(8) ASHKIN, AVERBACH and MARSHAK: Phys. Rev., 79, 266 (1951). 


RIASSUNTO 


Viene discusso il meccanismo di annichilamento di antiprotoni. Si fa vedere che 
grandi molteplicita per il numero dei pioni emessi dovrebbero essere infrequenti e ven- 
gono riportate alcune considerazioni circa i numeri medi di pioni neutri che possono 
venire emessi. Viene suggerita la possibilità che possano venire emesse coppie di K-K. 
Un evento trovato di recente ed interpretato come dovuto all’annichilamento di un 
antiprotone viene discusso, e si fa vedere come, usando il modello di Gell-Mann, si 


possano dare argomenti contro la sua interpretazione in termini di un nuovo bosone 
pesante di vita media lunga. 


NOTE TECNICHE 


Minimum Noise Pre-Amplifier for Fast Ionization Chambers. 


C. CoTTINI, E. GATTI, G. GIANNELLI and G. Rozzi 
Laboratori CISE - Milano 


(ricevuto il 31 Dicembre 1955) 


Summary. — A fast, low-noise, pulse amplifier is described, which has 
an input stage consisting of a cascode of two triode-connected E83F tubes. 
Its rms noise voltage is equivalent to a pulse of 280 electronic charges 
injected on an input capacity of 21 uuF, the frequency response of the 
amplifier being defined by two RC circuits having both a time constant 
of 1.5us. On a capacity of 34 uuF and a frequency response given by 
time constants of 3 us, the rms noise is equivalent to a pulse of 380 elec- 
tronic charges. 


1. — Introduction. 


In the study of energy spectra of particles, by means of ionization chambers, 
it is useful to reduce to a minimum the broadening of spectral lines due to the 
noise of the first stages of the electronic amplification. 

The reduction of this broadening has particular importance in the researches 
that have for a purpose the study of the intrinsical width of the lines due, 
besides to the nuclear phenomena, to the mechanism of interaction of the 
ionizing particle with the filling gas (*). 

It is well known that the signal generator (ionization chamber) may be 
considered as a current generator with a purely capacitive internal impedance 
and as such, completely noiseless. 

Consequently the amplifier noise figure becomes in every case infinite; the 
noise at the output is entirely due to the internal noise of the amplifier. 

Accordingly, in these applications, the noise figure is substituted by the 
number N of electronic charges to apply in an infinitesimal time at the input 
so as to obtain an output pulse of an amplitude equal to the rms voltage of 
the noise (likewise measured at the output). This value wv has significance 
only if the value of capacity Cox added at the amplifier input is simultaneously 


(1) A, Bisi and L. Zappa: Nuovo Cimento, 2, 988 (1955). 


31 - Il Nuovo Cimento. 
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specified (output capacity of the ionization chamber and wiring capacity) (?). 

The noise of the amplifier can be practically reduced to that due to the 
input stage. Under this hypothesis and using an amplifier that has the fre- 
quency response of the voltage amplification determined superiorly and infe- 
riorly by two elementary RC circuits having equal time constants t, N is given 
by the following formula (?). 


Ost "n Coy f (RAR, e Lì 
N= ——— e]4.84:10-4 Rea + 74 
Be € ul di 27 e (4C;nt ne Can)" 16] 
where is the electron charge 1.59-10-!° coulomb, 


e 

e the natural logarithm base 2.718.... 

k Boltzmann constant 1.37-10-2* joule/°K, 

T, absolute laboratory temperature 290°, 

R., equivalent shot noise. In the case of pentodes R,, is due also to 
the partition noise: in this paper reference is made only to triodes, 

I, the sum of the absolute values of the ionic and electronic com- 
ponents of the grid current: I, =|1,,..| +|ia|. 


The three terms in brackets correspond respectively to the flicker noise, 
to the shot noise and to the noise due to the voltage developed by the grid 
current fluctuations across the input impedance. 

In order to compare our results with those of other workers and for the 
experimental convenience of changing the frequency response by switching 
simple RC circuits, we have set up the experiment under the conditions where 
formula (1) is valid. 

However, other shapes of frequency response have well known and cal- 
culable advantages and disadvantages (4°). 

It is worthwhile to point out that the input capacity 0; of formula (1) 
is the input capacity of the first stage, provided all the feedbacks driven by 
the output signal of the stage itself (Miller effect, feedback due to cathode 
resistor etc.) are rendered ineffective. In fact it is known that every feedback 
driven by the output signal modifies the transfer functions from any couples 
of terminals to the output by a common factor and hence, in particular, the 
amplifications of the signal and of the noise currents wherever they are injected. 

From (1) it is easily deduced that N presents a minimum with respect to 
the variations of time constants 7, when 


(2) 2e EEE (CSO) 02 TEE 


?) A. B. GILLESPIE: Signal Noise and Resolution in Nuclear Counter Amplifiers 
(London, 1953), p. 81. 


J. M. W. Mirarz and K. J. KELLER: Physica, 9, 97 (1942). 

K. J. KELLER and H. J. A. VESSEUR: Physica, 10, 273 (1943). 
K. J. KELLER: Physica, 18, 326 (1947). 

VAN HEERDEN: Thèse Utrecht (1945). 

R. SHERR and R. PETERSON: Rev. Sci. Instr., 18, 567 (1947). 

G. VALLADAS and A. LEvÊQUE: Rapport C.E.A., n. 141 (1952). 
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_ Under this condition the shot noise and the noise due to the grid current 
give equal contributions and 


E je —— 1 4 
(3) NOS = = V Cin + Ce] 4.84-10-14(C,,, în CE) 4s 4 (2el, ARTE À a 
— l'A 10 OC (84:10 1(0, 0.) + 178 -10-224/R1,)*. 


The lowest values of N,in have been obtained till now with electrometer 
tubes having very low grid current and relatively high shot noise equivalent 
resistance: these minima were therefore obtained for high 7-values (19-12) which 
correspond to low resolving power and require careful precautions to avoid 
microphonic noise of the ionization chamber and of the amplifier itself. 

Some attempts were made to achieve low N,,,, values for t-values of a few 
microseconds, using high slope tubes (1?) or reducing as much as possible the 
input capacitance C,,, (4). The N values so obtained were however superior 
to those reached using slow amplifiers (*). 

Technical data of high slope tubes working at low plate voltage, now com- 
mercially available, have suggested the possibility of improving the preceding 
results and this has been the aim of our work. 


2. — Choice of the tube type. 


We carried out experiments with types of tubes, chosen either with view 
to compare the results of previous works, or from those which are characterized 
by a low plate voltage when operating with about 9mA plate current and 
— 1.2 V of grid-cathode voltage. 

This criterium was suggested by the strong dependence of the ionic grid 
current 7,;,, upon plate voltage v, (a dependence, more or less quadratic, at a 
given plate current). 


(10) E. BALDINGER, W. HÂLG, P. Huser and A. STEBLER: Helv. Phys. Acta, 19 
423 (1946). 

(11) A. B. GILLESPIE: op. cit., pp. 84-85. 

(12) G. VALLADAS: L’onde électrique, 33, 615 (1953). 

(18) H. GuILLON: L’onde électrique, 33, 627 (1953). 
(14) G. BERTOLINI and A. Bisi: Nuovo Cimento, 9, 1022 (1952). 

(*) Note added in proof. — A result recently obtained by D. W. ENGELKEMEIR and 
L. B. MAGNUSSON, published on Rev. Sci. Instr., 51, 295 (1955) escaped our attention. 

A preamplifier is there mentioned built around a Western Electric, triode con- 
nected, 6AK5. | 

The reported noise is equivalent to about 330 r.m.s. electronic charges with a pass 
band centered around 9 us. 

We disregarded after few tests the 6AKS tubes as our samples presented scattered 
| R-values that were very ‘high respecting the formula 2.5/Ym and sensitive to heater 


| voltage. 
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For triodes the plate voltage is given with good accuracy by: 


(4) Vp = Tr + UT |) 
where r, is the plate resistance corresponding to the v, = 0 anode charac- 
teristic. 

In Table I the values of the choice parameter v, for the tube types taken 
into account are given together with nominal data r, and yw. 


TABLE I. 
Nominal Data Experimental Data 
Tube Ci, — mA sug — 1.2) 
(triode e: È s Ra (ohm) igion (1079 A) 
connected si E Li 9 
) “ (ohm) | (volt) | (mA) | (volt) RE Saeed Wee RA 
250 
260 I 4 ; ai 2 
E83F 35 3 100 70 10 — 1.5 270 1 SI } 3 
280 |} \ 2 
Lee 
| 290 
322 373) } 3 
EF42 80 6670 156 | 7 — 1.7 380 1 4 } 0 
460 1 6 2 
ru: 
325 
Sega eo Meee 
EF80 50 4 680 102 10 — 1.9 } 1 10 
375 De 
400 di 2 15 
3 
350 4 } 3 
SIMO } > 5 j 
EF91 80 Uy 8800" 171 else se Alco \ 2 vel 
400 1 6 1 3 
425 } i 8 J 1 
10 | 
350 1 2.5 à 
| 6AG5 55 6250 122 9.6 | — 1.9 525 Il 3 } 3 
| 560 1 3.5 } 
ee ites 


In the same table results are given of measured values of R,, and i,,,, for 
samples of these tubes working under the nearby specified conditions (details 
of experimental set-up for carrying out these measurements are reported in 
appendix). i 

The measurements have given very low grid current for the E83F tubes 


as was expected, considering the very low value of the parameter v, taken as 
our standard for choice. 
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Furthermore the spread of measured values of d,;n and R,, for the limited 
number of samples tested is particularly low for the type E83F; this has pro- 
bably some connection with the fact that E83F is a long-life telephonic tube. 
| Qualitatively speaking, we can also say that in comparison with the other 

tubes, E83F was particularly insensitive to microphonic disturbances. 


18 


i -15 Req=20002 
ip eq 3 
(mA) vg=0 


| 
, 
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iQjon= 53x10 A 


3x 10° 
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Fig. 1.- Tube E83F: a) constant Ra, curves in the plate characteristics plane; b) cons- 


tant igi, curves in the plate characteristics plane. 


en measured for the best of samples of our E83F and 


pion Have be 
eerie nd the results are plotted on the plate- 


EF42 under several working conditions a 
| characteristics plane in Fig. 1 and 2. 
The E83F was accordingly chosen a 


s the first stage of our preamplifier. 
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Fig. 2. - Tube EF42: a) constant R,, curves in the plate characteristics plane; b) cons- 
tant 7,,,, Curves in the plate characteristics plane. 


3. — Choice of working conditions. 


The choice of working conditions requires at first the choice of one of the 
two following bias criteria: 


a) grid bias >|—1.6| V, 
b) floating grid (v,——1.2 V) (13). 


a) This bias reduces the grid current I, to the ionic component (15). 
However the stability of the operating point poses a superior limitation to 


(LE) PAN BRGICRESEIRSIO pa CILS 91 
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the grid resistance (partly obviated by a cathode bias resistor) which can 
eventually lead to a contribution of thermal noise by the grid resistor itself. 


b) I, is obtained by doubling 7,;,,, as the electron grid current balances 
the ion grid current. This doubling is partly offset by the smaller values of 
lin (at the same plate current i,) due to the smaller grid bias and consequently 
the smaller plate voltage; besides R,, also becomes smaller (for same plate 
current i,) by lowering v,. As a result the product J,R,,, for constant è, is 
slightly larger than in the corresponding case a) and consequently, according 
with (3), Nn also increases slightly: however the lower value of the ratio RIT, 
in case b), shifts the position of the minimum of N towards shorter time cons- 
tants, in accordance with (2). 

The values of î,;,, on the floating grid characteristic have been obtained by 
extrapolating those measured in that range of plate characteristics where the 
electron component of grid current is negligible. 

The voltage of the floating grid respecting the cathode has proved to be 
well determined and about — 1.2 V (for i, = 10 mA) for all the tubes tested. 
This can be understood from the very fast variation of the electron grid cur- 
rent, according to the factor exp [ev,/kT] = e!%: a tenth of a volt compen- 
sates spreads of about a factor 3, in ionic current or in cathode emission. 

Solution d) was chosen in order to reach Ni, at low t-values. 

The operating point along the floating grid characteristics is selected using 
the corresponding 2i,;,, and À values as dedueed from Fig. 1 and calculating 
the position and value of N,,,, for every input capacity with formulas (2) 
and (3). 

Selection of high i, corresponds to low 7 and viceversa; Nmin slightly dec- 
reases with 7,. 


4.- Amplifier. Description and performance. 


The amplifier scheme is given in Fig. 3. 
The input stage is a cascode of two triode-connected ES3F and is followed 
by an EF91 pentode amplifier stage, followed in turn by an EF91 output 


3k +300 
25k ers EF 91 
‘12k =x *16p F 
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Fig. 3. — Preamplifier scheme. 
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cathode follower from which 
a resistive feedback is carried 
to the cathode of the first 
E83F. 

The loop gain is of about 
3000 while the feedback sta- 
bilizes the voltage gain to 100. 

In Fig. 4 theoretical and 
experimental values of N,,,, for 
an input capacity Ce + Cm = 
= 2108 (65: = 10 puF) and 
cascode plate current 1, = 
= 8.8 mA, are compared. 

N has been experimentally 
measured by the conventional 
method of supplying a known 
charge to the amplifier input 
capacity through a calibrated 
small condenser of 0.1 uuF fed 
by a standard generator that 
gives calibrated voltage step 
functions. The pulse height 
at the output is measured with 
a conventional Shmitt discri- 
minator. 

The measurements of N 
have also been made with a 
large condenser of 1700 uuF 
which shunts the input so as 
to nullify the grid current noise 
contribution, and allows the 
evaluation of the shot and fli- 
cker contribution. These meas- 
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Fig. 4. — Total and shot+flicker noise in elec- 
tronic charges; 8.8 mA plate current in the ca- 


scode input stage. 


urements have been carried out with different frequency responses of the 
amplifier (7 ranging from 1 to 50 us) and in this way the contribution of 
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(16) A. B. GILLESPIE: op. ‘ir., 
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the flicker noise alone has also 
been experimentally deduc- 
ed (15) and found in good agre- 
ement with the theoretical 
term of formula (3). 

In order to compare flicker 


Fig. 5. — Total noise level mea- 

sured at optimum time constants 

t as a funetion of (Où + Ce) 

(8.8 mA plate current in the ca- 
scode input stage). 


À Sym 


Se 
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+shot noise with total noise, 600 
the values of N, as obtained 
in this set of measurements, 
have been reduced by the ratio 
of input capacitance 21/1722 sco 
and plotted on the same Fig. 4. 

Fig. 5. shows the experi- 
mental values of‘N,.in obtained 
for different values of input 
capacities in the same ope- 
rating conditions of the input 
stage (i, = 8.8). 

In order to shift the posi- 


400 


tion of N,in; a switch allows 300 + 
the selection of three values 
of cascode current è, 8.8, 5 or 
2mA. For an input capacity 
Cor + Cini= 21 uuF the minima 4, L 
of N occur respectively at 1.5, 
4.5, 8.5 us. vp=50V 
In Fig. 6, experimental and ARI 
theoretical data for N are given + VF=63V DITO 
Bon po ae 100 54 Iata: xperimental points 
The experimental value of --- Theoretical 
Nin Was found in this case to 
be higher than the theoretical 
one. 0 Ni: ei 
The spread of N for 6 dif- ARIE 0 Pe 0? 2G NE 


ferent samples of E83F used as Fig. 6. — Total noise level in electronic char- 
input stage has been measured. ses. 2 mA plate current in the cascode input 


The operating conditions were: stage. 
6 = 10 puF,, î,=38.8 mA, : 
ETRE 


N turned out to be in the range of 330-340 electron charges for 3 of the 
samples, the others gave 298, 304, 365. 


5. — Discussion of the feedback arrangement. 


The feedback arrangement used is the conventional one which stabilizes 
the voltage amplification, which, however, does not seem to be the most con- 
venient for an ionization chamber amplifier in which the transfer function 
which must be stabilized is the input current-output voltage gain. This could 
be achieved with a capacitive feedback such as that of Fig. 7: this kind of 
feedback is typical of analog computer integrators. 

The conventional resistive feedback does not compensate the mentioned 
transfer function for drifts of the actual input capacitance (*), as due for in- 

(*) Le. the capacity measured under operating conditions and therefore affected 
by feedback, which makes it different from the previously defined Ct Cin 
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stance to changes in the amount of Miller effect due to ageing of tubes and to 
space charge variations. 
Nevertheless we have found that the reduction of 10% of the heater voltage 
affected the output pulse amplitude by less than 0.5% when C.,, was of 10 uuF 
and the input fed by equal charge pulses. 
Cp As a consequence we did not think it worth- 
while as far as this application is concerned to de- 


LA velop further the proposed form of feedback. 
i pa 
‘Q 


6. — Conclusions. 


Fig. 7. — Proposed feedback 


for stabilizing input current The E83F tube has proved to be suitable for 
— output voltage transfer the construction of minimal noise fast pulse pre- 
function. amplifiers as its low grid current and high slope 


makes it possible to achieve in the range of a few 
microseconds the same results that have been previously obtained in the range 
of the milliseconds with electrometer tubes. 
Moreover the ascertained minimum spread of tube characteristics, grid 
current data included, allows the construction of amplifiers of optimum per- 
formance, with a minimum number of tubes rejected. 


APPENDIX I 


Grid current measurements. Bic 


The grid current measurements of the expe- 
rimented tubes have been performed according 
to a well known method (Fig. 8) consisting in 
verifying by means of the galvanometer G that 
working conditions of the tube remain unaffected 
when operating the switch T': this obviously hap- 
pens when the voltage V directly applied between 
erid and ground by means of the potentiometer 
P, is made equal to the voltage drop across the 
grid resistor R. 

All tubes have been aged for at least 48 = 
hours under working condition of about à, = Fig. 8. — Grid current measure- 
= 9mA and V,=— 1.6 V. 


ment arrangement. 
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APPENDIX II 


Measurements of the equivalent shot noise resistance R 


eu” 


Known resistances R. (of the order of magnitude of R,, to be measured) were 
used as calibrated thermal noise sources. 

On a calibrated thermal instrument connected at the output of the amplifier two 
readings are taken: one P, due only to the shot and flicker noise, taken when the input 
grid is grounded, and another P, due to shot, flicker and the thermal noise, when the 
calibrated resistor is inserted between grid and ground. 

The equivalent noise resistance of shot and flicker noise is: 


RAA is now deduced from Re by subtracting the flicker noise contribution theore- 
tically estimated with (1). 

The frequency response of the amplifier used in the measurements was determined 
by a differentiating and an integrating RC circuit having equal time constants ranging 
between 1 and 50 us. The rise time of the amplifier by itself was of 0.5 us. 

It has been also verified that the value of the equivalent shot noise resistance was 
practically indipendent of heater voltage variations of + 5 %. 

In order to check our results Re was measured using several values of the calibrated 
grid resistance and several values of time constants that determine the band width of 
the amplifier; 1% was modified in order to account for the flicker noise contribution 
which become increasingly important for large T's. All values of Ra So obtained were 
in agreement within the experimental errors (HO) 


RIASSUNTO 


Si descrive un amplificatore di impulsi rapido, à basso rumore, avente uno stadio 
di ingresso costituito da due tubi E 83 F. connessi a triodo, e montati a « cascode ». 
Il valore efficace della tensione di rumore è equivalente all’ampiezza di un impulso 
causato da 280 cariche elettroniche su una capacità di ingresso di 21 uuF, essendo la 
banda passante dell’amplificatore definita da due elementari cireuiti RC di eguale 
capacità di 34 puF e una banda definita da 


costante di tempo pari a 1.5 us. Su una 
a un impulso di 380 cariche 


costanti di tempo di 3 us la tensione di rumore è equivalente 
elettroniche. 


LETTERE AGLA REDAZIONE 


(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 


dalla Direzione del periodico ai singoli autori) 


Osservazioni sopra il processo di accrescimento a spirale 
in cristalli di bifosfato di ammonio (ADP). 


L. LEVI 


Instituto de Investigaciones Cientificas y Técnicas de las Fuerzas Armadas - Buenos Aires 


(ricevuto il 22 Novembre 1955) 


Studi recenti hanno dimostrato l’im- 
portanza che sulla struttura e sul com- 
portamento delle sostanze cristalline han- 
no le imperfezioni che accompagnano la 
formazione di cristalli. È da ricordare 
in particolare l’ipotesi di F. C. FRANK (1) 
(1949) sull’accrescimento a spirale con- 
fermata poi sperimentalmente dai risul- 
tati di varie osservazioni microscopi- 
che (2), e in alcuni casi submicroscopi- 
che (3). 

Recentemente, dovendo curare una 
piccola produzione di cristalli piezoelet- 
trici di bifosfato di ammonio (NH ,H,P0,; 
indicato nella tecnica come ADP), la mia 
attenzione è stata ripetutamente attratta 
dalla presenza di linee che, come si vede 
chiaramente nella fig. 1, si presentano 
sulle facce (100) e (010) di tali cristalli, 
e che ricordano, a parte le dimensioni qui 


(1) F. C. FRANK: Disc. Faraday Soc., No. 5 
(Crystal Growth), p. 48 (1949). 

() S. AMELINCKX: Phil. Mag. 43, 562 (1952); 
A. J. Forty: Phil. Mag. 48, 72, 377, 949 (1952); 
A. R. VERMA: Phil. Mag., 42, 1005 (1951); 
43, 441 (1952); H. RAE e A. EH. ROBINSON: 
Proc. Roy. Soc., A 222, 558 (1954). 

(*) I. M. DAWSON: Proc. Roy. Soc., A 206, 
555 (1951); N. G. ANDERSON e I. M. DAWSON: 
Proc. Roy. Soc., A 218, 255 (1953). 


decisamente macroscopiche, quelle ripro- 
dotte nelle tavole che accompagnano i 
lavori citati. 

Nella riproduzione fotografica presen- 
tata qui, si notano infatti due serie di 
ombreggiature curvilinee, che si origi- 
nano dove la cristallizzazione si è iniziata 
difettosa. Dette ombreggiature corrispon- 
dono a piccole ondulazioni della super- 
ficie, accompagnate da una lieve incli- 
nazione di questa verso le estremità del 
cristallo, come può vedersi più chiara- 
mente nella fig. 2 che riproduce lo stesso 
cristallo osservato per trasparenza in 
altra prospettiva (la superficie ondulata 
della fig. 1 coincide con la faccia supe- 
riore nella fig. 2). L’analogia osservata 
mi condusse quindi ad analizzare più 
attentamente il fenomeno per stabilire 
se una relazione esistesse effettivamente 
fra questo e il corrispondente fenomeno 
microscopico. 

Allo scopo considerai conveniente 
completare le mie osservazioni mediante 
lo studio dei piccoli cristalli, delle dimen- 
sioni di pochi millimetri, che possono 
ottenersi in poche ore per la libera pre- 
cipitazione di una soluzione soprasatura. 

Le microfotografie delle fig. 3 e 4 
offrono, in un ingrandimento x 90, un 


da 


1e val 


Fig. 1 (sopra) e fig. 2. — Lunghezza naturale del cristallo 9 cm. 


90. Fig. 4. — Ingrandimento x 90. 


Fig. 3. — Ingrandimento 
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OSSERVAZIONI SOPRA IL PROCESSO DI ACCRESCIMENTO A SPIRALE ECC. 


esempio dei risultati ottenuti. Nella fig. 3 
può osservarsi il vero inizio di una spi- 
rale; a poca distanza dall’origine però il 
fenomeno si complica per la formazione 
di altri gruppi di linee dello stesso tipo, 
le quali formano arco attorno ad altri 
centri. Nella fig. 4 non può distinguersi 
chiaramente se gli archi hanno forma di 
spirale o di linee chiuse, ma essi si svi. 
luppano sopra la maggior parte della su- 
perficie del piccolo cristallo, restando 
incompleti all’incontrare i margini. 

Confrontando ora le fig. 3 e 4 con la 
fig. 1, pare debba concludersi che esse 
rappresentano veramente, in diverse di- 
mensioni, lo stesso fenomeno: le curve 
presentano infatti tutte la stessa forma 
ovalata, con l’asse maggiore sempre orien- 
tato in direzione approssimativamente 
normale all’asse Z del prisma. 

Il fatto che linee a spirale molto pro- 
nunciate si sono osservate con maggior 
frequenza in soluzioni invecchiate per il 
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percentuale degli ioni metallici bivalenti 
Cut+ e Bat+; il bario in particolare può 
essere stato ceduto dal vetro del cristal- 
lizzatore, il suo aumento risultando quindi 
una caratteristica naturale dell’invecchia- 
mento della soluzione. 

Dall'esame della fig. 2 risulta chiara- 
mente che la crescita in sezione del cri- 
stallo (generalmente molto lenta rispetto 
alla crescita in lunghezza), viene favorita 
dalla formazione di spirali. Difatti la 
faccia dove si sono formate le spirali si 
trova assai più lontana dal nucleo di 
cristallizzazione che la sua simme- 
trica. 

Le colonne III e IV della tavola ri- 
producono rispettivamente i risultati del- 
l’analisi chimica di parti del cristallo for- 
mate per crescita in lunghezza (colon- 
na III) e di altre ottenute per deposizione 
sopra le facce laterali (colonna IV). È 
evidente la maggior inclusione di impu- 
rezze in queste ultime. 


I II III IV 
Fett+ DEM Dama “OF (OS TVA 0.2 mg % 
Alan 1 » 4 » 1 » 4 » 
Cu 5 » 0.1 » = 5.1 » 
Batt 20 » 10 » 2 » 10 » 
30758 20» 10 » 6 ) 6 » 
* * OK 


ripetuto uso, permette di supporre che 
le impurezze contenute nella soluzione 
influiscano sopra il fenomeno. Non si è 
potuto realizzare uno studio sistematico 
in questo senso. Ciò nonostante, nelle 
colonne I e II della tabella che qui si 
riproduce, riportiamo i risultati del- 
l’analisi chimica rispettivamente della 
soluzione dalla quale si ottenne il cri- 
stallo delle fig. 1 e 2 (colonna I) e di 
un’altra soluzione, colla quale il feno- 
meno si presentò molto meno pronun- 
ciato (colonna II). Nella prima soluzione 
si osserva principalmente una maggior 


La serie di esperienze che ha dato 
luogo alla presente Nota si è svolta nel 
Laboratorio de Electronica y Comuni- 
caciones, appartenente al Instituto de 
Investigaciones Cientificas y Técnicas de 
las Fuerzas Armadas (Republica Argen- 
tina). Ringrazio quindi le corrispondenti 
autorità per avermi procurato i mezzi di 
lavoro; ringrazio pure i signori SABATO 
e BrLoni della Comisiôn Nacional de la 
Energia Atémica per la collaborazione 
prestatami nell’ottenimento delle micro- 


fotografie. 
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The Solution of the Schrodinger Equation foran Approximate Atomic Field 


T. TIETZ 
Department of Theoretical Physics University Lédz - Lédz (Poland) 


(ricevuto il 29 Novembre 1955) 


This note deals with the solution of the Schrédinger equation for an approximate 
atomic field. It is known (1) that the Schrédinger equation tor the Fermi-Thomas 
potential can be written in atomic units as 


d2@ Wi He (+1) 
(1) + fe So (” rr Cares 
dr? | r u GE 
where 
0.8853 —_ 
XL en . LU a NESSO ; n° =V2E, 
7 Zs 


and the Thomas-Fermi g(x) satisfies the equation 


For a free neutral atom or a positive ion we know different approximate 
solutions (?), but for no approximate potential could one solve the Schrédinger 
equation in analytic form. The solution of the Schrédinger equation is given only 
in numerical form. Recently KERNER (*), taking into consideration his approx- 
imate potential has obtained a successful approximate analytic solution of the 
Schrédinger equation for a free neutral atom, but his final results for the eigenvalues 
and eigenfunctions are given only numerically. It seems that the problem at hand 
can be solved only by a special assumption. We shall limit ourselves to the free 


neutral atom. Taking into consideration BRINKMAN’s (4) remarks, that A/ xp 


(*) P. GOMBAS: Die statistische Theorie des Atoms und ihre Anwendungen (Wien, 1949). 

(°) A. SOMMERFELD: Zeits. f. Phys., 78, 283 (1932); N. H. MARCH: Proc. Camb. Phil. Soc., 46, 
336 (1950); S. ROZENTAL: Zeits. f. Phys, 98, 742 (1935); E. H. KERNER: Phys. Rev., 83, 71 (1951); 
T. Trerz: Journ. of Chem. Phys., 22, 2094 (1955); Ann. der Phys., 15, 186 (1955); Nuovo Cimento, 
1, 955 (1955); 1, 968 (1955); Journ. of Chem. Phys., 23, 1167 (1955); H. C. BRINKMAN: Physica, 
20, 44 (1954). 

(*) E. H. KERNER: Phys. Rev., 88, 71 (1951). 

(4) H. C. BRINKMAN: Physica, 20, 44 (1954); T. TIETZ: Ann. der Phys., 15, 186 (1955). 
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is a slowly varying function in some region, we can write 


(3) pa 
where «x is a constant. Bearing this in mind we write (1) as 


d2D 
dr? 


1.7068xZ* — cl(1+1) 


r2 


* (4) 


+ lam + |e=o. 


In equation (4) ¢ is a disposable constant. Putting for brevity 


(5) 1.7068-a = 1 
we obtain 
d® Tie ela) 
If 
(7) Z#— c(1+1) > + 


the eigenvalues and eigenfunctions are known and were for the first (5) time obtained 
by Case. Equation (6) shows, that the eigenvalues for the 1S states cannot be 
very accurate, because the eigenvalues depend on the behaviour of the potential near 
r—0 and our potential for very small r does not behave as the potential of Fermi. 
Thomas. As we shall see later on, the determination of the eigenvalues for the 
1S states can easily be done in another way. If (7) is fulfilled then according 
to CasE we have the following eigenvalues 


Z B—(n+4): 
(8) Mn = — exp nee ; th Aeneas 
a [Z# —+—el(l +1)]? 


where B is any fixed factor common to all eigenfunctions for fixed Z and fixed l. 
Changing Z and 1 we must change generally B, in such o way that the new B bec- 
omes common to all eigenfunctions. We shall not write down the eigenfunctions for 
they are to be found in the paper of CASE. For brevity we determine the constant 
B so that the formula (8) for the eigenvalues will be of the following form: 


| in ey as Py 


Z (n—1)a 


SA | nea PEUT À 
P|f73— 4H) 
where a is a new constant. We determine the constants a and ¢ by trial and error 
so that the eigenvalues 7, for fixed Z and fixed I should be placed nearly on a 

common correct straight line. We can admit for a and e the following values: 


(10) a = 1.26263 ; c= 0.45. 


(*) K. M. Case: Phys. Rev., 80, 797 (1950). 
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Table I shows the eigen-y computed from (9) and (10) in comparison with 
Hartree’s values and Kerner’s values computed from an infinite determinant for 


the mercury atom (Z = 80). 


TABLE I. — Comparison of the eigenvalues of n for Z=0. 


KERNER from infinite From 
W l HARTREE determinant equation (9) 
1 S 74.48 74.40 63.36 
2 S 30.41 30.46 30.41 
2 IP, 29.87 29.98 29.88 
3 S 14.76 15.29 14.60 
3 JE 14.19 14.73 14.06 
3 D 13.08 1307 12.92 
4 S 6.87 8.08 7.01 
4 PB 6.34 7.61 6.62 
4 D eo 6.69 5.84 
4 F 3.09 5.18 4.60 


In Table II we have the 2S and 2P levels split with increasing Z. 


TABLE II. — a-n as a function of Z for the 2S and 2P states. A—=u(nes — Hop) Shows 
the splitting of the states with increasing Z. 


Z 10 20 30 40 50 60 70 80 90 


28 |2.233256.16082/10.77027|15.80450/21.14280|26.71544|32.47720|38.3964044.45052 


| 
2P 1.86137/5.6738710.21596|15.2028520.50490/26.04830)31.78570|37.6842043.71996 


A 0.371880.486950.55431 | 0.60165) 0.63790| 0.66714 | 0.69150 | 0.71220 | 0.73056 


Tables I and II show that the simple assumption (3) gives relatively good 
eigenvalues and that it can explain the splitting of levels with increasing Z. The 
formula (9) will not give good eigenvalues for n greater than 5, because the approx- 
imate potential is not suitable for such states. In practice, it is not necessary 
to compute the eigen-y for quantum numbers n larger than 5 except for states 
corresponding to optical states. The computation of the eigen-n for another approx- 
imate potential than the potential considered above is connected with extra 
mathematical complexity and this is too great for any but the simplest of atomic 
calculations. As mentioned before we see from Table I that for n=1 the 18 states 
are too inaccurate. One can give a simple formula for the 19 states if we assume 
that the Fermi-Thomas function g(x) near s=0 behaves as the following function 


(11) p(x) = 
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which one can always do through the matching of the constant a. We know that 
in this case the Schrédinger equation (1) for 1=0 can be solved exactly. When we 
take a=1.8508 we obtain after some calculations the following formula for the 18 state 


(12) m = Z —1.04561:Z#. 


For the mercury atom we obtain for the 18 state, the value 74.48 in this case 
the Hartree’s value is 74.48. The approximate Fermi-Thomas function of the 
author (§) À 


1 


(13) g(x) = Abe 


5 ey SS is 


as it was shown before gives a good approximation fo the Fermi-Thomas function. 
The following table gives us the values of the constant b for different «. 


TABLE III. — The values of b for different «. 


x 


7/5 3/2 | 2 


b | 0.881206 | 0.80812 | 0.569272 


The exactness of this approximation is visible if we calculate the mean exci- 
tation energy E, 


(14) By = (2/5)vy-e, 


where v,, is (1) 


(15) vas 10% a 

i 
and the constant y is 
(16) | y = [ots logy © de. 


0 
The numerical value of y is — 0,968. 


In the approximation (13) after some calculation we obtain for y following 
formula 


(17) ee lo Wa) —2 ~ 22 ow et logis b 


where e=2.7182..., 0=0.5772..., and d/(2)/de is denoted by (2). The following 
table gives us the values of the constant y for different «. 


(5) T. Trerz: Journ. of Chem. Phys., 23, 1560 (1955). 
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TaBLE IV. — The values of y for different à. 


x 7/5 3/2 2 


y — 0.95520 — 0.95516 — 0.96848 


We compare the values of the excitation energy Ey for Fe, Ag, Pb in our case 
with the numerical values, the experimental values, and the Sommerfeld values. 


TABLE V. — Comparison of the excitation energy Ey for Fe, Ag, Pb in eV. 


Fe Ag Pb 
experimental 104 224 402 
numerical 102 | 226 474 
Sommerfeld’s values ¢ 173 | 303 20 635 
for « = 7/5 105 | 232 | 486 
for « = 3/2 105 | 232 485 
for a — 2 102 | 226 474 


The solution of the Schrôdinger equation from the potential derived from (1) 
can be obtained only numerically. We have calculated the eigen-7 for the approx- 
imate Fermi-Thomas function (13) for «—2. More details will be published later on. 


* * * 


In conclusion, the writer wishes to thank Professor Dr. F. J. WISNIEWSKI for 
friendly discussion and criticism. 
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Some Considerations on the Phase-Shift Analysis 
in the (p*-p*) Scattering. 


G. PuPPI and A. 


STANGHELLINI 


Istituto di Fisica dell’ Universita - Bologna 


(ricevuto il 27 Dicembre 1955) 


Although we have a rather satis- 
factory global description of the pion- 
nucleon scattering processes, the situa- 
tion ought to be improved in order to 
clear the following fundamental points: 


1) Determination of the properties 
of the isotopic spin states, independently, 
from the results relative to different 
charge states. 

Such a determination in fact, would 
show, from comparison, up to what 
degree of approximation the charge- 
independence is true. 


2) Improvement of the numerical 
definition of the various phase shifts, 
particularly the small ones. This infor- 
mation would show more clearly the na- 
ture of the nuclear forces. To contribute 
to this achievement, we have examinéd 
the state T— 3, as it results from the 
pion-nucleon properties in the pt charge 
state and we have studied its behaviour 
with energy. The experimental results 
give several determinations of total cross- 
sections (12) and some angular distribu- 
tions. Considering the first datum as the 


(1) J. ASHKIN, J. P. BLASER, F. FEINER. J. 
G. GORMAN and M. O. STERN: Phys. Rev., 96; 
1104, (1954). ; 

(2) S. J. LINDENBAUM. and L. C. L. YUAN: 
Phys. Rev., 100; 306, (1955). 


most reliable from the point of view of 
experimental errors, we have normalized 
on it the results of the angular distribu- 
tions of 6 experiments at 113 (*), 120 (4), 
150 (5), 165 (5), 170 (5), 189 (7), MeV 
chosen according to the energy interval 
we wanted to investigate, and to the 
completness of the results. 

Let us remember the form of angular 
distribution with 2 waves: 


do 
— =a + b cos Ÿ + ce cos? Ÿ = 
do 
1 . 2) 
Tie {|A + B cosd|*+ | C sin 9°} 
where 


= exp [120,]— 1, 
B = 2 exp [i2c3] + exp [1205,]— 3, 


O = exp [12033] — exp [12a,,] . 


(3) J. OREAR: Phys, Rev., 96; 1417, (1954). 

(4) L. FERRETTI, E. MANARESI, G. PUPPI, G. 
QUARENI and A. RANZI: Nuovo Cimento, 1, 1238; 
(1955). 

(5) J. ASHKIN, J. P. BLASER, F. FEINER, and 
M. O. STERN: Private communication. 

(5) H. L. ANDERSON and M. GLICKSMAN : Phys. 
Rev. 100, 268, (1955). 

() H. L. ANDERSON, W. C. DAVIDSON, M. 
GLICKSMAN and V. E. Kruse: Phys. Rev. 100, 
279 (1955). 
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Now we have fitted with trial func- the S-phase varies linearly with the mo- 
tions the coéfficients a, b, c, in the energy mentum in C.M., and p-phases with the 
interval considered and we have pro- cube of the momentum. 
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onged the fit through zero, joining it These forms are chosen by general 


smoothly with analytical forms suggested considerations on the scattering theory 
by the hypothesis that at low energies, and because they are suggested by the 
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behaviour in the region where the exper- 
iments take place. 

The matter gets more complicated for 
the S-phase and the choice of linearity 
spoils the detail of the behaviour. This 
choice gives one set of Fermi-type phase- 
shifts and one of Yang-type, with their 
simmetrics in signs. 

Solutions of Steinberger-type do not 
appear, because they have different ana- 
‘ lytical behaviour through zero. Table I 
shows the results obtained, relative to 


c) Phase x, seems to assume a de- 
finite aspect. It is negative, small and 
its order of magnitude is a few degrees 
in the interval considered. 


d) On the behaviour of «, towards 
the resonance, we get a line more inclined 
than that obtained at low energy. 


e) %3g presents nothing new, be- 
cause as it is well known, it practically 
originates from the total cross-section. 

The set of Fermi-type phase shifts 


TABLE I. 
Fermi-type ang-type 
U| Xs 33 X31 %33 %31 
1.2 — 10.6° 27.8° — 2.8° 8.49 38.80 | 
1.3 — 11.7° O02 — 3.50 12798 59.90 
1.4 — 13.50 48° — 5° 200 70,29 
1.5 — 15° 64.10 — 7.90 31.89 108.70 
1) — 7° 15.40 1529 4,20 | 20.50 
(*) Obtained from the definition of the behaviour through zero as described in the text. | 


the reckoning of the phases in the inter- 
val investigated and to the definition of 
the behaviour through zero. Fig. 1 shows 
the behaviours obtained of the Fermi- 
type phases and the results of the authors 
in each experiment. 

We note: 


a) The behaviours at low energies 
are consistent with OREAR’s (8) research 
in these regions and with STEINBER- 
GER’s (*) direct determination. 


b) The behaviour of phase x, agrees 
with the average of the results obtained 
with negative mesons, which gives for 
the mesic-atom, Panosky’s effect, photo- 
production, charge-exchange scattering, 
whole 

Og = (— 6.20 + 1.20)n 


(*) T. OREAR: Phys. Rev., 96, 176 (1954). 
(*) D. BODANSKI. A. sacas and J. STEINBERG: 


Phys. Rev., 98, 1367, (1954). 


drawn in Fig. 1 agrees both with the 
experimental results on the Coulomb- 
interference and with the conditions im- 
posed by the causality principle. In fact, 
an examination of the phase-shift beha- 
viours, performed with an analytical 
method equivalent to Askin-Vosko’s gra- 
phic method, shows that around 120 MeV, 
there is only one set of phase- shifts af- 
fected by the Fermi- Yang ambiguity and 
sign ambiguity. The ambiguity of sign 
can be resolved with the Coulomb inter- 
ference observed in this region (?-*7°) and 
therefore allows one to choose a track 
affected by Fermi-Yang’s ambiguity only 
which, as it is well known, can be re- 
solved by a polarization experiment. 

We realise that the choice of the posi- 
tive sign for a, can be justified at such 
energies, considering that the derivative 


(19) E. PEDRETTI, A. STANGHELLINI, G. QUA- 


RENI: Nuovo Cimento, 2, 450 (1955). 
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of the phase «33 if it were negative, would 
not agree with the non-relativistic for- 
mulation of the principle of causality 
given by WIGNER (11), who pointed out 
that the derivative of the phase ought 
not to overcome a certain negative limit, 
namely: 

SERA 

dij 
With the behaviours obtained near zero, 
we see, «a posteriori », that the solution 
with reversed signs, must already be dis- 
regarded at 100 MeV. 


Im(A+B)=sin2a,,2sina,, Sin 2a,, 


Besides, ANDERSON (12) has found the 
causal form of the real part of the for- 
ward scattermg which is equal to 
Im (A+B). Such quantity has been 
drawn from our data (Fig. 2) and agrees 
with ANDERSON’s very well. 

This quantity once fixed, the sign of 
the phases is fixed too. The experimental 


(4) E. P. WIGNER: Phys. Rev., 98, 145 (1955). 
(1?) H. L. ANDERSON. W. C. DAVIDON and 
V. E. KRUSE: Phys. Rev., 100, 339 (1955). 
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data give |A — B|, Re(A+B) and 
Im (A+B). If of this last term we take 
the causal form shown in Fig. 2, we can 
make an analysis of the spurious solu- 
tions. These appear when Im (A+B) is 
small, i.e. in the 7=0 — 0.6 and 7 ~ 1.5 
intervals. 

In the first interval it is called Stein- 
berger’s solution; it has «, positive and 
positive derivative. Therefore it is not 
likely to be taken for the good solution 
and it is to be neglected because dis- 
continuous. For Im (A+B)—0 the spu- 
rious solutions coincide with the sym- 
metrics of the good solutions. In such 
case it may happen to follow up this 
spurious symmetrical solution (Im> 0 
instead of Im< 0) in the first interval, and 
the good solution (Im > 0 and big) in 
the second interval, and in the last one, 
again the spurious symmetric solution 
(Im> 0). 

FeRrMI-METROPOLIS (1) found this 
last chance, as it was recognized by 
BeTHE (14). It is therefore obvious that 
once the causal form of Im(A4+5B) is 
given, there is no other choice but Fermi- 
Yang’s solutions. 

We have also determined, by the 
value obtained in our research, the para- 
meters of the formula given by Chew 
LOT ces : 


4 n° 1 w* 
=) e cotg X33 = 1 o 
3 w* iP 


and we have got: 
fa = 0.087 


On = ANO) 


in agreement with the preceding deter- 
minations (15). 


(%) E. FERMI, N. METROPOLIS and FELIX A- 
LEI: Phys. Rev., 95, 1581 (1955). 

(14) F. DE HOFFMAN, N. METROPOLIS, E. F. 
ALFI and H. A. BETHE: Phys. Rev., 95; 1586, 
(1955), 

C5) Proceedings of the Fifth Rochester Confe- 
rence. 
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For «3, the following formula is given: 


3 1 w* 
2 cotg a, = 0 — re 


® CON 


| bo 


From the cut-off theory one may cal- 
culate X, which results fairly small. We 
have therefore determined x) using the 
same coupling constant found for &33, 
and putting X = 0. 


In this way one obtains a behaviour 
of &3, which is not inconsistent with the 
results of our fit. 


* KOK 


We wish to thank Dr. F. FATTORINI, 
who friendly collaborated with us in this 
research, and Miss A. VIGNUDELLI for 
the numerical calculations. 
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When treating quantum electrodynamics as the limiting case u + 0 of a neutral 
vector meson theory with meson mass y (1%), it is generally assumed that the con- 
tribution of the longitudinal mesons vanishes in the limit. This statement should, 
however, be applied with some care, and it is the purpose of this note to show that 
the longitudinal mesons give a non-vanishing contribution to the cross-section for 
bremsstrahlung with emission of soft photons. This is of some interest in con- 
nection with the calculation of the Lamb shift (**), as the relation log (2%min/)=%& 
between the photon mass and an infrared non-covariant momentum cut-off yin; 
necessary to join the covariant and non-covariant parts of the Lamb shift cal- 
culation as performed by FEYNMAN, is conveniently derived by calculating the 
bremsstrahlung cross-section with the two methods and equating the results (*7). 

Incidentally, the contribution of the longitudinal mesons turns out to be the 
number À, which is rather famous in this connection; if we take only the trans- 
versal mesons into account we get the incorrect relation log (2k,,;,/m) = 1. 

The probability for scattering of an electron by a static field with emission of 
photons with momenta smaller than AH (assumed to be small compared with the 
kinetic energy of the electron) is given by (8) 


e | M, |? dek n Dec DEE 
J 
1 1 (27)° ja ie (ee k Sel È 


) F. J. BELINFANTE: Phys. Rev., 15, 1321 (A) (1949); Prog. Theor. Phys., 4, 165 (1949). 
) F. COESTER: Phys. Rev., 83, 798 (1951). 
) R. J. GLAUBER: Prog. Theor. Phys., 9, 295 (1953). 
*) R. P. FEYNMAN: Phys. Rev., 74, 1430 (1948) and 76, 769 (1949). 
) J. B. FRENCH and V. F. WEISSKOPF: Phys. Rev., 75, 1240 (1949). 
) R. H. DALITZ: Proc. Roy. Soc., A 206, 521 (1951). 
) L. R. B. Evron and H. H. RoBERTSON: Proc. Phys. Soc., A 65, 145 (L) (1952). 
) See e.g. J. M. JAUCH and F. ROHRLICH: Helv. Phys. Acta, 27, 613 (1954), eqns. (2-5). 
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M, is the matrix element for elastic scattering, p and p’ are the initial and final 


four-momenta of the electron, ko=V |k|2+12, and the summation is to be per- 
formed over three (in the case ~=0 two transversal) polarization directions e, satis- 
fying k-e;=0. 

As we have to do with vector mesons, that is k2= — y?, this formula implies 
that we have neglected some terms in w? in the numerator and denominator as 
compared with the original exact expression (eq. (2) in ref. (8)). The omission in 
the numerator is trivially justified. As for the denominator, the remaining term p-k 
is of order y at least, and a correction #2? will give a contribution to the final result 
of order ‘log u at most, and is thus of no consequence. 

It is well known (and can easily be verified by direct calculation) that because 
of the Lorentz condition the summation over the three (or two) polarization direct- 
ions is equivalent to summation over all four directions (*), and thus the sum be- 
comes 

2m? + q? m? mi 


(PRE) (ph ph 


where q = p'— p, m= electron mass. 
If we perform the integral, assuming g*/m? < 1 and AE/u 1, we obtain 


e |M, 4x q? 2A4E 


= . + [log —— — 5/6 RE 
S PE Von 8 mi oc i DE 


If we instead put w—0 and integrate down to some lower limit kmins we have 


2 / 
_ el de, dg a8 


(Qn)® 08 mt Jon 


(3) 


In this case it is easier to use the expression with summation over the two trans- 
versal directions only. 
We are now especially interested in the longitudinal mesons. If we write 


AE 
e2|M,|2 [dx 


W— DS 


(2x ]2k,< 
0 


the longitudinal contribution S, is given by 


: 1. @,\2 k aa El 
gle art à with e = DE (HE), 


pk pk 1 \K | 7 
and is 
RI (DI Do 2PoPo — \- De (HN 
(4) 8; = FL { an RE (p-k)(p'°k) | |? ke m2 


(in the last expression we have assumed g?2/m? < 1). 


() Actually, as we have made some approximations, we should perhaps not expect this equi- 
L 


valence to be valid exactly; nevertheless it turns out to be 80. 
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. The approximation involved by putting py = p, can be justified by means of 
an argument similar to the discussion in connection with equation (1). 
Integration gives the probability for emission of longitudinal mesons with mo- 
menta smaller than AH (still AE/u> 1): 


(5) W; = —— 


A comparison of S, with the corresponding expression for a transversal meson 
shows that the probability for emission of a longitudinal meson with momentum 
|k| is equal to 42/(|k|2+?) times the probability for emission of a transversal 
meson (2). Though this ratio goes to zero with y for every finite |k|, it is of order 
one for |k|<m, and, as the integral 


“ 1 
\K|2-d|K| | x? da 
(EAN EEE) 


0 0 


> 


. giving the contribution from transversal mesons with momenta smaller than w, 
stays different from zero as «+ 0, it is obvious that also the longitudinal mesons 
do give a finite contribution. | 

It may be pointed out that S, is not Lorentz invariant. A vector meson with 
a specified polarization is, of course, not an invariant concept. 


* * * 


It is a pleasure to thank Dr. G. KALLÉN for valuable advice and discussions. 
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The existence of A°-nuclei with lifetimes of the order of that of the free A 
implies that a A°-nucleon force exists, sufficiently attractive to produce the binding 
of the A° to the nucleons. 

AS to the strong interactions from which this force may originate, one can 
speculate as follows. 


— Interactions such as (A°, Nx) (it would produce an exchange A°-N force) 
which would lead to the rapid decay of the A° are to be excluded as strong. 

A possible (A°, A°x°) interaction would produce a direct A°-N force through 
virtual processes of the kind A®+N -> (A%+7°) +N +A%+N’. However it does 
not conserve total isotopic spin — the A° has isotopic spin zero — and the resulting 
A°-N force would therefore be charge-dependent. As DALITZ (') has emphasized, 
the resulting A°-p and A°-n forces would be of opposite sign (this follows from the 
charge independence of the ordinary r-N interaction which requires the pr° inter- 
action to be opposite in sign to the nx° interaction). On the other hand present 
experimental data suggest that total isotopic spin is approximately a good quantum 
number for the lightest A°-nuclei. 


— Higher order interactions as for instance (A°, A®nz) (*) cannot be excluded 
by similar considerations. 

— A strong (A°, NK) interaction (K is a K° or a K°) would lead to an exchange 
A°-N force through virtual processes of the kind A°+N > (N’+K)+N SEAN SANDS. 
This strong (A°, NK) interaction would also explain: (i) the associated production 
of A°+K (K is a Kt or a K°) in N-N and x-N collisions; (ii) the production of a 
A° after the capture of a K~ by a nucleus; (iti) the many cases observed of K-N 
scatterings (by the virtual sequence K + N>K+(A9+K’) >N'+K'. Pais and 
SeRBER (2) have remarked that such a scattering would have an exchange character, 
and therefore it would frequently be associated with large momentum transfers). 


__ Other more indirect contributions cannot be excluded: (for instance, through 


() R. H. Darmrz: Phys. Rev., 99, 1475 (1955). 
(2) A. Pais and R. SERBER: Phys. IRev., 99, 1551 (1955). 
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a possible strong (A°, Lm) interaction the A° goes over into a X which again trans- 
forms into a A°, the two virtual pions being absorbed by the nucleon, etc.). 

It seems to be a general conclusion from the foregoing discussion that the A°-N 
force should in any case have a range smaller than 1/m_. In the following we shall 
mainly consider the exchange force arising from the suggested (A°, NK) inter- 
action — no arguments are given to conclude that this force must be the do- 
minant one among the many possible contributions: however, there is presently a 
large number of data which could be explained by a strong (A°, NK) interaction. 
This A°-N force would result from the virtual exchange of K-mesons among the 
two baryons and it should have a range — 1/mg. According to the present ideas 
both the 0- and 7-mesons could contribute to this exchange. 

It is expected that the A° has not to satisfy the exclusion principle in nuclear 
matter, contrary to the ordinary nucleons. Therefore the A° binding energy will 
generally increase with increasing A and will not exhibit the typical saturation 
character of the nucleon binding energies in ordinary nuclei. This general trend 
is fairly confirmed by the recent investigation of Fry, SCHNEPS and Swami (*). 
However we expect that, due to the short range of the A°-N force (of the order —1/mx), 
the A° binding energies will again exhibit a saturation limit for larger mass numbers. 
This would follow from the fact that only those nucleons which are not very outside 
the range of the force will contribute to the resulting potential acting on the A°. 
The possible exchange character of the A°-N force should also contribute to this 
effect, but presumably in a less important way — roughly speaking, the exchange 
character would mean a reduction of the effective force for distances larger than, 
about, the internucleon distance, which is larger than the range of the force — 1/m,. 

We can only give here approximate estimates —a more rigorous treatment 
would not perhaps be justified in view of our insufficient knowledge about the 
A°-N force. 

Let us call B the total number of baryons of the A°-nucleus, and A the total 
number of nucleons, so that B=A-+1. We consider the limiting case of a very 
massive A°-nucleus. In this large nucleus the A° occupies states of very small mo- 
mentum since it is not subject to the restrictions of the exclusion principle. If we 
neglect the polarization of the system of the nucleons due to their interaction with 
the A°, we can approximately write for the binding energy of the A° in the A°-nucleus, 
assuming a spin-space exchange potential with a spatial dependence given by 
u(|x —x'|) = u(r) 


(1) Bua A(y*(x's't', 2, …, A)p*(xs)u(r)p(xst’, 2, ..., A)p(x, s)), 


where y describes the nucleons and y the bound A°, x, s, { are space, spin, and 
isotopic spin coordinates respectively, and r=|x — a'|. 
Expression (1) can be put in the form 


(2) D | dx dx'u(r) p* (xs) q(xsx's')p(x's'), 

where 

(3) n(xsx's') = A > d(2)d(3) ... d(A)p(x's’t’, 2, ... A)y(xst', 2, … A). 
= 


(@) W. F. Fry, J. ScHNEPS and M. S. SWAMI: Phys. Rev., 99, 1561 (1955), and II (preprint). 
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The quantity 7(xsx's') can be calculated for any given nuclear model. In a Fermi 
gas model, carrying out the spin and isotopic-spin summations we obtain for (1) 


e3 


(4) By = —, | dxdx' p*(x)g(x')(cr) 4, (cr) ur), 


TC 


where j,(cr) is a spherical Bessel function and ¢ is the maximum nucleon momentum. 
Let us assume 


5 er 
(5) u(r) a Uo Fr 
vr 


where » is the K-meson mass. For the limiting case considered, by evaluating the 
integral, we find 


4 
(6) By, = —— (€ — arctgié), 


si Ke Qx\* 1 
(7) Pa c- (7) Tov 


where 7, is defined by, radius of the A°-nucleus = TA. 

The limiting value (6) does not depend on A, as already remarked. 

We cannot trust on quantitative estimations based on (6) in view of the nu- 
merous hypotheses introduced. However it may be instructive to see what limita- 
tion follows for the A° binding energies from the assumption — which seems to be 
clearly substantiated by the experimental data — that the A°-N system has no 
bound states. 

For the A°-N potential which we are considering, the assumption of no bound 
states for the A°-N system leads to the restriction (*) 


2mym A Uo 


è = 1°68, 
My + MA 1? 


(8) 


where my is the nucleon mass and mA is the mass of the A. 

Taking for n, a value of 1.4-1071*, from (8) we get for our limiting BA the re- 
striction Ba < — 14 MeV. This result however depends rather strongly on the 
value assumed for r, — if we take 7) = 1.2-107!* the corresponding value would be 
Br < ~ 22 MeV. 

In the quoted paper by Fry, SCHNEPS abd Swami (3) a very accurate measu- 
rement of Ba for *Be, is reported: By (in °Be,) = 6.5 + 0.6 MeV. This value 
is consistent with the minimum value required to have nuclear stability (i.e. for 
times of the order of 10-?°—10-* s) against disintegration into *He+5Hey, (5). 


(4) See, for instance, L. ROSENFELD: Nuclear Froces (Amsterdam, 1948). 

(5) If the binding energy of ‘Be, were less than the sum of the binding energy od ‘He, and 
of that of ‘He, it would rapidly (in a time ~ 10-2° = 10~** s) disintegrate into these particles. There- 
fore, from its existence for a much longer time (~ 107-%+1071! 8s), we obtain 


B,(*Be,) > 2B(He) — B(*Be) + By Hey) 


= 2,1+ 0.6 MeV, taking for B,(°He,) the value reported by FRY, SCHNEPS and SWAMI. 
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In the case of "Cy Fry, ScHNEPS and Swami report a BA (in CA) of 13 + 6 MeV. 
Further measurements of the binding energies in the heavier hyperfragments would 
be of great interest — however they are rendered very difficult by the presence 
of neutrons among the secondaries. 

In the preceding discussion the treatment of the A° as a spin + particle was im- 
plicit — and it is difficult to see how much the results would be altered by a 
different assumption. Growing evidence based on angular correlation data sub- 
stantiates the opinion that the A° may have an higher spin (6). The angular and 
energy distributions in the decay of the lightest A°-nuclei could be used in some 
cases to derive evidence on the spins. For instance, it is very reasonable to assume 
that 5He, (formed by an «-particle and a A°) has a spin + if the A° has spin 3, a 
spin $ if the A° has spin 3, etc. The value of the spin of He will be reflected 
in the angular and energy distributions of the decay mode (probably the most 
frequent) 

5He, > ‘He + p + n. 


However, it should be remarked that in a A®-nucleus the non-mesonic decay 
mode would result much more frequent than the mesonic one if the A° were assumed 
to have a very high spin. This conclusion follows from the same argument which 
was given last year (7) to demonstrate the inconsistency at the high spin hypo- 
thesis to explain the long lifetimes. The transition probability for the mesonic de- 
cay mode A° + N+7x is strongly weakened, from angular momentum considera- 
tions, if the A° has an high spin. On the other hand, the transition probability 
for the non-mesonic decay mode A° + N > N+N is much less weakened, because 
of the higher Q-value, because of the larger masses of the final particles which 
entrain larger relative momenta, and also due to the tail of the momentum distri- 
bution of the bound A® and N, which may thus collide with higher relative mo- 
menta. It seems that a value higher than ~ 3 for the A° spin would be inconsi- 
stent with the observed lifetimes of the A°-nuelei (which could result much smaller, 
due to the predominance of the non-mesonic decay mode), and with the observed 
mesonic to non-mesonic ratio. 


* KOK 


I would like to thank Prof. W. F. Fry and his collaborators who have kindly 
sent a preprint of their work prior to publication. 


(°) See, for instance WALKER amd SHEPHERD (preprint). 
(7) R. GATTO: Il Nuovo Cimento 1, 375 (1955). 
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The effect of polarisation on the 
energy loss of a fast charged particle 
passing through matter was first treated 
classically by FERMI (1), who found that 
the ionization loss reached a plateau 
value at some very high energy. He also 
obtained a flux of radiation at large dis- 
tances from the path of the particle 
which he identified with Cerenkov ra- 
diation. The classical theory of Cerenkov 
radiation had previously been worked 
out by FRANK and Tamm (?). 

Several authors (*) have attempted a 
quantum mechanical theory of Cerenkov 
radiation but none have given a quantum 
treatment of the effect of polarisation on 
the ionization loss. We describe here a 
new approach to these related problems. 


(*) Also supported by the Nuclear Research 
Foundation within the University of Sydney. 
(1) E. FERMI: Phys. Rev., 57, 485 (1940), 

(3) I. FRANK and I. Tamm: Compt, Rend., 14, 
109 (1937). 

(3) J. M. JAUCH and K. M. WATSON: Phys. 
Rev., 74, 950 and 1485 (1945); 74, 1249 (1949); 
S. M. NEAMTAN: Phys. Rev., 92, 1362 (1953); 
94, 327 (1954). 


This was arrived at by first writing in 
hamiltonian form the equations of the 
classical electromagnetie field in a me- 
dium of extended induced dipoles (4). 
Consider the transformation 


| q = ur; 


(1) = 2 
| Pa = BaPa 

of the classical canonical variables q; 
and p, of the radiation field. j, is the 
index of refraction. This transformation 
enables one to describe the total field in 
the medium as a superposition of oscil- 
lators each with the correct time depen- 
dence of the field in the refracting 
medium. 

We now apply a transformation of 
the same form to the usual quantum 
mechanical Hamiltonian H of the radiat- 
ion field in interaction with a medium 
of atoms. Leaving mw, undefined for the 
moment we find the following expression 


(4) M. Born: Optik, p. 315. 
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for the transformed Hamiltonian: 


(2) H=[Hy+ 12 (P3 + 7393) |— 
—Y esau=HQ34_ à + Q34° 3) + 
tA 


Here H,, is the Hamiltonian of the me- 
dium, Qa=Q1+ 9 varata! and > sums 


a 

over all the electrons of the medium. 

Consider the state of the system in 
which the medium is in quantum state 4 
and only one real photon is present in 
state 4 We can compute the excitation 
energy of this state (compared to no real 
photons present) to some order of per- 
turbation theory. Let this energy be 
E,1+hv,. We now fix the parameter 4 
in (1) by demanding that the zero-order 
transformed Hamiltonian #,, applied 
to this state, have the eigenvalue 
E,+%v,+ H,, where E, is the eigen- 
value of H,,. This is the standard way 
of treating secular perturbations, and 
gives 


Now consider quantum states in which 
several radiation oscillators have occu- 
pation numbers n, # 0. The transform- 
ation (1) with w defined by (3) now fails 
to satisfy the condition we imposed. 
However the eigenvalues of H, differ 
from the eigenvalues of H (as found by 
the perturbation method) only by terms 
of the fourth order. 

In order to fix the physical meaning 
of u consider the time dependence of 
the operators Q in our new zero-order 
system. 

We obtain 


(Ale CAs 0 lee 00 140.000 


pi ee DE PS 
tai 5013. 0104/45 0.0.0) =0 
À 
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This shows that 4, is the refractive index 
of the medium in state A. Equation (3) 
is therefore our quantum mechanical de- 
finition of the refractive index. It agrees 
with a definition proposed on formal 
grounds by NEAMTAN (3). 

Eigenvalues of the new zero-order 
oscillators 3(P;+7;Q5) include the po- 
larization energy of the medium. We 
have 


(5) E, =i, =, + E,,. 


We call these quanta of the field in inter- 
action with the medium «physical pho- 
tons ». They have a self energy deriving 
from polarisation of the medium in which 
they are propagated. The momentum 
of a « physical photon » of energy £, is 


By 
(6) Pie 3. 


We have applied the transform- 
ation (1) to the Hamiltonian for a fast 
charged particle passing through a me- 
dium of atoms. The particle is then 
accompanied by its field of virtual « phy- 
sical photons ». A particle in free space 
cannot radiate photons because of the 
conservation laws, but in passing through 
matter it may radiate « physical pho- 
tons » as a consequence of the changed 
energy momentum relation (6). This 
process is the Cerenkov radiation. In 
addition, combination of the relation (6) 
and radiation damping theory leads 
directly to the Fermi saturation of the 
ionization loss at high energies. 

These calculations will be reported 
more fully in a later paper. 


* OK OK 


I am grateful to Dr. J. BLATT who 
suggested the approach to this problem, 
and to Dr. M. R. ScHarRotH, Mr. J. E. 
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grant. 
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L’évènement décrit ci-dessous a été 
observé dans un stack de 108 émulsions 
pelées Ilford G5 (12”x8"x 600 um) ex- 
posé au rayonnement cosmique à 30 km 
d’altitude (Vol du Texas 1955). 

Une particule (a) issue d’une étoile 
10+5n parcourt 2310 um avant d'être 


Caractéristiques des diverses traces. 


capturée à l’arrêt puis absorbée par un 
noyau de l’émulsion, avec destruction de 
ce noyau. Une des branches (b) de l’étoile 
de capture présente l’aspect caractéri- 
stique d’un fragment excité se désinté- 
grant au repos en un méson x négatif (f) 
et un noyau de recul (e). 


(1) R. STEIGERT: Phys. Rev., 83, 474 (1951). 


(2) G. BARONI, C. CASTAGNOLI, G. CORTINI, C. FRANZINETT 


CERN BS9. 


33 — Il Nuovo Cimento, 


Nature Longueur Energie Temps de Vol 

(um) (MeV) (s) 

a Dae | 2310 25 Dl One 

b “He 375 15 VAI 

e ‘He 11.5 3.3. (*) a 

d 4He 24.9 5.9 (*) | = 

e 3He 52 0.9 (*) — 

i on 15 500 30.0 (+) — 

(*) Relation Energie — Parcours de Steigert. (1) 

(+) Relation Energie — Parcours de Baroni (*). 


I et A. MANFREDINI: Publications du 
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Désintegration de l’Hyperfragment. 


La trace (b), d’après le nombre de 
lacunes, peut être identifiée à celle d’une 
particule de charge 1 en fin de parcours. 

La trace (f) s'arrête dans l’émulsion 
après un parcours, pratiquement hori- 
zontal, de 15 500 um, et produit une 
étoile o caractéristique d’un méson x 
négatif. Quant au noyau de recul (e) 


ROSSELET, R. WEILL et M. GAILLOUD 


L'énergie du neutron, calculée de ma- 
nière à satisfaire la condition de conser- 
vation des quantités de mouvement, est 
de 4 MeV, ce qui donne pour le bilan 
énergétique total de la désintégration: 


Q = 30 + 0.9 + 4.0 = 34.9 + 0.5 MeV. 


Cette valeur est tout a fait compatible 


Ts ilo 


sa trace est trop courte pour fournir 
directement le moindre renseignement. 

Les traces (e) et (f) ne sont pas co- 
linéaires, ce qui implique, pour l’équi- 
libre des quantités de mouvement, qu’ un 
neutron ait été émis simultanément. Il 
ne peut s'agir d’une désintégration en 
vol en 2 particules, les deux traces étant 
dirigées vers l’arriére par rapport à la 
direction de (b). 

Le seul schéma possible de désinté- 
gration d’un hyperfragment de charge 1, 
présentant l’aspect décrit, est: 


(1) 4H* > 5He + n + x. 


x 


avec l’hypothèse d’un A° lié à un frag- 
ment nucléaire, à un triton dans le cas 
particulier. 

L’énergie de liaison de l’hypéron est 
alors: 


Bo FT Boye - Boy a Quo -Q 


où Ma est l’énergie libérée par la désin- 
tégration du A° libre 


(A°> p + + 36.9 + 0.2 MeV) 


Bao = —0.8 + 36.9—34.9 = 1.2 +0.7 MeV. 


~ 3 T >” x 
PRODUCTION D UN HYPERFRAGMENT PAR CAPTURE D'UN HYPÉRON NÉGATIF 


Étoile de capture. 


L’hyperfragment considéré ci-dessus 
est créé dans un phénomène d'absorption 
d’une particule négative par un noyau 
de l’émulsion. Plusieurs cas ont été ob- 
servés de production d’un fragment in- 
stable par capture d’un méson K négatif 
et, à notre connaissance, un seul cas par 
capture d'un hypéron (). Ces deux phé- 
nomènes sont conformes. aux prévisions 
théoriques de GELL-MANN et Pats. 

La masse de la particule absorbée a 
été déterminée par diffusion multiple 
(méthode de la flèche constante) et d’après 
le nombre de lacunes en fonction du 
parcours restant. La première méthode 
ne donne qu'un ordre de grandeur et 
permet seulement d’affirmer que la 
masse est supérieure a celle du proton 
((2+0.5) m,). Le comptage de lacunes 
donne une masse de 2270 + 110 masses 
électroniques, l’étalonnage ayant été fait 
par rapport aux protons et aux deutérons. 

Nous sommes done en présence du 
phénomène élémentaire suivant: 


(2) » +p>n+A°, 


le A° restant lié à un fragment du noyau 
capteur. Des considérations énergétiques 
vont nous permettre de préciser davan- 
tage la masse de la particule capturée. 

L'examen des traces (c) et (d) nous 
fournit peu de renseignements sur leur 
nature; on peut tout au plus affirmer 
que la charge de ces particules n’est pas 
supérieure à 2. Supposons que nous 
ayons affaire à deux particules x; ceci 
nous suggère l'interprétation suivante du 
phénomène : 


(3) > +220 > n+ 24He + ‘H*, 


hypothèse la plus simple, le carbone 
étant le noyau le plus léger présent dans 
l’émulsion, à part l'hydrogène. 


(*) M. CECCARELLI, N. -DALLAPORTA, M. 
GRILLI, M. MERLIN, G. SALANDIN, B. SECHI et 
M. Lapu: Nuovo Cimento, 2, 542 (1955). 
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Les trois particules chargées ont une 
quantité de mouvement totale de 
225 MeV/c, qui est équilibrée par un 
neutron de 26,9 MeV. Le bilan énergé- 
tique de la réaction (3) est ainsi de 
51 +3 MeV. Compte tenu des énergies 
de liaison, celui de la réaction (2) est 
76.5 +3 MeV, d’où pour la masse du»: 


Ms = mM po+ 76.5 + mM, —M, = 
76.5 + 1.3 


0.51 


—= 21814 
Ms- = 2333 +7 m, 


Rappelons que la valeur trouvée pour 
les X* se désintégrant au repos est 
2327 +3 m,. Ce résultat confirme nos 
hypothèses concernant la nature de la 
particule capturée et celle du noyau 
capteur, car il est très peu probable qu'un 
tel accord soit fortuit. 


Étoile-mère de l’Hypéron. 


Toutes les branches de cette étoile 
ont été suivies jusqu’à leur point d’arrêt 
ou, sur plusieurs centimètres, Jusqu'à 
leur sortie du stack, afin de déceler la 
présence éventuelle d’un méson lourd. 

Aucune des traces s’arrétant ne pré- 
sente un secondaire visible. 

Des mesures de diffusion multiple et 
de densité de grains sur les traces sor- 
tantes nous conduisent aux deux ré- 
sultats important suivants: 


1) Aucune de ces particules n’a une 
masse inférieure à celle du proton, donc 
aucun méson lourd chargé n’est produit 
dans le phénomène. 


2) Aucune n’est assez énergique 
pour être le primaire de l'étoile dont 
l'énergie totale est supérieure à 1 GeV. 
Le primaire est done une particule neutre, 
vraisemblablement un neutron, qui pro- 
duit la réaction suivante avec un neutron 
appartenant à un noyau lourd de l’émul- 
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sion: 
n+n +2) +K®+p 


selon les règles de GELL-MANN de la 
production associée. 


Conclusions. 


Nos observations confirment que la 
particule connue par sa désintégration 
en vol %- >n+r + ~ 110 MeV est su- 
sceptible, lorsqu'elle arrive à l’arrêt dans 
l’'émulsion photographique, d’être ab- 
sorbée par un noyau, avec production 
d’un A° qui peut rester lié. 

Nous ne pouvons pas exclure l’exis- 
tence d’un état intermédiaire Y° qui 
réagirait rapidement suivant 


Z+N—>A+N. 


Il est intéressant de remarquer que, 
si la masse du Ÿ+ est connue avec grande 
précision (+ 3 m,), celle du XY n'était 
jusqu’à présent qu’assez mal déterminée 

Notre mesure est sans doute la plus 
précise parmi celles où la charge est 
connue avec certitude. 

Il semble que le phénomène d’ab- 
sorption du XY, comme celui des mésons 
m et K , n’affecte pas un seul, mais si- 
multanément plusieurs nucléons du noyau 
capteur, sinon la probabilité serait déri- 
soire de voir le A° rester lié sous forme 
d’hyperfragment. 

La valeur trouvée pour l'énergie de 
liaison du A° est comparable à celle me- 
surée par LADU, LEVI SETTI et SCARSI (4) 
pour un phénomène identique (1.2 MeV) 
ainsi qu'aux valeurs trouvées dans les 
3 cas observés de désintégration d’un 
4H* suivant le schéma: 


DE He es (DU) 


(4) M. LADU, R. LEVI SETTI et L. SCARSI: 
Comptes-Rendus du Congrès de Pise, p. 487 éd. 
miméographique (1955). 

(53) M. W. FRIEDLANDER, D. KEEFE et M. 
G. K. MENON: Nuovo Cimento, 2, 663 (1955). 

(9) J. CRUSSARD, V. FOUCHÉ, G. KAYAS, Li 


PH. ROSSELET, R. WEILL et M. GAILLOUD 


Elle est aussi pratiquement identique à 
l'énergie de liaison du A° dans *He* 
(8 cas observés) ce qui constitue un ar- 
gument en faveur de l'identité des inter- 
actions (p, A°) et (n, A°), et confirme la 
valeur 0 pour le spin isotopique du A° (8). 
La valeur moyenne de Bao pour tous 
les cas observés de *H* et *He* est de 
1.5 MeV. 


Addenda: Interprétation possible de l’évé- 
nement Y-Br,,. 


En plus des deux exemples men- 
tionnés ci-dessus, l’événement Y-Br,, 
décrit par FRIEDLANDER, KEEFE et 
MENON (Nuovo Cimento, 1, 482 (1955)) 
présenté comme la capture d’un hypé- 
ron négatif, nous paraît pouvoir s’inter- 
préter plus simplement par la désinté- 
gration d’un hyperfragment, suivant le 
schéma: 


#H* > $He + n + n. 


Sur la base de cette interprétation, 
nous avons calculé les valeurs suivantes 
des énergies : 


3He 3.6 MeV 
o 29.6 
n 2.6 


soit 0 — 34.8 MeV, valeur tout-à-fait com- 
parable a celles trouvées dans les deux 
cas précités, et sans doute même plus 
précise. L'énergie de liaison du A° dans 
le fragment serait de 1.3 + 0.6 MeV. 


LEPRINCE-RINGUET, D. MORELLET, F. RENARD 
et J. TREMBLEY: Comptes-Rendus du Congrès de 
Pise, p. 481 éd miméographique (1955). 

(7) OSLO et COPENHAGUE: Comptes-Rendus 
du Congrès de Pise, p. 505 éd. miméographique 
(1955). 

(*) R. H, DALITZ: Phys. Rev., 99, 1475 (1955). 
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ADDENDUM 


TO 


On the Masses and Modes of Decay of Heavy Mesons 
Produced by Cosmic Radiation. 


(G. STACK COLLABORATION) 


Nuovo Cimento, Vol. 2, 1063-1103 (1955). 


The Authors of the above article regret their omission from Appendia II, pag. 1101, 
of the following Section: 


«3b) Error. The error on pf measured by scattering was determined from the 
formulae of Molière-d’Espagnat (1), modified to take into account the non-normal 
distribution of the angles of scattering (2). The relative curves and experimental values 
can be found in two contributions on scattering (#4), to the Pisa Conference ». 


() B. d’ESPAGNAT: Journ. de Phys. et Rad., 18, 74 (1952). 

() M. HUuyBRECHTS: Thése de Doctorat, Université Libre de Bruxelles. 

() M. DI Corato, D. HIRSCHBERG and B. LOCATELLI: Pisa Conference, June 1955, cyclostiled 
report, p. 275. 

(9 R. K. W. JOHNSTON: Pisa Conference, June 1955, cyclostiled report, p. 287. 


LIBRI RICEVUTI E RECENSIONI 


M. GoEPPERT MEYER and J. H. 
D. JENSEN — Ælementary theory 
of nuclear shell structure, pp. XVI-+ 
+269, J. Wiley & Sons Inc. 
New York e Chapman & Hall, 
London, 1955. 


La fisica nucleare procede, da alcuni 
anni, lungo due distinte strade. Il punto 
di partenza comune è costituito dalle 
cosidette « regole di Mattauch » che sin- 
tetizzano le conoscenze relative alla sta- 
bilità dei nuclei. Dall'analisi di queste 
regole si ricavano le proprietà delle forze 
nucleari quali, ad esempio, la saturazione 
e l’indipendenza dalla carica. Stabilite 
tali caratteristiche generali, si cerca di 
soddisfarle facendo ricorso a tutti i tipi 
di forze che possono agire fra nucleoni, 
naturalmente tenendo presenti i risul- 
tati delle esperienze di diffusione. 

Una seconda via per inquadrare i fe- 
nomeni è quella del modello «a shell », 
detto anche «a particelle indipendenti ». 
In questo caso, per mezzo di un accu- 
rato esame statistico delle proprietà dei 
nuclei, si elencano, per prima cosa, tutte 
le regolarità che esistono nei fenomeni 
nucleari. Subito dopo si cerca di stabi 
lire una analogia tra il caso di un atomo 
a molti elettroni, trattato col metodo di 
Hartree-Fock e un nucleo, supponendo 
che un nucleone si muova nel campo me- 
dio generato da tutti i rimanenti nucleoni. 
Si introduce, anche in questo caso, sia 
il concetto di momento orbitale con nu- 
mero quantico 1, che l'accoppiamento 
tra spin e orbita dei nucleoni. Il tipo di 
accoppiamento scelto è quello 7j, in con- 
trasto col caso atomico, in cui si ha nor- 
malmente l’accoppiamento Russel-Saun- 
ders. 


Un tale modello, relativamente sem- 
plice, riesce a inquadrare una grande 
massa di dati sperimentali, con rare ecce- 
zioni, per nuclei con numeri di massa A 
fino a 140. 

I problemi trattati in particolare in 
questo libro riguardano in primo luogo 
la giustificazione dei «numeri magici ) e, 
inoltre, le proprietà dei nuclei nello stato 
fondamentale, i momenti di quadrupolo 
nucleare, lo spostamento spettrale isoto- 
pico, il decadimento beta, i momenti 
magnetici dei nuclei. La trattazione è 
svolta in un complesso di tredici capitoli 
e di quattro appendici matematiche. 
Ogni capitolo in cui venga esposta una 
applicazione della teoria «a shell » è ge- 
neralmente seguito da un riassunto in 
cui sono indicati in breve i risultati 
acquisiti e i limiti della teoria. Comple- 
tano il libro estese tabelle in cui sono 
posti a confronto i dati sperimentali e le 
previsioni teoriche; la notazione usata è 
tale da stabilire immediatamente gli 
eventuali punti di disaccordo. 

Malgrado la formulazione del titolo, 
questo libro è tutt’altro che elementare; 
è vero che in esso buona parte del for 
malismo matematico è racchiuso in una 
appendice a sè, ma accade frequente- 
mente che risultati teorici e sperimentali 
vengano richiamati così sommariamente 
da disorientare un lettore che non abbia 
già una buona conoscenza della fisica 
nucleare. Questa critica può essere solo 
in parte annullata dall’avvertimento con- 
tenuto nella prefazione del libro, quando 
si dice che « elementare » va inteso nel 
senso che si fa uso solo di concetti ele- 
mentari di fisica teorica. 

Una seconda critica è legata alla 


mancanza di sufficienti giustificazioni 
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della cattiva prova del modello «a shell » 
quando esso venga applicato alla trat- 
tazione dei nuclei di numero di massa 
elevato. Nel caso, per esempio, del deca- 
dimento beta, sono tabulati, con grande 
dettaglio, i nuclei fino ad A= 143, mentre 
per quanto riguarda numeri di massa 
superiori, le poche osservazioni conte- 
nute alla fine del capitolo sono insuffi- 
cienti a stabilire se si ha una discor- 
danza tra teoria ed esperienza e in quale 
misura. 

È molto probabile che la causa della 
rapidità di esposizione, a volte eccessiva, 
vada ricercata nel desiderio degli Autori 
di non sovraccaricare troppo il libro con 
digressioni dall’argomento fondamentale. 


A parte queste osservazioni, che, come 
si è già detto, perdono il carattere di 
appunti al libro qualora si supponga nel 
lettore una buona conoscenza della fisica 
nucleare non disgiunta da senso critico, 
la lettura del volume è utilissima. I sue- 
cessi ottenuti dal modello a particelle 
indipendenti, infatti, sono tali che anche 
in avvenire non si potrà prescindere dalle 
idee che sono alla base di questa teoria. 
Ciò è provato del resto, anche dai recenti 
sviluppi del cosiddetto « modello collet- 
tivo», che, partendo dalle posizioni del 
modello a shell è riuscito a inquadrare 
molti fatti sperimentali relativi ai nuclei 
pesanti. 
G. CORTELLESSA 
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